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Motivation

Semiparametric models provide flexible fitting of data, while retaining
interpretability.

Fitting parameters can be challening.

Our aim is to provide accurate estimation procedures that are efficiently
computable and robust.
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Outline

1. Varying index coefficient model

2. Index volatilty model
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High-dimensional varying index coefficient model
Model (Ma and Song 2015)

y “
d2
ÿ

j“1
zj ¨ fjpxx,β‹j yq ` ε

§ y is the response variable
§ x “ px1, . . . , xd1q

J P Rd1 and z “ pz1, . . . , zd2q
J P Rd2 are given

covariates
§ ε is random noise with Erε | x, zs “ 0
§ β‹j “ pβ

‹
j1, . . . , β

‹
jd1
qJ, j P rd2s, are the coefficient vectors, which vary

with different covariates zj
§ fjp¨q are unknown nonparametric link functions

Identifiability

β‹j P tβ P Rd1 : }β}2 “ 1 and β1 ą 0u, j “ 1, . . . , d2.
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Flexible generalization
Additive single-index model (Chen 1991; Carroll et al. 1997)

§ when zj “ 1, j P rd2s
§ can be viewed as a two-layer neural network with d2 hidden nodes

Varying coefficient model (Cleveland, Grosse, and Shyu 1991; Hastie and
Tibshirani 1993)

§ when d1 “ 1 and β‹j “ 1, j “ 1, . . . , d2
§ wide applications in scientific areas such as economics and medical
science (Fan and Zhang 2008)

Varying coefficient models allow the coefficients of z to be smooth
functions of x, thus incorporating nonlinear interactions between x and z.

§ easily interpreted in real applications because it inherits features from
both single-index model and varying coefficient model

§ captures complex multivariate nonlinear structure
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Existing estimation approaches

Existing procedures estimate the unknown functions and coefficients
iteratively

§ with the signal parameters tβ‹j ujPrd2s fixed, estimate the functions
tfjp¨qujPrd2s using local polynomial estimator

§ with the estimated link functions fixed, one re-estimates the
coefficients

The global minimizer has desirable properties (Xue and Wang 2012; Ma
and Song 2015)

§ the loss function is usually nonconvex
§ computationally intractable to obtain the global optima

Question: Is it possible to estimate signal parameters tβ‹j ujPrd2s with
both statistical accuracy and computational efficiency?
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Estimation via the Generalized Stein’s Identity
Theorem (Stein et al. 2004):

v P Rd is a random vector with differentiable positive density pv : Rd Ñ R.

The score function as Sv : Rd Ñ Rd :

Svpvq “ ´∇ log pvpvq

Regularity conditions:
§ |pvpvq| Ñ 0 as }v} Ñ 8

§ Er|f pvqSvpvq|s _ Er|∇f pvq|s ă 8

Then
Erf pvqSvpvqs “ Er∇f pvqs.

When v „ Np0, Idq, we have

Ergpvqvs “ Er∇gpvqs.
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Estimation via the Generalized Stein’s Identity

Model y “
řd2

j“1 zj ¨ fjpxx,β‹j yq ` ε

Regularity conditions
§ x, z are independent, the density function pp¨q of x is positive and
differentiable

§ For any j P rd2s, rfjpxq “ fjpxx,β‹j yq satisfies the conditions of Stein’s
theorem

§ µj :“ Erf 1j pxx,β
‹
j yqs ‰ 0

§ z are standardized with Erzj s “ 0 and Erz2
j s “ 1, @j P rd2s

Under regularity conditions, Stein’s identity allows us to extract the
unknown coefficient parameter

Erfjpxx,β‹j yqSpxqs “ Erf 1j pxx,β
‹
j yqsβ

‹
j “ µjβ

‹
j :“ rβj
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Warm-up example

Suppose x „ Np0, Id1q, z „ Np0, Id2q and x and z are independent.

Stein’s identity gives us

Ery ¨ zk ¨ xs “
d2
ÿ

j“1
Erzjzk fjpxβ‹j , xyqxs “ Erfkpxβ‹k , xyqxs “ µkβ‹k “

rβk

The above equation allows us define the following population loss

rβk “ arg min
βk

Lkpβkq “ arg min
βk

"

}βk}
2
2 ´ 2Ery ¨ zk ¨ xβk , xys

*
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Warm-up example

Given n i.i.d. samples tyi ,X i ,Z iu
n
i“1, we estimate rβk as

pβk “ arg min
βk

pLkpβkq ` Rkpβkq

“ arg min
βk

"

}βk}
2 ´

2
n

n
ÿ

i“1
yiZikxβk ,X iy ` λk}βk}1

*

“ Tλk{2

˜

1
n

n
ÿ

i“1
yiZikX i

¸

Tλpaq P Rd is the soft-thresholding function with

rTλpaqsi “ p1´ λ{|ai |q`ai
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Warm-up example
Theorem:

Suppose regularity conditions hold. Suppose }β‹k}0 ď s, k P rd2s,
x „ Np0, Id1q, components of z are independent with }zk}ψ2 “ Υzk ď Υz ,
k P rd2s, and independent of x, and y is sub-exponential with }y}ψ1 ď Υy .
If λk “ 4Υ

a

log n{n, then

}pβk ´
rβk}2 ď

3
2
?
sλk and }pβk ´

rβk}1 ď 6sλk , @k P rd2s

with probability at least 1´ d2d1{n2.

For centered random variable x ,
§ }x}ψ1 “ suppě1 p´1pE|x |pq1{p;
§ }x}ψ2 “ suppě1 p´1{2pE|x |pq1{p.

We call x a sub-exponential random variable if }x}ψ1 ă 8.
We call x a sub-Gaussian random variable if }x}ψ2 ă 8.
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General Setup

We will assume that there exists a constant Mp ą 0 such that

Eryps _ ErSpxqpj s _ Erzp
k s ď Mp, @j P rd1s, k P rd2s.

§ p is either 4 or 6

Study two settings
§ estimation under sparsity
§ estimation under low-rank assumption
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Sparse Vector Recovery
When x is not Gaussian and Erzjzk s “ 0 for j ‰ k

Ery ¨ zk ¨ Spxqs “
d2
ÿ

j“1
Erzjzk fjpxβ‹j , xyqSpxqs “ Erfkpxβ‹k , xyqSpxqs “ µkβ‹k “

rβk

pβk “ arg min
βk

L̄kpβkq ` Rkpβkq

“ arg min
βk

"

}βk}
2 ´

2
n

n
ÿ

i“1
qyi |Zikxβk ,

SpX iqy ` λk}βk}1

*

“ Tλk{2

ˆ

n´1
n
ÿ

i“1
qyi |Zik SpX iq

˙

Given a threshold τ ą 0, the hard truncation

qv P Rd rqvsi “
"

vi if |vi | ď τ
0 o/w.
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Sparse Vector Recovery
Theorem:

Suppose regularity conditions hold.
Suppose }β‹k}0 ď s, @k P rd2s, and Erzjzk s “ 0 for j ‰ k.
If λk “ 76

a

M6 log d1d2{n and τ “ pM6n{ log d1d2q
1{6{2, then

}pβk ´
rβk}2 ď

3
2
?
sλk and }pβk ´

rβk}1 ď 6sλk , @k P rd2s,

with probability at least 1´ 2{d2
1d2

2 .

In particular, with high probability

}pβk ´
rβk}2 À

c

s log d1d2
n and }pβk ´

rβk}1 À s
c

log d1d2
n .

The proof relies on establishing that

P
ˆ

}∇L̄kprβkq}8 ď 38
c

M6 log d1d2
n , @k P rd2s

˙

ě 1´ 2
d2

1d2
2
.
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Sparse Recovery

Relaxing the condition Erzjzk s “ 0

Let Σ‹ “ ErzzJs P Rd2ˆd2 and Ω‹ “ pΣ‹q´1 with

FK
w “

"

Ω ľ 0 : }Ω}0,8 ď w , }Ω}2 ď K , }Ω´1
}2 ď K

*

The identifiability relationship

Ery ¨ SpxqzT sΩ‹ “
d2
ÿ

j“1
Erfjpxβ‹j , xyqSpxqsErzj ¨ zT sΩ‹

“

d2
ÿ

j“1

rβjeT
j Σ‹Ω‹ “ prβ1, ...,

rβd2q “
rB,

where ej P Rd2 is the j-th canonical basis vector
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Sparse Recovery

Our estimator

pB “ arg min
B

"

}B}2F ´
2
n

n
ÿ

i“1
xqyi ¨SpX iq|Z i

T
pΩ,By ` λ}B}1,1

*

Where pΩ is obtained using the CLIME (Cai, Liu, and Luo 2011)

min }Ω}1,1,

s.t. }pΣΩ´ Id2}max ď γ

with

pΣ “
1
n

n
ÿ

i“1

|Z i|Z i
T

(1)
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Sparse Recovery
Lemma:
If τ “ pM4n{ log d2q

1{4{2 and γ “ 12}Ω‹}1
a

M4 log d2{n, then

P
ˆ

}pΩ´Ω‹}2 ď 96}Ω‹}21w
a

M4 log d2{n
˙

ě 1´ 2
d2

2
,

and

P
ˆ

}pΩ´Ω‹}max ď 48}Ω‹}21
a

M4 log d2{n
˙

ě 1´ 2
d2

2
.

§ γ depends on }Ω‹}1, which is unknown
§ the dependence could be removed by using a self-calibrated estimator

Lemma:
If τ “ pM6n{ log d1d2q

1{6{2, then
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Ery ¨ SpxqzT s ´
1
n

n
ÿ

i“1
qyi ¨SpX iq|Z i

T
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

max
ď 19

c

M6 log d1d2
n

with probability at least 1´ 2{d2
1d2

2 .
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Sparse Recovery
Theorem:

Suppose regularity conditions hold.
Suppose }β‹k}0 ď s, k P rd2s and that the precision matrix estimator pΩ
satisfies

Pp}pΩ´Ω‹}max ď rHpn, d2qq ě 1´ rPpn, d2q.

If τ “ pM6n{ log d1d2q
1{6{2 and

λ ě 76}Ω‹}1

c

M6 log d1d2
n ` 4 max

jPrd2s
|µj | ¨ }B‹Σ‹}8 rHpn, d2q,

then

}pB ´ rB}F ď 2
a

sd2λ and }pB ´ rB}1,1 ď 8sd2λ,

with probability at least 1´ 2{d2
1d2

2 ´
rPpn, d2q.
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Sparse Recovery

The error in estimating the precision matrix only contributes higher order
error terms and

}pB ´ rB}F À
c

s log d1d2
n and }pB ´ rB}1,1 À s

c

log d1d2
n
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Simulations

When k varies from 1 to 10, the line moves from red to black.
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Simulations

Distribution of x

Distribution parameter score function
Gaussian µ “ 0; σ “ 1 spxq “ x
Beta α “ 8; β “ 8 spxq “ 14x´7

p1´xqx
Gamma k “ 8; θ “ 0.1 spxq “ 10´ 7

x
Student’s t ν “ 13 spxq “ 14x

13`x2

Rayleigh σ “ 1 spxq “ x ´ 1
x

Weibull k “ 7; λ “ 1 spxq “ 7x6 ´ 6
x
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Simulations — Sparse Recovery

Simulation setting

§ fully sparse B‹ with dependent covariate z
§ set d1 “ 100, d2 “ 50, s “ 10, vary n
§ X i is independent and identically generated
§ Zik P t´1, 1u with equal probability and independent from other
coordinates

§ the support Sk drawn uniformly at random,
tβ‹klulPSk „

1?
s ¨Unifpt´1, 1uq

§ λk “ 30
a

log d1d2{n and τ “ 2pn{ log d1d2q
1{6
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Simulations — Sparse Recovery

Gaussian design
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Simulations — Sparse Recovery

Beta design
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Simulations — Sparse Recovery

Gamma design
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Simulations — Sparse Recovery
Simulation setting

§ set d1 “ 100, d2 “ 20, s “ 10, vary n
§ the support S drawn uniformly at random; each entry on the support
is t´ 1?

s ,
1?
s u with equal probability

§ X i is independent and identically generated
§ Z follows a Gaussian copula with the sparse precision matrix

Θ “ pθijq
d2
i,j“1

θij “

$

’

&

’

%

1 if i “ j ,
0.2 if |i ´ j | “ 1,
0 otherwise.

with marginal distribution t7

§ τ “ 2pn{ log d1d2q
1{6 and λ “ 10

a

log d1d2{n
§ for estimation of the precision matrix, we use the truncation threshold
2pn{ log d2q

1{4 and γ “ 10
a

log d2{n
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Simulations — Sparse Recovery

(a) Gaussian (b) Beta (c) Gamma

(d) t13 (e) Rayleigh (f) Weibull
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Real Data Illustration
Coffea canephora genetic data set — collects three traits (phenotypes) -
production of coffee beans py1q - leaf rust incidence py2q - yield of green
beans py3q

From two recurrent selection populations px1q of Coffea canephora and
each one of traits is evaluated at two locations px2q.

For each individual sample, the single nucleotide polymorphisms
(SNPs)—genotype tzju—are identified by Genotyping-by-Sequencing.

The population group px1q and the evaluation location px2q are two
confounders which may modify the effect of each SNP pzjq on traits
py1, y2, y3q.

yi “
d2
ÿ

j“1
zj ¨ fj

`

pβ1,i
j q

‹x1 ` pβ
2,i
j q

‹x2
˘

` ε, @i “ 1, 2, 3
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Real Data Illustration

(g) Production (h) Leaf rust (i) Green beans

(j) Production (k) Leaf rust (l) Green beans
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High-Dimensional Index Volatility Models

Model

y | x “ f pxβ‹, xyq ` gpG‹T xqε

§ y is the response variable
§ x P Rd is the vector of predictors
§ ε is random noise with Erεs “ 0 and Erε2s “ 1, independent of x
§ β‹ P Rd and G‹ “ pγ‹1, . . . ,γ‹v q P Rdˆv are unknown parametric
components

§ f : RÑ R and g : Rv Ñ R are unknown nonparametric link functions

Identifiability

β‹
T

β‹ “ 1 and G‹T G‹ “ Iv
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Related work
Variance function is constant — homoscedastic single index model

§ applications (Sharpe 1963; Collins and Barry 1986; Stock and Watson
1988)

§ estimation procedures (Ichimura 1993; Härdle, Hall, and Ichimura
1993; Horowitz and Härdle 1996; Xia et al. 2002; Delecroix,
Hristache, and Patilea 2006)

§ sliced inverse regression (Li 1991)
§ high-dimensional estimation (Babichev and Bach 2018; Plan and
Vershynin 2016; Yang, Balasubramanian, and Liu 2017)

Conditional heteroscedasticity
§ estimating the function g does not only help in the estimation of the
mean, but is interesting in its own right (Box and Hill 1974; Bickel
1978; Box and Meyer 1986)

§ when v “ 1, Härdle, Hall, and Ichimura (1993) first studies single
index volatility model (Xia, Tong, and Li 2002; Zhang 2018)

§ Chiou and Müller (2004) studies multiple index models with purely
nonparametric variance function
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Second-order Stein’s identity
Theorem (Janzamin, Sedghi, and Anandkumar 2014):

X P Rd is a random vector with differentiable positive density
pX : Rd Ñ R.

The second-order score function HX : X Ñ Rdˆd is

HXpxq “ ∇2
xpXpxq{pXpxq

Regularity conditions:
§ first order regularity conditions hold
§ Er|f pXq ¨ HXpXq|s _ Er|∇2

x f pXq|s ă 8

Erf pXq ¨ HXpXqs “ Er∇2
x f pXqs

When X „ Np0, Idq, then HpXq “ XXT ´ Id and we have

Erf pXq ¨ pXXT ´ Idqs “ Er∇2f pXqs.
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Single Index Volatility Model

Start with the case when v “ 1

y | x “ f pxx,β‹yq ` gpxx,γ‹yqε

First order estimation

E
“`

y ´ f pxx,β‹yq
˘2Spxq

‰

“ Erε2g2pxx,γ‹yqSpxqs “ 2µ1γ‹

Second order estimation

U‹ – Erpy ´ f pxx,β‹yqq2Hpxqs “ Erε2g2pxx,γ‹yqHpxqs “ 2µ2γ‹γ‹T
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Simulations

§ Distribution of covariate x
Distribution Parameter First-order score Second-order score
Gaussian µ “ 0, σ “ 1 Spxq “ x Hpxq “ x2 ´ 1
Student’s t degree of freedom 13 Spxq “ 14x

13`x2 Hpxq “ 224x2

p13`x2q2 ´
14

13`x2

Gamma k “ 13, θ “ 2 Spxq “ 1
2 ´

12
x Hpxq “ 132

x2 ´
12
x `

1
4

§ mean link function t f pxq “ 2x ` cospxq
§ variance link functions

g1pxq “ x ` 1` cospxq; g2pxq “ x ` 1` expp´x2q;

g3pxq “ x ` 1` exppxq
p1` exppxqq2 ; g4pxq “ x2 ` x ` cospxq;

g5pxq “ x2 ` x ` expp´x2q; g6pxq “ x2 ` x ` exppxq
p1` exppxqq2

§ d “ 100 and s “ 10
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Score estimation

tζjpxqum
j“1 is a set of basis functions; m “ 101

§ ζjpxq “ 1?
2πh2 expp´ px´zjq

2

2h2 q be Gaussian kernels with h “ 0.5 and
zj “ ´5` 0.25pj ´ 1q

Suppose Spxq “
řm

j“1 ν
‹
j ζjpxq

Score matching estimator (Hyvärinen 2005)

pν “

˜

1
n

n
ÿ

i“1
ζpxiqζpxiq

T ` αIm

¸´1 ˜
1
n

n
ÿ

i“1
ζ1pxiq

¸

§ α “ 0.01
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First order estimation
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Second order estimation
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Thank you!
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