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Bifurcating Autoregressive (BAR) Model

» Bifurcating Autoregressive (BAR) Model is an adaptation of
autoregressive (AR) model to binary tree structured data, where each
individual observation in any generation gives rise to two offspring in
the next generation.

» First introduced by Cowan and Staudte (1986).
» Modeling Cell Lineage Data in Biology.
» This model allows to the sister cells be correlated.

> All cells are correlated.



The Bifurcating Autoregressive BAR (p) Model

The pth-order bifurcating autoregressive process (BAR(p)) 1s defined by the equation

Xt=¢()+¢1Xt +¢2Xt ++¢pX t +€t, foralltzzp,p21
H 4 371

where

* X, is the observations on a perfect binary tree with g generations.
e X l 't 1 are the ancestors of X;, where [u] defines the largest integer < u.
2D

* ¢o, D1, P2,..., P, are the parameters that need to be estimated.



The Bifurcating Autoregressive BAR (1) Model

{(&9¢,&2¢41), t = 1} are independently and identically distributed (iid) bivariate
random variables with mean zero and a variance—covariance structure,

(5 )"

where

0 is the correlation between (&5, £5¢41) or the environmental effect.
o2 is the variance of &5, and €5, 1.
It is assumed that ¢, € (—1,1),t = 1,.., p. This implies that X; is causal and
invertible and i1t implies that the process 1s stationary.
The correlation coefficient between the sisters (X,¢, X»¢41) 1s defined as p and it
1s given by

p=¢7+ (1 —p1o.



The Bifurcating Autoregressive BAR (1) Model
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sistersare Let X4, X5, ..., X;; denote the random
correlated yariables corresponding to observations

on a perfect binary tree with g

generations. The initial observation X;
corresponds to generation 0, while the
observations X2i'X2_i+1’ ey Xgit1_q
correspond to the 2! observations in

generationi = 1,2, ..., g. Note thatn =
291 _ 1,



The Bifurcating Autoregressive BAR (1) Model

The BAR(1) model 1s given by

Xy = g + qle[%] + &, forallt = 2

where

* X, 1s an observed value at time ¢t.

¢ X H is the mother of X, for all t > 1, where [u] defines the largest integer < u.
2

* ¢y and ¢, are the parameters that need to be estimated, where ¢, denotes the
maternal correlation or the inherited effect.



Previous Works Summary

* Previous works concentrated on
» Modeling under stationary assumption. (As it is assumed in this study).
» Modeling under non-stationary assumption.
» Variability between trees.

» Asymptotic distribution of the estimated parameters.
» The Law of Large Numbers.

* Estimation methods are used
» MLE under normality.
» Modified MLE to deal with outliers.
» Nonparametric estimation to deal with outliers.
» Least Squares Estimation. (It is used in this study)



Least Squares Estimation

In 2005, Zhou and Basawa introduced the least squares (LS) estimators
for the BAR model and derived the asymptotic distribution for the
estimators. The LS estimators of BAR(1) are given by

ﬁlXt(Ut o Ut) —
;:n=1(Xt T X)Z ’

651:
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and m the number of triplets (X¢, Xy¢, Xop41).



Least Squares Estimation

When substituting U, in the ¢, and ¢, equations, it gives the common
estimated equations of LS
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Least Squares Estimation

The asymptotic distribution for the LS of BAR(1) estimators are given

by . D
V(¢ — ¢) » NM(0,02(1+ 6)A™Y),

( 1 bo/ (1 = 1) )
A= 0° ®o . :
6o/ 1=00) =5+ (o)

where

¢ denotes the vector of the true parameters containing ¢, and ¢,



The Problem

» It is well-known that the Least Square estimators of autoregressive (AR) models
are biased in small samples.

> The mean-bias of the LSE of AR is of order O(n~1)*.
» The LS estimation is widely used in modeling the cell division process.
» Investigation regarding the bias of LSE for BAR models is needed.

The Goal

» Studying the bias of LS estimates for BAR(1).

» Proposed a bootstrap approach for correcting the bias in the LS estimates.

» Proposed an inference based on the Confidence Intervals for the adjusted
estimates.

* Marriott and Pope (1954), and Kendall (1954).



The Bias of LSE for BAR(1)

Our primary interest 1s to study the behavior of ¢; parameter via Monte Carlo. 10000
realizations of perfect binary tree sized 31,63,127 and 255 are generated, based on
combinations of ¢p;=-0.75,-0.5,-0.25,0.25,0.5, and 0.75, and 6 =-0.8,-0.4,-0.2,0.2,0.4,
and 0.8. The intercept ¢ 1s set to 10 for all ssmulations. For all generated binary trees,
it 1s assumed stationary and the initial observation X; i1s randomly selected from a

simulated large binary tree of size 127.
The stationary assumption implies that the bias does not depend on the variance o2.

The empirical bias is calculated as

nsim

Empirical Bias(¢,) = — (DPboot.i — Prs,i)-

1=1



The Bias of LSE for BAR(1)

 The LSE bias is a linear function
in ¢1 and 6.

* The bias appears to be of order
o(n™1).

* For positive values of ¢; and
close to zero, the

underestimated LSEs are found.

 The bias increases as the value
of @ increases from -1 to +1.

* For negative values of ¢4 from
(-0.5) to -1, the overestimated
LSEs are found.

* The bias decreases as the
sample size increases.
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The Bootstrap Bias Correction Methods

» Single bootstrap bias correction
» Double bootstrap bias correction

» Fast double bootstrap bias correction



The Bootstrap Bias Correction Methods

Single Bootstrap Bias Correction Algorithm
Given the original sample X', compute the LS estimates ¢ and ¢4, and the
estimated errors é,; and é,4,4 for all t = 1. From the estimated errors, draw B

bootstrap samples of size (n — 1) /2 of the pairs (é,, €,¢41) and form X{**, b =
1,...,B by

X3 = o+ 1 X+ &y, and X374 q = o + G1 XL + Ep041
For all bootstrap binary tree samples, we keep the initial value X; = X;. Next, for

each bootstrap binary tree sample compute the ¢;,, b = 1, ..., B . Then, define the
estimated bias ,B@las,

B
1 ~ -
,33;1 — B 2(¢1,b — ¢1) -
b=1
Finally, The adjusted LS estimate 1s ¢1- ,8;151.



The Bootstrap Bias Correction Methods

Double Bootstrap Bias Correction Algorithm

Given a resampling data X", b = 1, ..., B from the single bootstrap BAR(1)
algorithm, define a second phase of resampling based on the LS estimates ¢¢, ¢7,
and the errors (é5;, é5:41) and form X{***, b =1, ..., B,

N*x*x __ I * T % yv* A % N*x*x __ L%k T % v* A %
Xot = ¢o+ P1X; +é3¢,and Xppypq = Pg+ 1 X¢ + €3044

For all second phase bootstrap binary tree samples, we keep the initial value
X" = X Next, for each second phase resampling samples, compute the @7,
b =1, ..., B;. Then, define the additive adjustment V3,35,

Finally, The adjusted LS estimate is ¢, — ,6’(7)1 — Y, Where 'Bfﬁlis the estimated
bias from the single bootstrap bias correction algorithm .



The Bootstrap Bias Correction Methods

Fast Double Bootstrap Bias Correction Algorithm*

This method is similar the double bootstrap bias correction method. The only
difference is the resampling in the second phase for only one bootstrap sample
instead of B, samples. The additive adjustment y 5 as,

1 * * NE 3 1 T k%
Von =5 D B~ Paowhere By = Gip—p= ) B,

Finally, The corrected LS estimate is ¢; — 'Bfﬁl — Y3, Where ﬁ@lis the estimated
bias from the single bootstrap bias correction algorithm .

* OQuysse (2013).



The Bootstrap Bias Correction Methods

10000 realizations of perfect binary tree sized 31,63, and 127 are generated, based on
combinations of ¢p;=-0.75,-0.5,-0.25,0.25,0.5, and 0.75 and 6 = -0.8,-0.4,-0.2,0.2,0.4,
and 0.8. The intercept ¢ 1s set to 10 for all sismulations. For all generated binary
trees, 1t 1s assumed stationary and the initial observation X4 1s randomly selected from
a simulated large binary tree of size 127.

The following graphs show the bias of the corrected LS estimates for the three
bootstrap methods comparing to the original LS estimates:

» Single bootstrap bias correction
» Double bootstrap bias correction

» Fast double bootstrap bias correction



The Bootstrap Bias Correction
Results of Sample Size 31

* Double bootstrap and
Fast double bootstrap
methods failed to correct
the bias in the LS estimate
of the slope of the BAR(1).

* The single bootstrap
corrected the bias in the LS
estimate of the slope of
the BAR(1).

* The bias is too small
when 6 is zero or close to
Zero.
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The Bootstrap Bias Correction
Results of Sample Size 63

0.75 05 -0.25
 Still some bias exists
because of the well-known
problem "persistent
excursion" bias*.

This awkward problem arises Est
when the ¢ is positive and ‘
is emphasized further when
0 is also positive. The
problem is like one that
occurs in the theory of
autoregressive time series
(though curiously ignored in
that literature).
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* Cowan and Staudte (1986).



The Bootstrap Bias Correction
Results of Sample Size 127
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* Increasing the sample size 0.02-
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The Asymptotic Bias Correction Formula

Theorem: The asymptotic bias of the LS estimator for the slope of the
BAR(1) model with an intercept is given by

1
_E(l +0)(1 + 3¢1).

The proof:

The proof is too much similar to the Marriott and Pope (1954)’s proof,
for deriving the asymptotic bias of the slope of first-order autoregressive
model.



The Asymptotic Bias Correction Formula

(O] 0 n LS Bias Asy. Bias
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Conclusion

» For small samples of the Binary trees, the bias in the least-squares
estimators for the BAR model exists and has an order of 0(n™1).

» The single bootstrap bias correction method succeeded in adjusting
the bias in the slope of the BAR model estimator.

» The well-known problem "persistent excursion" bias exists and needs
more 1nvestigation to be adjusted.

» An analytical bias equation for the slope of the BAR model with an
intercept has been derived and it 1s found that 1t 1s consistent with the
bias in the slope of the LS estimator.

» These conclusions are consistent with the general theory of the
autoregression.



In Progress

> The Persistent Excursion Bias

Studying the persistent excursion bias 1s
still running and 1n progress, the results are
promising so far.

» Grid Confidence Interval

We examined different types of confidence
intervals including the asymptotic CI,
Percentile CI, the Bias Corrected, and
accelerated CI. Although most of them
achieve the required coverage, the
confidence intervals are not symmetrical.
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