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ABSTRACT

In this paper, we first define odds ratio, attributable risk, relative risk, correlation
coefficient, membership in at least one group, difference between two proportions, a new
estimator of single proportion when the proportion of second sensitive variable is know,
while considering investigating two sensitive attributes in real practice. Then we define
two estimators in each one of these cases based on simple model or crossed model
proposed by Lee, Sedory and Singh (2013). We derive expressions for biases and
variances of the resultant estimators. We investigate the performance of estimators based
on the crossed model over those based on the simple model under the same choice of
parameters, as discussed in Lee et al. (2013). Also the values of the various statistics such
as odds ratio, attributable risk, relative risk, correlation coefficient, membership in one
variable and the difference between two proportions are estimated based on a real data set.

Keywords: Sensitive characteristics, estimation of proportion, crossed model, simple
model.

1. INTRODUCTION

In 1965, S. L. Warner proposed the first research method in structured survey interview.
Lee, Sedory and Singh (2013) introduced a new methodology for estimating the
proportions of persons in a population possessing each of two sensitive characteristics,
say A and B, along with the proportion possessing both, An B, by using two different
randomized response models: Simple model and Crossed model. There are many
situations where their proposed models could be implemented in real practice. For
example, (1) assume A is a group of smokers, B is a group of drinkers, then AN B will
be a group of both smokers and drinkers; (2) assume A is a group of SMAC users, B is a
group of criminals, then AN B will be a group of both smack users and criminally active
people; and (3) assume A represents hidden membership in a terrorist group-I, B
represents a hidden membership in a terrorist group-II, then AN B will be a hidden
membership in both terrorist groups. Their models also allow one to estimate several
other parameters, such as correlation coefficient, conditional proportions, and relative
risk, etc. A pictorial representation of such a population is shown in Figure 1.1. Let 7,,

g and 7m,.5 be the true proportions of respondents possessing the sensitive
characteristics A, B, and both AN B. Also note that 7,5 < Min(ﬂ'A,ﬂ'B).
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Fig.1.1. Population under study

In the following sub-sections we briefly review the two models introduced by the authors
in the paper mentioned above.

1.1 Simple Model

In the simple model proposed by Lee, Sedory and Singh (2013), they suggest to using a
pair of decks of cards in order: say Deck-I and Deck-II. Each respondent, selected in a
simple random with replacement sample of size n, is requested to draw two cards, one
from each deck and keep the responses from Deck-I and Deck-II respectively in order.
Deck-I consists of cards, each bearing one of two mutually exclusive statements: “I
belong to the sensitive group A”, with proportion P, and “I belong to the non-sensitive

group A°”, with proportion (1—P). Deck-II also consists of cards, each bearing one of
two mutually exclusive statements: “ I belong to the sensitive group B ”, with proportion
T, and “I belong to the non-sensitive group B®”, with proportion (1-T). By following

the notation of Lee, Sedory and Singh (2013) for the simple model, the probabilities of
obtaining, from a given respondent, each of the following responses (Yes, Yes), (Yes, No),
(No, Yes) and (No, No) are, respectively, given by:

G, =QP-DQT —D7pg +2P-DA-Tzy, +(1-P)QT - D7zg +(1-P)A-T), (1.1)

0, =—-RP-1D)QT —Drpg + 2P -1)Tz, —(1-P)QT -7y +(1-P)T, (1.2)
Oy =—(2P DT =D 7zpg — (2P -1)(1-T)z, + PQT — )7z + P(1-T), (1.3)
and
Oy = (2P —1)QT —)7pg ~TQRP -z, — PQT — )75 + PT . (1.4)

Let 6, =n,,/n, 6,,=n,/n, G, =N,/ and ,, =Ny, /N, be the observed proportions of
(Yes, Yes), (Yes, No), (No, Yes) and (No, No) responses, so that n;, +n,, +ny + Ny, =N.

Then Lee, Sedory and Singh (2013) obtained unbiased estimators for the simple model as
following:

5 o= 6, + 610 = 6y = bp + 2P 1)
A 202P-1)

: (1.5)
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A= 6, = 610+ 6y — O + 2T - 1)
® 2(2T -1)

, (1.6)

and

. (P+T)g, +(T =P8, +(P=T)gy + 2—P-T)g,, ~-T(1-P)—P(1-T)

Tpag = , (1.7)
22P-1)(2T -1)

for P#0.5and T #0.5.

Let us define

E(gABgA) ) E(gABgB): > E(gAgB)
TTps7 A ay-us: a7l
where
V(=22 P(I_P)z, (1.8)
n n(2P -1)
V(ﬁg)=”8(l_ﬂ3)+ T(I_T)z : (1.9)
n n2T -1)
N Tag(l—7
V(”AB)Z AB(n AB) 110
L @P-1’T(A-T)z,+P(1-P)2T -’75 + PT(1-P)(1-T) (110
n(2P -1)*(2T —1)* ’
Cov(sz,sz)zw, (1.11)
. .\ 7me(-7y) PA-P)x
COV(7 pg, 75 ) = —2B AZ 4 B . 1.12
(%474 - a1 (1.12)
and
COV(/Z‘.AB,;%B):ﬂAB(l_ﬂB)+T(l_T)”A (1.13)

n n@2T -1)*
1.2 Crossed Model

In the crossed model, while the rest of the procedure remains the same as for the simple
model, the composition of the decks is different. Deck-I consists of cards, each bearing
one of two mutually exclusive statements: “I belong to the sensitive group A”, with

probability P and “I belong to the non-sensitive group B®”, with probability (1—P)

respectively. Deck-1I also consists of cards, each bearing one of two mutually exclusive
statements: “I belong to the sensitive group B with probability T and “I belong to the
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non-sensitive group A°”with probability (1—T) respectively. By following the notation

of Lee, Sedory and Singh (2013) for the crossed model, the probabilities of obtaining,
from a given respondent, each of the following responses, (Yes, Yes), (Yes, No), (No, Yes)
and (No, No) are, respectively, given by:

0, =7 pe{PT +(1=P)Y1-T)} =72, (1-P)1-T) = 25(1-P)1-T)+ 1-P)1-T), (1.14)

6?1*0 =T pg{PT+(1-P)A-T)} -7 {(1-P)T -1} —7z2g(1-P)T +(1-P)T, (1.15)
6?;1 =7 pg{PT+(1-P)A-T)} -7, PA-T) -7z {PA-T)-1} +P1-T), (1.16)
and

950 =7 pgiPT +(1-P)Q1-T)} —7,PT —7gPT + PT. (1.17)

Let é1*1 =n;, / n, él*O =n;, / n, égl =Ny, / n and é;o =Ny, / n, be the observed proportions of
(Yes, Yes), (Yes, No), (No, Yes) and (No, No) responses so that nl*1 +n1*0 +n;1 +n;0 =n.

Lee, Sedory and Singh (2013) obtained unbiased estimators for the crossed model as
following:

s 1, T=P+DE =)+ (P+T =D~ ) (L.18)
2 2(P+T-1)
s 21 (P=T+1(E, —60)+(P+T -1l ~6) (L.19)
2 2(P+T -1
and
i = PTG, —(1-P)1-T)b,, ’ (120
{PT+(A-P)A-T)}(P+T-1)
with P+T #1.
Define
EAB:ﬂ_ R A:_A_’ gB:_B_
7 B A 7g
so that

E(g* *):Cov(ﬁZB,fz}:)’ E(g* *):Cov(szB,fz;)’ E(g*g*):(:ov(fr:,ﬁ;)

ABEA ABEB ASB
UIN-U uyN-va: T a7y
where
V(= Bl (=PITPT + (=PUL-T) -7y =1 +2m0) ()
n n(P+T-1)
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7rB(1—7rB) A-T)P{PT+(1-P)1- T)}(l—;rA—frB+27rAB)

A K

Vre) == nP+T —1) (1.22)
V(i) ="2e0= ) L elPT + (1=PY(=T) ~ PT +(1-P)I-T)}(P+T -]
e n NPT +(1-PYI-T)}(P+T —1)°
PTA-P)1-T)(1-7,—7g) 123)
NPT +(1-P)A-T}(P+T -1)* ’
c ) zpg(l-7a) A T(I-P)P-T +1)
ov(erB 7Z'A) . + n(P+T—1)2
+PT@—Pﬁ—TXT—P+D@—ﬁA—ﬂQ (1.24)
n{PT +(1-P)1-T)}(P+T —1)?
xs 1- PI-T)T-P+1
COV(”ABa”B) ”AB(n ”B)_l_”AB ((p+-|)-(_1)2 )
PT@—Pm,TXP T+1)1-7z,—7g) (125)
n{PT +(1-P)A-T)}P +T —1)? '
and
Cov(fr:\ AE) (7Z'AB—7Z'A7Z'B) 2PTA-P)A-T)(1+27mpg —7p—7g) (1.26)

n n(P+T —1)

In this paper, we introduce two more parameters, odds ratio and attributable risk, bridging
on the article by Lee, Sedory and Singh (2013) and provide a detailed study of the other
parameters including the correlation coefficient, relative risk, estimation of membership
to at least one group, difference between two proportions. We also introduce two new
difference type estimators of the proportion of one of two sensitive variables when the
proportion of the other is known. Fox (2016) has renamed the crossed model as a double
decker model. To our knowledge, the problem of estimating the odds ratio and the
attributable risk using randomized response sampling were first introduced and presented

by Lee, Sedory and Singh (2016) at the Joint Statistical Meetings.

In the next section, we consider two estimators of odds ratio (OR); one based on the
simple model and the other based on the crossed model.

2. ESTIMATION OF ODDS RATIO

In case of two sensitive characteristics A and B, the four cells of the 2 x 2 contingency
table can be labeled as:
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Attributes B B¢ Total

A 7 pg (77 = 7pg) A

A° (75 —7pp) (I=7p— 75 +7pg) (1-7p)
Total g (1-7mg) 1

Thus, we consider a measure of odds ratio (OR) in case of two sensitive variables A and
B as:
OR = g (1= 700 — 70 + 75

(”A ] )(”B _”AB)

2.1)

In the following sub-sections, we consider estimators of the odds ratio (OR) defined in
(2.1) by using the simple model and the crossed model.

2.1 ESTIMATION OF ODDS RATIO USING SIMPLE MODEL

By using the same notations for the simple model from Lee et al. (2013), we consider
first estimator of the odds ratio (OR) as:
OAR=7%AB(1_7%A_7AZB+7%AB) (2‘2)
(7a - 78 )5 — 7a8)

Now, we have the following theorems:

N
Theorem 2.1. The bias, to the first order of approximation, in the estimator OR of the
odds ratio (OR) is given by:

AN
B(OR) = OR[G,V (g )+ G5V (£a)+ G¢V (75 )~ G7Cov(#a, 2 pp) (2.3)
—GsCoV(#g, 7 pg )+ GoCoV(ip, 75 ]

where

1 1 1
+

= +
7pg(1—7p—7B +7AB) (7Z'A—7ZAB)2 (ﬂB—EAB)z
1 1 1
+ +
g (ra—7pg) 7paB (7B —7pB) (A -7paB ) —7A—7B+7AB)
1 1
+ + ;
(zg—7pg)1-7po—7g+7AB) (FA—7AB )R —7AB)

Gy

+

| | | -
T (”A_”AB){(”A_”AB)+(1_7TA—”B +7TAB)}’

1 { 1 1 }
G = + ;
(rg—7pg) (7 —7pB) (I—-7pA—-7B+7AB)
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1 2 1
= + +
npg(l—7mp—7mg +7aB) (7[A—7Z'AB)2 (7p—7 ) (7B —7 AB)

Gy

1 2 1 1
+ + :
(I-7p-7p +7TAB){77A_77AB ”B—”AB} 7pB (TA—7pB)

1 2 1
= + +
7a8(1-7A—-78 +7pB) (ng-7pag)° (A —7pB)7TB 7 AB)

Gg

N 1 { Lo, 2 }+ 1 ;
(I-7mp—7ng+7pg) | ZA—7p8 7B—7AB) 7AB(7B—7AB)
and

1
Gy = ! { ! + ! }+
(I-7mp-7g+7pg) |7a-7a8  7B-7pB | (ma-7aB) (7B —7pB)
are constants.

AN
Proof. The estimator OR of the odds ratio can be approximated as:

OR — #pp(l—7a— 7 +7ap)
(7a—7p8)(%8 ~7a8)

_ ”AB(1+5AB){1_”A(1+5A)_7TB(1+5B)+”AB(1+5AB)}
Al 60) = 7pg (14 605 g (14 65 )~ g (1+ £ )}

-1 -1
—OR(1+¢pg )| 1-FAAYTBEB " TABEAB ||, TASATABEAB | |1, 7BEB " TABEAB
l-7p—7g+7pR TA—TAB B —TAB

|7Z'A¢9A—7Z'AB€AB|<1 and |7Z'B€B—7Z'AB(9AB|
TA—7AB 7B —7TAB
expansion up to the first order of approximation, we have

A —
OR = OR(1+£pg | 1 - ZASA T 788 ~ TABEAB
1—7Z'A—7Z'B + 7T AR

Assuming <1, and using the binomial

2
1— TAEA —TABEAB J{”A'SA —”AB€AB] "
TA—7AB TA—7AB

7B —7AB 7B — 7 AB

2
TBER —TARE TBER —TARE
1-2B<B AB < AB +( B¢B AB AB\] +:|
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- 2
TAEA T TBER —TABEAB  FASASAB T TBEBEAB T TABE AR
l-7p—-7g+7paB l-7p—-7g+7pB

=0R 1+8AB -

2 2
|_TAEATTTABEAB _ BB ~TABSAB +(”A“"A ~—7AB¢AB J +(”B£B —7ZAB¢AB j
A~ TAB 7B —7TAB TA—TAB 7B —7TAB

| ZAAZTABEAB | FBEB ZTABEAB |, o(,2)
TA~TAB 7B ~7AB

2
_ TAEA+TTBER —TABEAB  FASASAB T TBEBEAB T TABE AR
l—7np—7g+7pB l-7p—-7g+7paB

=0R 1+8AB

2 2
_TAEATTABEAB _ 7TBEB ~ZABSAB +[7IA5A_7[AB‘9AB] +[”BEB _”AB“:ABJ
TA~TAB 7B —7TAB TA~TAB 7B —TAB

2 2
+| FASA—TABEAB | TBEB ~TABEAB |_ TAEAEAB “7ABéAB | | #BEBEAB ~TAB¢ AR
TA—TAB B — T AB TA—TAB B — TAB

+(”A5A ~—7TAB¢AB J

TTAEA T TBEB —TABEAB
TA—TAB

( l-7p—7g+7pR

J{HBEB ~TABEAB j

TTAEA T TBEB —TABEAB +O(82)
7B — T AB

l-7p—7g +7pB

=OR1+{1+ AB +—TAB _,_TAB }EAB
l-7Zp-7B+7pB ZA-7TAB 7B —7AB

TA TA 7B 7B
- + EA - + ¢B
l-7Zp—7B+7pB 7A—7AB l-7Zp—7B+7pAB 7B —7AB

2 2
+ 7AB L "8, "AB . 7TAB ,_ 7AB
A 2 2 _ _
l=7ZpA=7B+7pB  (zp—7pg)~ (7g—7pg)~ 7FA~7AB 7B~ TAB
2 2
+ ThB 4 ThB
(za—7p)1d-7p—7g+7pB) (7B —7pB)1—7A—7B +7AB)
1
(zAa—7pB)(7B —7AB)
2 2
+ ™™ A 2
2 €A
(zp-7pg)” (@A-7pB)I—7A—7A+7AB)
2 2
B 7B 2

(zg —7pg)” (@B —7pB)1I-7A—7A+7AB)
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_ { A L_2TATAB TATAB
1-7ZpA-7B+7pB  (zp—npg)> (FA-7AB) (7B —7pB)

27 AT AB 7T AT AB A } AEAB
(7TA zpg )l—7p—7g +7pB) (ﬂB zpg)1—7p— ﬂB+7TAB) (TA—7pB)

_{ 7B N 27B7 AR N BT AB
l-7mp—7g +7pB (”B_”AB)z (mp—7mpB )R —7pB)

BT AB 27B7 AR 7B } CBEAB
(”A 7pg)1—7p—7g +7pB) (ﬂB 7pg)1—7p—7g +7pB) (ﬂB TAB)

{ TATB TATB TATB JE P
(mp—7pB )7 — ”AB) (rpn—7pg)1—7p — ”B‘HTAB) (rg —7pg)1—7p—7B +7pB)

1 1 1 1
=0R|1+ + + + 7T ABEAB
7T AB 1—7ZA—7ZB + 7T AB TTA —TAB B — 7T AB

1-rp -7
TAEA - TBER
\(za-7pB)(1-7A— 7B +7B) (rg —7pB )1 —7p—7B +7pB)

+{ ! + ! 5+ ! 5+ ! + !
TAB(=7A=7B+7pB) (zp-7pg)”~ (ng—7pg)” 7AB(TA—7AB) 7AB(7B—7AB)
1 1 1 } 2 2
(”A zpg)1—7p—7g +7pB) (”B 7pg )1—7pA—7B +7pB) (ﬂA 7pB 7B —7AB) AB

1 1 1 22
+ + ASA
(zpn—7pB) ((mA—7pg) (I-7mpa—7B +7pB)

(rg —7pB) (7B —7paB) (I-7pA—7B +7pB)

1 2 1
- + +
{”AB(I—”A—”B +7pB) (np-7pg)’ (FA—7pB)(7B -7AB)

2 1 1
+ + + 7T AT ABE A€ AB
(zp—7pg)l—7p—7B +7AB) (rg —7pg 1 —7p—7B +7AB) ”AB(”A_”AB)}

1 2 1
-~ + +
{”AB(l_”A_”B +7pB)  (zg-7pg)> (TA—7AB)(7B —7AB)
1 2 1
+ +
(g —7ag )1 —7po—7B +7pB) 7AB(7B —7AB)

+ }”B”ABEBSAB
(za—7pg )1 —7pA—7B +7pB)

+{ ! t ! + ! J”A”BSA‘C;B
(rp—7pg )7 —7pB) (Fpa-7pB)1—7pa—7B +7p8) (7B —7pB)1-7p—7B +7pB)
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= OR[l + Gl”AB EAB - Gzﬂ'Aé‘A - G37Z'BSB + G4”%\B E/ZAB + GSH%\&‘% + Gyf%é‘é - G77Z'A7ZAB EAEAB

- G87Z'B7Z'AB EBEAB T Ggﬂ'Aﬂ'Bé‘ASB + 0(82)
(24
where

1 1 1 1
G = + + + ;
7pg l—7mpa—-7B+7TpABR TA—7TABR 7B —7AB

G { 1_7[8 }
2= H

(rpn—7pg)1—7p—7B +7pB)
and

G { 1-7p }
3 =

(7B —7pB)1—7A—7B +7AB)
By the definition of bias that is

A A
BLORJ = E(OR)-OR

we have the theorem.

/\ . /\ . . .
Note that B[ORJ — 0 as n— o, thus the estimator OR is a consistent estimator

of the odds ratio (OR).

Theorem 2.2. The mean squared error, to the first order of approximation, of the
N
estimator OR of the odds ratio (OR) is given by:
A
MSE(OR) = OR? [Glzv (7p5 )+G3V (%) +GV (75 )—2G,G,Cov(7a, 7 a5 )
—2G;G3Cov(7R, 7 aR )+ 2G2G3Cov(7a, 7B )] (2.5)

Proof. By the definition of mean squared error, we have
AN AN 2
MSE| OR |=E| OR-OR
~ 2 2
~OR E[Gl”ABSAB —-Gormpen —G37TB$B]
= ORZE[GIZﬂ,%BngB + Gzzﬂig% + G%ﬂ'%gé —2G|GyrmrpB TAEABEA

- 2GIG37[AB7[B‘9AB‘C"B + 2GZG37ZA7[BEASB]
which proves the theorem.
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2.2 ESTIMATION OF ODDS RATIO USING CROSSED MODEL

By using the same notations for the crossed model from Lee et al. (2013), we consider
second estimator of the odds ratio (OR) as:

"o iagli-Aa-in+ine)
OR* = ZAB A—7B+7AB (2.6)
* *

[eh -0 s - )
ZTA—7AB \VTB —7TAB
Now, we have the following theorems:

N
Theorem 2.3. The bias, to the first order of approximation, in the estimator OR" of the
odds ratio (OR) is given by:
N
B(OR") = OR[G4V (ﬁ*AB )+ GsV (fzj;)+ GV (fz;)— G7cOv(7%Z,7%ZB ) 2.7)
—GgCovl#g, 7 ag |+ GoCovlin, 75
N

Proof. The estimator OR™ of the odds ratio can be approximated as:

N Ak (1 Ak Ak n Ak \)
* T —TTpA—T T
OR* = 7TAB A—7B+7pB

(* L )(A* L )
TTA—7AB JVTB —7TAB

_ 7aB (1 + EZB ){1 - 71'A(1 + g;)— g (1 + gg)+ A (1 + 5;:3 )}
{7Z'A(1 + g;)— 7T AR (1 + gZB )}{ﬂ'B (1 + 8;)—7Z'AB (1 + 8;5 )}

Again expanding by the binomial distribution and by the definition of bias that is
N N
B[OR*J =E(OR")-OR

we have the theorem.

A A
Note that B[OR*] — 0 as, thus the estimator OR" is a consistent estimator of the

odds ratio (OR).

Theorem 2.4. The mean squared error, to the first order of approximation, of the
AN

estimator OR” of the odds ratio (OR) is given by:

N

N
MSE(OR ") = OR? [G12V (fr*AB )+ GV (;%*A)+ GV (;zB )— 2Glezc:ov(fzj;, g )
—2GG3Cov|#g, 7 ag |+ 2G2G3Cov| % a, 7 (2.8)
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Proof. By the definition of mean squared error, we have
N N 2
MSE| OR" | = E| OR"-~OR
= ORZE[GIHABSZB —Gzﬂ'Aé‘*A —G37TBSE]2

Expanding and taking the expected value, we have the theorem.

In the next section, we consider the problem of estimation of attributable risk.

3. ESTIMATION OF ATTRIBUTABLE RISK
In order to define an attributable risk, we have the following theorem.

Theorem 3.1. The attributable risk AR(B | A) is given by:

AR(B| A):% 3.1)

Proof. We know that the relative risk (RR) of being in group B given a respondent
belongs to group A is defined as:

P(ANB)
RR(B| A)= PBIA) __ P(A) _ PANBJI-P(A] _ zag(l-7a)
pl1ac) plNAC) PAIPB)-PANB) malrs -~7as)
P(AC)
Following Rosner (2016), by the definition of attributable risk, we have
zpg(l-7p)
[RR(B| A)-1] [”A(”B_”AB) ) 1}”\
AR(B|A)= A _

[RR(B| A)-1]zp +1 { zps(1-7p) _1}[/“1
7l —7a8)
_ [zas(1—7a)-7A(z8 — 788 )|7A
[zas(1-7p)-7a(z8 —7p8 )l7A + 7A(TB —7p8)
_ [zp8 —7pg7A—7p7B + TpB7AlTA
[zp8 —7pg A —7p7B + TpB7AlTA + 7A(TE —7AB)
_ [zp8 —7a7B]7A
|78 —7argl7A +7Al7E - 78)
_ [zp8 —7p7B]7A _ TAB—TATB _ TAB —TATB
[”AB_”A”B +7Z'B—7ZAB]7Z'A —ZTATB +7B ”B(l_ﬂ'A)

which proves the theorem.
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3.1 ESTIMATION OF ATTRIBUTABLE RISK USING SIMPLE MODEL

By using the same notation for the simple model as found in Lee et al. (2013), we
consider our first estimator of the attributable risk as:

¢ App — AR
AR(B|A)=—£8 _—AZB
( | ) #a (l—frA) (3.2)

Now, we have the following theorems:

N
Theorem 3.2. The bias, to the first order of approximation, in the estimator AR(B | A) of
the attributable risk AR(B|A) is given by:

B(AR(B| A) = —RBIA) npgV () (75 —mpg )V (a) Cov(ing. 7g)

(”AB _”A”B) ﬂé (1—7rA)2 7B
n COV(/Z"AB, ﬁ-A)_ 7Z'ABCOV(7’Z\'A, ﬁ-B) (3 3)
(1-7p) mg(l-7p) '

N
Proof. The estimator AR(B | A) can be approximated as.

_ s —7ipts _ mpp(l+eag)-7all+ep)7a(l+55)
g(1-7a) rg(l+sg)[l-ma(l+2a)]

AAR(B| A)

_ (7pB —7amB) + ABEAB —TATTB(EA +EB +EAER)
ng(l-7p)+7g(1-7p)eg — TATBEA — TATBEAER

7TpBEAB —TATB(EA T EB +8A£B)}
7TAB —TATB

ng(1—7p)eg — TATBEA _”A”BgAgB}
ng(l=7p)

(7pB _”A”B){l"‘

ﬂB(l—ﬂA)|:1+

-1
TABEAB —TATB(EA+ER +5A£B)}{1+ rg(1-7p)éB _”A”BEA_”A”BEAEB}
AR — TATB rg(1—7p)

= AR(B| A){H

-1
— AR(B| A){H TABEAB — TAZB(EA +EB +5A£B)i|[1+gB _ TpEA +”A5AgB:|
TpAB —TATTR (1—7Z-A)

EA+ T AENE . . .
TASAT TASASB I <1, and by the binomial expansion, to the first

Let us assume |eg —

1—7Z'A

order of approximation, we have

A —
AR(B ‘ A): AR(B ‘ A)|:l+ TABEAB ﬂ-Aﬂ-B(‘C“A +ép +8A‘€B)j|
TAB —7TATB

|
><|:l+{gB __”Ag?ltZSAgs H
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= AR(B|A)|:1+7TAB€AB _”A”B(gA"‘gB +gAgB):|
TAB T~ TATB

2
x|1— gB_ﬂ'AEA+7Z'A€ASB n EB_7Z'A£A+7Z'A6'A€B .
(1-7a) (1-7a)

TARE TTATTRE TTATTRE TTATTRENE
— AR(B|A)L1+ AB°AB ABeA A*BeB ~ “*AYB¢AcB J
TAB —TTATTB TAB ~7TATTB TAB ~7TATTB TAB — TATB

2.2
x| 1-eg + TAEA +”A8AgB +gz+ 7ZA€A2 _ZizAgAgB .
(l_ﬂ.A) (l_ﬂ-A) (l_ﬂ'A) (1—7Z'A)

T & TTATTRE TTATTRE TTATTRE AE
:AR(B|A){1+ ABEAB  TATBEA  TATBER ABABJ
TAB —7TATB  7AB ~7AB  ZTAB ~7A%B 7TAB ~TATB

2.2
X l—gB+ﬂA—8A+gé ”AEAZ—”A8A88+..
(I1-7a) (I-7mp)~ (A=7p)

TTARE TTATTRE TTATTRE TTATTRE AE
- AR(B| A)L1+ AB°AB ABeA A*BeB ~ “ABCA°B
TAB —7TATB  TAB —7TATTB  7TpB ~TATTB TAB —7TATB

2
TABEARE TTATTBE NE TTATTRE T
— &g — AB©AB°B , “A®BCA°B A"B°B A e

TAB —7ATB AR —TATB AR —TATR  1—7p

2 2 2
ZTABZA TTAZBEA _ TTATBEASB

EABEA
(mpg —7a7p)1—7p) (7pg —7pmp)1—7p) (mpg —7a7g)(1—7p)

2.2

TAE TTAENE

+ed + AA_ _ZACASB .
(-7p)~ (-7p)

:AR(B|A)L1+ TAB AB _{ TATB +1}SB—{ TATR A }5A
A

7Z'AB —7Z'A7Z'B 7Z'AB—7Z'A7Z'B 7Z'AB —IZ'Aﬂ'B 1—7Z'

2 2
+{—”A”B +1}gé— TATB __TA 5 ex
TAB — TATB (mag —7amg)1—7p)  (1-7p)

TABTAEABEA  TABEABEB
(7pg —7ag)(1—7pn) 7aB —7AZR
2
- TATB + A ENER +..
(mpg —7pmp)1—7mp) (1—7p)
& & TTA\TR — 7T E
=AR(B|A){1+ TABEAB  TABEB Alrg —7pg Jep
mp —7atg 7ag —7ATE  (I-7p)mpas —mATB)
2 2 2
TAB¢B ”A(”B‘”AB)SA _ _TABEABEB

+

7p8 ~7ATB  (1—7p)2(nag —7arp) TAB —TATE

TTARTTAE AR E TTARTTAENE
N ABTAEABEA ABTAEAER )+O(€2)J

(1-zp)7pg —7amg) (1-7p)(7pg —7aTs
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By the definition of bias, we have

BLAAR(B | A)J = ELAAR(B | A)J —AR(B| A)

= AR(B| A) ”ABE(gé) - ”%\(’TB—”AB)E(g%\) _7asE(enen)
7ps ~7a7B  (1-7p) (mpg —7aTE) 7AB ~7TATE

(wpg —7argNl-7p) (1-7a)7aB —7p7B)
:AR(B|A0“ ﬁABV(fZB) _ (ﬂ'B—ﬂ'AB)V(ﬁ'A) _ COV(/%AB,ﬁB)

7as7AE(epgen) 7ag7AE(epeB) J

7§(mps —arg) (1-7p)(zpg —7a7s) 78(7a8 ~7a7E)

+

COV(/Z\'AB, 7%A) _ 7Z'ABCOV(7,Z\'A, 7%5) :|
(1-7a)7ps —7amg) 7p(1—7a)(Tag — 7aTR)

which proves the theorem.

N N
Note that B{AR(B| A)}—)O as N—>oo , thus the estimator AR(B|A) is a consistent
estimator of the attributable risk AR(B|A).

Theorem 3.3. The mean squared error, to the first order of approximation, of the
N
estimator AR(B| A) of the attributable risk AR(B| A) is given by:

A 2 2 ~ 2 ~ A ~
MSE(AR(B| A)J Z%{V(ﬁw w3V (is) , (5 —ma8 'V () 27pCovling . )
AB —/tAB

B (1-7p)? 7B

_2(”B—ﬂAB)C0V(7%ABa7%A)+27TAB(7ZB — 7tp5 JCOV(#p, 75) 34
(1-7p) rg(1—-7a) (3-4)

Proof. By the definition of mean square error, we have

MSE (AAR(B | A)j - E{AAR(B | A)-AR(B A)T

2

;{AR(BIA)}zE( Tapens  7apes (7 —7ap)Taca J
TAB —7TA7TB 7TAB —7TATTB (1_”A)(7TAB_”A”B)

{AR(B| A)}*

=———— S E|7ageaB —7pBER -
(7pg —7A7B)

e
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2
AR(B| A
- ARCIA g o2 +mhach +

2 2
(78 —7aB) A &2

(Tpg —7A7TB) (1-7p)?
27k apin 2 7pB (78 —7TpB)7TA SAB€A+2”AB(77B —7TpB)7A SAEB}
(1-7p) (1-7p)
AR(B|A)}? Ty — A ) T
_ AARBIAY |2 E(edp) + rhaE(eh) + ZB=TAB) TAE (2,
(Tpg —7p7TB) (1-7p)

—ZE,%\B E(sABgB)—2

7pg (7B —7pB)7A E(gABgA)+27fAB(7TB —7TAB)TTA E(SAEB)}
(I=7p) (I-7p)

2 . 2 n
__{AR(B|A)} 2[\/(ﬁAB)+”%BV(7;B)+(”B—”AB) \2/(7TA)
(7aB —7A7B) 7B (1-7a)

_27psCoV(7pp,78) _ 27p _”AB)COV(ﬁAB Aa)+ 2758 (78 = 7pB) Cov(#a fTB)}
7 (1-7a) mg(l=7p)
which proves the theorem.

3.2 ESTIMATION OF ATTRIBUTABLE RISK USING CROSSED MODEL

By using the same notation for the crossed model as found in Lee et al. (2013), we
consider our second estimator of the attributable risk as:

AN

AR*(B|A):—7%ZB_7%*A7%E

(3.5)
Ak K
4z} 1—7Z'A

Now, we have the following lemma:
AN

Lemma 3.1. The bias, to the first order of approximation, in the estimator AR*(B | A) of
the attributable risk AR(A|B) is given by:

B(A/F\{*(B|A))= AR(B|A) ﬂABV(ﬁ'E)_(?Z'B—EAB)V(I’Z\':\)_COV(ﬁ':\B,I%E)
(78 - 7a78) 8 (1—7rA)2 g

N Cov(frZB , 7%:)_ ﬂABCov(sz, ﬂE)
(1-7p) mg(1-7p)

(3.6)
Proof. It follows from the previous section.

AN N
Note that B{AR*(B| A)}—)O as N — oo, thus the estimator AR*(B| A) is a consistent

estimator of the attributable risk AR(B|A)
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Lemma 3.2. The mean squared error, to the first order of approximation, of the estimator

A
AR*(B | A) of the attributable risk AR(B|A) is given by:

A 2 2 L
MSE{AR*(B A)}_—( AR(BI A} . {V(frZB )+J—)”ABV B

7T AB _ﬂAﬂ.B) ﬂ-%
N (7Z'B —7TAB )ZV(ﬁ'* )_ 27Z'ABCOV(7%*AB, ﬁ'E)
(l—lZ'A)2 7B
_ 2(71'3 -7 AB )COV(ﬁ'*AB , 7%:\)_’_ 27 0B (”B —7TAB )COV(ﬁ'Z, fTE) (3.7)
(1-7a) zg(l-7p) '

Proof. It follows from the previous section.

4. ESTIMATION OF RELATIVE RISK

Here we consider the problem of estimating the relative risk of a respondent
belonging to group B given that the respondent belongs to group A. For
example, it could be used to estimate the relative risk of involving a terrorist
(group B) given that an accident (say A) happened (say, any type of domestic
violence). The relative risk of event B given that the event A occurred is defined
as;
P(ANB) P(ANB)
PEIA) _ P(A) _ P(A) _ P(ANB)i-P(A]
Pleja) PBNA°) P(B)-P(ANB)  P(A]P(B)-P(ANB)]
“p(ac) 1-P(A)

RR(B|A)=

Thus we consider the problem of estimating relative risk (RR) defined as:

”AB(l_”A)
RR|B|A)= —FA~——~/
( | ) ”A(”B_”AB) (4.1)

4.1 ESTIMATION OF RELATIVE RISK USING SIMPLE MODEL

We define an estimator of the relative risk as:

R/\R(B|A) 7%AB (1 _ﬁA)

A

”A(/i-B _ﬁ'AB) (4.2)

Now we have the following theorems:
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Theorem 4.1. The bias in the estimator RR(B| A), to the first order of
approximation, is given by

wall-7a) (75 -7pg)

75COV(7 5, 7 p5)

”A”AB(I_”A)(”B _”AB)

B[RAR(B|A)J:RR(B|A){ V(za) ,  V(zg) | 7pV(ins)

COV(/Z\'A,ﬁ'B)
zpg(re —7pg)  7all-7a)7E —78)
_ (75 + 745 JCOV(75, 705 )

UIN:! (”B ~ T )2

(4.3)

Proof. The estimator RR(B| A) can be approximated, in terms of ¢,, ¢ and &g
as

o 7 (L4 608 1 = 5 (14 6, )]
RR(B|A): ”A(l + 5A)[7TB(1+ g5)— 7pp(1+ 2 )]

(”AB + T ps€aB )(1 — 7T _”ASA)

(”A +”A5A)(7TB + Tg€p — T pg _ﬂABgAB)

_ (718 + 7as&as M1 = 70) = 724

(”A +77A‘9A)[(7TB _”AB)"'”B“"B _”ABSAB]

”AB(I _”A)+ ”AB(I — ﬂA)gAB —TpBTAEA ~ a7 AEAE pB

”A(”B _”AB)+”A(7TB _ﬂAB)gA + TpTgER + T ATTREAER — WA ARE AR — T AT pBE AE AR

1-7,)e T ABTTAE T AT AE AE
T (1—7r 1+7TAB( ANAB _ TTaBTTAéA T AAAB:|
e A){ ”AB(I_”A) ”AB(I_”A) ”AB(I_”A)
TR& TRENE T pp€ T pARENE
_ l+e. + B8, "BEA%s _ Taefas _ Tmefalas
ﬂA(ﬂB HAB){ A (”B_”AB) (”B_”AB) (”B_”AB) (”B_ﬂAB):|

=RR(B| A)|:1+€AB - 1”’*2’* - ”?“’A;AB :||:1+€A +B%B | 7BEA%B
A A

-1
_ _TABEAB _”ABgAgAB:|
B —7AB  7TB —7TAB

B —7%pB 7B —7TAB

— RR(B| A)[HgAB - I”Af[A - ”i\gé‘:ABJ
A A

22
TR, TREAE, T an& T AR EAE TTRE,
x{l—eA— 88 _ 7BéAfB ABAB+ABAAB+gi+ 882
g —7pg 7tg —7pg  7Tg —7pg 7t —7pg (”B_”AB)
2 2
Taslne 2mpepey  27MppEpbps 2B apEpEns +0(£?)
Py S P,
g — 7 pg B AB B AB g = 7Tpg
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TBER _ 7BEBEAB

TpAE T pAENE TpAE
=RR(B| A)| 1+¢pg — LA _ZATATAB _ o _cpepg +ATA

l—ﬂ'A l—ﬂ'A 1—7Z'A 7Z'B—7Z'AB 7Z'B—7Z'AB
2

YNNG _ TlgépfB + T aséaB Tpéas AT aABSASAB

(1_”A)(”B_7TAB) g =7tag g —7Tpg 7T —7TpB (I_EAX”B_”AB)
2.2 2 2
T ag€aéan 2 7Tgép T ps€ s
2
7Tg — Ta (”B_”AB)2 (”B_”AB)
" 27gEpEy _ 27 ppEnE ng _ 27p T ppERE s +O(52)

- - ( )

g —7Tpp g — 7T pg g —7Tpg
V4 Va TRE T 5 nied
=RR(B|A)|1+|1+—AB | g —|1+A |y ——BB 41+ ZA |ex+ 88
7B —7TAB 1-7p 7T —7TAB 1-7p (75 —7aB)
T T TCATT 27 T

4 A8 £1+ AB )8iB+[ ATB + B _ B JgAgB

g —7Ta g —7a (l_”A)(”B_”AB) g =7tag 7t —7pg

! 2708 T A pg T
+ - - - —1|epéns
g = 7Tag 7Tg —7TpB (1_”A)(”B_”AB) -7y

—( 2787 h + T ]ngAB+O(52)J

(”B _”AB)Z g —7pB

—RR(B|A)1+-7B%AB __¢A __7BB 7 + nBes 4 BT ABEAB
7g—7pg 1-7pa 7g—7pg -7 (”B_”AB)Z (”B_”AB)Z
TTgEpER USRI ”B(”B+”AB) ( Z)J
+ — - gnéag +0le
(l_ﬂA)(”B_”AB) (1_”A)(”B_”AB) (”B—’TAB)2 e

By the definition of bias, we have

B[RAR(B| A)J = ELRAR(B | A)J— RR(B| A)

E(g%) ﬂé 2 BT AB 2
=RR(B|A + E +——=02 _F
® )L_”A (”B—”AB)2 (EB) (”B—”AB)2 (8AB)
i ”BE(EASB) _ ”BE(SAgAB) _”B(”B+77AB)E(‘§B‘9AB)+O(n—1)
(l_ﬁA)(”B_”AB) (1_”A)(”B_”AB) (”B—”AB)
=RR(B|A) 2\/(7%A) + V(/i- ) > + ”BV(/Z\-AB) 5 + Cov(ﬁ'A’ﬁ-B)
TTA l-/Z'A) (ﬂ'B—ﬂ'AB) ﬂ'AB(ﬂ'B—ﬂ'AB) ”A(l_”AX”B_”AB)
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”BCOV(ﬁ'Aaﬁ-AB) (”B+7[AB)C0V(7%BJ%AB)

”A”AB(I_”A)(”B_”AB) ”AB(”B_”AB)Z

which proves the theorem.

7AN

A
Note that B{RR(B|A)}—>0 as N—oo , thus the estimator RR(B|A) is a consistent

estimator of the relative risk RR(B | A)

Theorem 4.2.The mean squared error of the estimator RR(B| A), to the first
order of approximation, is given by

MSE(RAR(B | A)j

={RR(B| A)}? 78V(ipg) V() , V(g) __ 27pCov(in.iing)
ig(re—7as) 7A(-7a)l (re-7ps) 7amas(l-7a)7e —7a8)

_ 27TBCOV(7%B,7%AB)+ 2C0V(7%A77%B)
7Z'AB(7Z'B—7Z'AB)2 ﬂ-A(l_ﬂ-AX”B_ﬂ-AB) (44)

Proof. By the definition of mean squared error, we have

2
MSE(RR(B | A)) = E(RR(B | A)—RR(B| A)j

2
:{RR(B|A)}2E{ TBEAB €A TTBEB }
g —7pg l—7pn 7R —7pB

= {RR(B| A)}’E 78 + £A + 7Bes __ 27peatas
7TB—71'AB)2 (l_ﬂA) (7Z'B—7Z'AB)2 (l_”AXﬂB_ﬂAB)

2
_ 2mppéa 27TgEpER

(”B _”AB)Z (l_”A)(”B —7Tag

)+ 0(52)}

= (RR(B| A)}> el ) N ele3) N 3el:3) __ 27gE(sasp)
ng—np) (-zpf (75 -7ps) (1-7pNmg —7pg)
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_ZﬂéE(ngAB)+ 27gE(eacp) +om™
(ﬂB—ﬂAB)Z (l_ﬂ-A)(ﬂB_”AB)

2\/ (A N A
wig(mg —nps ) 7R(-7af  (7g—7ps )

_ 2”BCOV(7%A>7%AB) _ Zﬂ-BCOV(ﬁ-Bﬂ%AB)_i_ 2COV(7%A,7%B)
matps(l-7aN7g —7ag)  7ag(rg —7ag)  7Al-7ak7E —7ag)

which proves the theorem.
4.2 ESTIMATION OF RELATIVE RISK USING CROSSED MODEL

We define an estimator of the relative risk as:

RAR*(B|A)=%1_—7%})L (4.5)

TAVTB —7TAB

Now we have the following theorems:

Theorem 4.3. The bias in the estimator RR (B|A), to the first order of

approximation, is given by

7x(l-7p) (vg-7as) 7as(7e —7as)

B[R;*(B|A)J=RR(B|A){ (i) N vizz) | 7V [ihe )

N Cov(;%*A,sz) _ ”BCOV(fT*AﬁZB) _ (78 +”AB)COV(7%E’7%ZB)
ﬂA(l—”A)(”B _”AB) ﬂAﬂAB(l—ﬂA)(”B —”AB) ﬂAB(”B _”AB)Z

Proof. It follows from previous section.

(4.6)

AN AN
Note that B RR*(B| A)t —0 as n— oo, thus the estimator RR*(B | A) is a consistent

estimator of the relative risk RR(B| A).

A

Theorem 4.4. The mean squared error of the estimator RR'(B| A), to the first
order of approximation, is given by

MSE(RAR*(BA)}—{RR(BA)}{ ”éV(frZB) . V(”*) + V(”)

wig(ng —7ps ) 7A(-7af (7g—7a8)
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AF¥ Ak P R
272'BCOV(7Z'A,7Z'AB) 27Z'BCOV(7TB,7Z'AB)+ 2COV(7Z'A,7TB)
2
mamps(l—7a)7g —7ag) 7ap(7g —7aB) RNy

Proof. The proof proceeds the same as in the previous section.

(4.7)

5 ESTIMATION OF CORRELATION COEFFICIENT BETWEEN
TWO SENSITIVE CHARACTERISTICS

In this section, we consider the problem of estimating the correlation coefficient
between the two sensitive characteristics A and B defined as:

7Tpg —7TA7B

Phrs = Sz ) ra(—7a) (5.1)

5.1. ESTIMATION OF CORRELATION COEFFICIENT WITH THE
SIMPLE MODEL

We consider an estimator of the correlation coefficient p,g as:

7Tas — TaA7lB

VA= 7) 7 (1= 7) (5.2)

Pns =
The estimator p,g in terms of ¢,, &5 and €, can be approximated as:

pp(I+&pg)—mpa(l+&x)mg(1+63)

JraQ+e)(1=zp(1+£0) s (1+e5) (1 - 75 (1 + £5))

Pas =

Tag +Tpagpg — Talg(l+ 65+ 65 +EpER)

) \/(”A +”A5A)((1_”A)_”A5A))\/(”B +7ZBSB)((1_7[B)_”BgB))

(Tpg —7ag) + Tpg€ap — TaTp(En+Ep +EnER)

- 2 2.2 2 2.2
\/ﬂ'A(l—ﬂ'A)-i-ﬂ'A(l—ﬂ'A)é‘A — TAE —7Z'A<E‘A\/7TB(1—72'B)+7Z'B(1—7Z’B)€B —TgER — MEER

(Zns —”A”B)[l 4 Faplns —Tpg(Ent+ Ep +8AgB):|

— Tpg a8
2 2.2 2 2.2
a(l— ﬁA){l Ty — TAEA T TAER ”AgA} 7o (1 - 7 ){1 t gy - 285 T Te% }
wa(l=7,) wg(l—7mg)
_ (Tpp = 7pTT5) H1+”ABgAB_”A”B(5A+5B+5A55)}
\/”A(l_”A)\/”B(l_”B) 7pg ~ AR
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1 1
2 22173 2 22173

TAEp + TTHE TgEg + TRE
X{1+8A— AéA AA} {1+5B_ B¢B BB}

a(l=7,) 7g(l— 1)

=p |:1+7[AB‘9AB_ﬂA”B(8A+gB+‘9AgB):|
= PaB
TTpg — TaZly

i 2
8 1_ﬂ+7Z'A8A+7Z'A8i+§ gA_ﬂ'ASA+7Z'A€i N
2 2(1-1mp) 8 (I-7,)

2
2 2
& TTeEr + TRE 3 TeEr + MTRE
x 1__B+M+_( B_Mj n

2 2(1-75) 8 (1-7p)
. . . « a(e-1) ,
where we used binomial expansion (1+ X) :1+aX+TX + e by
2.2 2 2.2
) ) TNEA+ T QE TRER + TRE
assuming |x <1 that is e ——2 ATTAAl 1 and |eg - —B"BTTB*BI 1, 5o we
7A(1=7p) ng(1-7B)

have

Taséns — Talts(En + & +8A‘S‘B)j|
TTpg — a7ty

Pns = Pas {1 +

2 2.2
y _5_A+”A5A+”A8A+§(1_277A) 25A+O(52)
2 21—z 8 (-7,

2 2.2
X _S_B+7TBSB+7ZB€B +§(1_27[B)2‘98+O(82)
2 2(1-r7g) & (-rmp)

TapgEnp — Tap(Ent+Ep +5A53)}

:pAB|:1+
Tpg —7TaTg

2 2l-zy) 8 (1-z,) 2 4 4(-z,)

2 2.2
){ _Ea | TAEAT TTASA 3(-27mp)"en ¢ RTINS

(1-275)" &3
(1-7g)

AR TRER +7Z'B£'é TBEAER

2
Tdioaa -7 Al-ng) -7 roe)

3
+_
8

-p |:1+7Z-AB‘9AB_ﬁAﬁB(8A+gB+5AgB):|
=Prs
Tpg — Ta%lg

21-7p) A 2(1-my) " |20-7a) 8-z, ) |

{1_(1—2@)8 (1—2;;B)SB+{ 75 +3(1—27rA)2}82
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Ya:) 3(1—27[5)2 2 l_ TA _ B TTATTR 5
+{2(1—%3)+ 8(1- 75 ) }5“{4 A1=7p) 4(1—7zB)+4(1—7zA)(1—;zB)}8AgB+O(‘9 )]

Vs TCATT, TCATT TCATT
:pABLI"‘ 2B Epg — e T AB g - A=B gAgBJ
Tpg — Ta%lg Tpg — Ta%ly Tpg — Tpa%ly Tpg — TpaZlg

X 1—(1_27ZA)8A_(1_2”B)SB+ T Jr3(1—271'AZ2 5
2A1-70) * 201-m5) " |20-7a) 8(1-7,)

g 3(1—272'8)2 ) 1-27p—27g +47mprp 5
+{2(1_,,B)+ 8(1— g ) }EB+{ 4(1-7p\1-7g) }‘9/%58 +0(¢ )]

where O(s?)denote higher order terms of & .

Pre zPAB\}"‘ Fa8 Epg "% Ea~ TaTy &g~ TaTy Ealp
Tpg —7TATg Tpg —7TaATg TTag —7TATg TTpag —7TATB
_(1_277A)g 3 mpg(1-27p) EACAg + marg(l-27p) 2
2(1-7p) 2(1-7pN7pg —7a7R) 21-7pN7ps —7a7R)
”A”B(1_277A) e _(1_2773) _ ”AB(I_Z”B) cog
2(1_77A)(77AB_77A”B) e 2(1_”5) ° 2(1_”BX”AB_”A7TB) BT
T AT (1 - 27rB) T AT (1 - 27rB) 5
Enépn + &
2(1_773)(77AB_77A”B) e 2(1_775)(71'AB_7TA”B) °

+ {2(1 i =k 38(21—_ 272A)22 }g; + {2 i d ot 38(21—_ 2728)22 }gé

1-27p-2 4
+{ TA— 7B T EA”B}?AEB +O(52)J

4(1-7zp)1-75)

:PAB\}‘F ;! gAB_{ TTa7g +(1_2EA)}€A_{ TTa7g +(l_2”8)}85
Tpag —TaTlg TTag —TaTlg 2(1_”A) TTag — TaTlg 2(1_”5)

+{ 7Z'A7Z'B(1—27TA) L T +3(l—27rA)2}2
2
2(1_”A)(”AB_”A”B) 2(l_”A) 8(1—7TA)

+{2( ﬂAﬂB(l—zﬂ'B) LT +3(l—2ﬂB)2}2

1- 70 7pg —7a7s)  2(1-715) 8(1-7g )

1-27, =27 + 477y T ATCg T AT (1—2723 1—277Aj
+ - + + Eplp
4(1_7[A)(1_”B) Tpg —Tpg  A7pg —7amg)\ 1=7g  1—7,

”AB(l_zﬂA) Enbins — ”AB(1_2”B)
2(1_”A)(77AB _”A”B) 2(1_”5)(77AE; _”A”B)

or, equivalently

E€nB +O(52)}
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Pns = Pag [“‘ Fiéepg — Fea —Fiep + F45/%\ + Fsgé + Fsenes — Frenéns — Fyépéng +O(52)] (5:3)
where
F = 7T pB , F,= A% +(1_27TA), F = ATt +(1_27[B)’
Tpg — 7TaTlg Tpg ~7TaATB 2(1_71'A) Tpg —7TaTg 2(1_773)
7[A7ZB(1—27ZA) TTa 3(1—27ZA)2
F, = + + R
2(1_7TA)(77AB _”A”B) 2(1_”A) 8(1_7TA)
ATl (1 - 2”3) g 3(1 - 27y )2
F = + + R
2(1_773)(”AB _”A”B) 2(1_”8) 8(1_”3)
1—27Z'A—27Z'B +47Z'A7Z'B AT TATTR {1—272'8 1—27Z'A}
F6 = - + E]
A1 -mp)l-7p) 7pg —7ag  2Ampg —7amg) | 1-7g  1-7p
F, = ﬂ-AB(l_zﬂ-A) and Fg= ﬂ-AB(l_zﬂ-B)

2(1_77A)(”AB_”A”B), 2(1_”8)(77AB_”A”B)

are constants.
Now we have the following theorems:

Theorem 5.1. The bias in the estimator p,g, to the first order of approximation,
1s:

B(ps )= Pre F4V(€A)+F5V(€B)+F6 COV(ﬁA»fTB)_F COV(7%A’7%AB)_F Cov(#g, s )

7 8
T g T ATy TTpTC p g7 pg

54
Proof. By the definition of bias and using the approximation in (5.3), we have

B(,bAB ) = E(/sAB )_ Prs

= Prs [F4E(5/2A)+ FSE(gé )"' F6E(gAgB)_ F7E(5A5AB )_ FSE(ngAB )]

= pas F4V(72A)+ Fsv(sz)JfFe COV(ﬁA’ﬁ-B)_F7 Cov(ﬁ-A’ﬁ-AB)_Fg Cov(#g, 7 s )
Tp g TTaTlg a7 g g7l ag

which proves the theorem.

Note that B{,éAB}—>O as N — oo, thus the estimator ppg is a consistent estimator of
the correlation coefficient pag .
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Theorem 5.2. The mean squared error of the estimator p,g, to the first order of
approximation, is given by

MSE(f ) :piB|:F12 V(7%2AB)+ F2 V(fZA)+ = \%

(ﬁB)_zFIFZCOV(ﬁ-A’ﬁ-AB)
T T é T AT pB
2R F,Cov(g,75) 2F,F,Cov(,,75)
R L (5.5)
87 AB AT

Proof. By the definition of mean squared error and using the approximation (5.3),
we have
MSE([’AB ) = E[szB - pAB]Z

2
~ piBE[FlgAB —Fey—Feg +O(3)]
= prg E[Ff.s,%\B +Fe; +Flep —2F F e85 —2F Figpe s + 2F, F35AgB]

= pg [FfE(gf\B )+ FzzE(gi)+ F32E(g§ )—2F1F2E(5A5AB )—2F F3E(egeng)

+2F,F3E(eacg )]
_ pi{pﬁ V(fZAB) +F2 V(fZA) n |:32 V(fZB) 2K F2C0V(7AZA57ATAB)
an: A B AT g
_ 2RFCoV(ig, g ) , 2F,FiCOV(7y, 7 )}
e pg ATl
which proves the theorem.

5.2. ESTIMATION OF CORRELATION COEFFICIENT WITH THE
CROSSED MODEL

We consider an estimator of the correlation coefficient p,g as:

prg =2~
® o Jma—aJma-4)

AK AK AR

Tpg — AT

(5.6)

Now we have the following theorems:

Theorem 5.3. The bias in the estimator p,g, to the first order of approximation,
is:

B(ﬁZB ): Pus| Fu foz-;:) +F; V£€;)+ Fs CO\:SJ%E:&; ) -F CO\:T(ﬁ;;’ azt )_ Fy Cov(;%; ’ I%ZB)
A B A”ls AT a8

77l ag

(5.7
Proof. Obvious from the previous section.
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N : AE . :
Note that the Bio AB }—) 0 as N — oo, thus the estimator pag is a consistent estimator of
the correlation coefficient ppp .

Theorem 5.3. The mean squared error of the estimator p,g, to the first order of

approximation, is given by

2
Ur:! Tp g T AT pg

MSE (s = pi{ﬁz VW) pp VIEL), i VIEL) 26FCOME )

_2FFCovlig, ) | 2FFCo#;, 2 )} 55

g7 pg T ATy

Proof. Obvious from the previous section.

6 ESTIMATION OF PROPORTION OF PERSONS POSSESSING AT
LEAST ONE OF THE CHARACTERISTICS

Here we consider the problem of estimation of proportion of those persons in the
population who possess at least one of the characteristics A or B defined as:

TAUB =7TA+7TR —7TpB (6.1)
6.1. AT LEAST ONE CHARACTERISTICS WITH SIMPLE MODEL
Then we have the following theorem:
Theorem 6.1. An unbiased estimator of 7, g is given by
T =7n+7g—7Tpg (6.2)
Proof. By taking expected value on both sides of (6.2), we have
E(ps)=E(2n+ 75 ~ 75 ) = E(70)+ E(75)~ E(ps )= 7a + 76 ~ g = Tae
which proves the unbiased property of the estimator.
Theorem 6.2. The variance of the estimator of 7, g is given by;
V(Zp5)=V(72)+V (75 )+V (705 )+ 2C0V(7 4, 75 )~ 2COV(7 5, 7 p5 ) — 2COV(7 g, 7 pg )
(6.3)
Proof. By the definition of variance, we have

V(ﬁ-AuB):V(ﬁ-A_'_ﬁ-B _ﬁ-AB)
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=V () +V (g )+ V (7 p5 )+ 2C0V(7 5, 75 ) — 2COV(7 5, 7255 ) — 2COV(75, 7 5 )

which proves the theorem.

6.2. AT LEAST ONE CHARACTERISTICS WITH CROSSED MODEL

Then we have the following theorem:
Theorem 6.3. An unbiased estimator of 7 g is given by

aos = ia+ 7y —fiag (6.4)
Proof. By taking expected value on both sides of (6.4), we have

E(frzuB )= E(fr:\)+ E(fr; )— E(fr:B)z Tep+ g — Tag =Ta g
which proves the unbiased property of the estimator.

Theorem 6.4. The variance of the estimator of 7,  is given by;

V(#e)=V (v )+ v (i) 63)
+ 2Cov(frz, 7y )— 2Cov(fz2, P )— 2C0v(7%; ng ) '

Proof. By the definition of variance, we have

A ¥ A K

V(s )=V (#h+ 75 ~ 2
V(25 )+ V(25 )+ V(776 )+ 2Cov(25, 73 )- 2Cov( 77, 5 ) 2CoV( 73, )
which proves the theorem.
7. DIFFERENCE BETWEEN TWO PROPORTIONS

We consider the problem of estimation of the difference between two proportions
defined as:
Ty =TTp—Tg (7.1)

7.1 DIFFERENCE WITH SIMPLE MODEL

We consider an unbiased estimator 7, as:
g =AA—7B (7.2)
Then we have the following theorem:

Theorem 7.3. The variance of the estimator 7, is given by
V(7y) =V (74)+V (Fg) — 2COV(% 5, 75) (7.3)
Proof. It follows from the definition of variance.
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7.2 DIFFERENCE WITH CROSSED MODEL

We consider an unbiased estimator 7y as:

7 = A7 (7.4)
Then we have the following theorem:

Theorem 7.4. The variance of the estimator 7, is given by
V(73) =V (73) +V (75) — 2Cov(% 5, 75) (7.5)
Proof. It follows from the definition of variance.

8 REGRESSION TYPE ESTIMATOR FOR SINGLE PROPORTION
In this section we suggest a new estimator for estimating the proportion of one

sensitive variable when the proportion of the second sensitive variable is known.

8.1 REGRESSION TYPE ESTIMATOR FOR SINGLE PROPORTION
WITH SIMPLE MODEL

Here we first define a new difference estimator of the population proportion 7 5
by assuming the population proportion 7z is known as follows:

7A7A(d):7%A+ﬂ(7TB_7%B) (8.1)
where g is a known constant. Then we have the following theorems:

Theorem 8.1. The difference estimator 7,4, is an unbiased estimator of 7 4.
Proof. Taking expected value on both sides, we have

E[fTA(d)]: E[f[A +IB(7ZB _7%8)]: E(sz)"'ﬂ[”B - E(ﬁ-B)]:ﬁA +ﬂ(”s _”B):”A
which proves the theorem.

Theorem 8.2. The minimum variance of the difference estimator 7, is given
by

V[ﬁ-A(d)]:V(ﬁ-A)(l_piB) (8.2)
Proof. By the definition of variance, we have
v [fZA(d)]ZV[fTA + ﬂ(’fs — g )]:V(ﬁ'A)WLﬂZV (7%8)_ 2ﬁC0V(7%A»7%B) (8.3)
The variance will be minimum if

N [fua)]

Sy =0 or 2V (#5)—2Cov(7,, 725 )= 0
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or if

Cov(7,, 7g) (8.4)

p== el
\% (77 B )
On substituting the value of S from (8.4) into (8.3), the minimum variance of the
difference estimator is given by
~ A 2 ~ A 2
minV [ |V (3, + O ) 200N )

V(#)7 V()

.\ {Cov(z,, 75 2{Cov(7,, 75 )Y
:V(ﬁA)+{ \S(ﬂB) 2t V(7g) !

:V(ﬁA){l‘%}

=V(7%A)[1 —piB] , where 0< p2g <1
The estimator 7 Ad) is more efficient than 7, if v[sz(d)]<v[;%A]

V(ﬁ'A)[l_piB] <V(7%A)
or if
0< Pre

which is always true. Thus the difference estimator 7,4 is always more efficient

than the usual estimator 7,. Thus we conclude that although both characteristics

A and B are sensitive in nature, but if the true proportion one of the sensitive
character is known (or leaked by some agency) then that information can be used
to improve the estimator of proportion of the second sensitive characteristic in the
population.

One of the major problems with the difference estimator 7, is that it depends

upon the value of an unknown constant g which further depends upon the true
parameters of interest.

Thus, we suggest estimating the value of the unknown constant £ as

- Cov(#y, 7s)

B=—02 (8.5)
v (77 B)
Then we suggest a linear regression type estimator as
Rip) = n+ Blag = 7g) (8.6)

Then it is easy to show that to the first order of approximation, we have
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MSE ﬁ'A(LR)]zV [ﬁA(d)]

Thus the regression type estimator has the same approximate mean squared error
value as the variance of the difference estimator.

Theorem 8.2. The difference estimator fzz(d) 1s an unbiased estimator of 7 p .
Proof. Obvious.

Theorem 8.3. The minimum variance of the difference estimator 7,4, is given
by

Ve =V - p2) (8.7)
Proof. By the definition of variance, we have

A K A K A K

V[zie J=VIE)+ 872V (75 )- 28 Covl#, 72) (8.8)
The variance will be minimum if
5 - Covlzy.73)
V() (&)
On substituting the value of A from (8.9) into (8.8), the minimum variance of the
difference estimator is given by

g [ar » 2 A }2 . 2 A 2
mmV[;rA(d)]=V(7rA)+ {Cog/(@;;};) -V(”B)— 2{CO¥/(7:QA; ”B)

V(2 Ji-p2] , where 0< 2 <1
The estimator 7%;((1) is more efficient than 7, if V[fr:\(d )]<V fr;]
orif  0<pu

which is always true. Thus the difference estimator ﬁz(d) is always more efficient

than the usual estimator 7, . Thus we conclude that although both characteristics

A and B are sensitive in nature, but if the true proportion one of the sensitive
character is known (or leaked by some agency) then that information can be used
to improve the estimator of proportion of the second sensitive characteristic in the
population.

One of the major problems with the difference estimator 7%2((, ) is that it depends

upon the value of an unknown constant #° which further depends upon the true
parameters of interest. Thus, we suggest estimating the value of the unknown
constant 3" as
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N
.. Covl#).75)

=——r5 8.10)
B ViES (
Then we suggest a linear regression type estimator as
ﬁZ(LR):ﬁZ+B*(ﬂB_ﬁ;) (8.11)

As before, it can be shown that
Ak Ak
MSE(7 A(LR)) =V (7 A(d))

Thus the regression type estimator has the same approximate mean squared error
value as the variance of the difference estimator.

9. RELATIVE EFFICIENCY

AN
We define the percent relative efficiency of the estimator OR" with respect to the

A
estimator OR as:

x100% 9.1)

RE(1) = MSE(OAR)

MSE(OR")
A

We define the percent relative efficiency of the estimator AR*(A| B) with respect

N
to the estimator AR(A|B) as:

MSE(AAR(B | A))

RE(Q2) = x100% 9.2)

MSE(AR"(B| A))

We define the percent relative efficiency of the estimator RR*(B | A) with respect

N
to the estimator RR(B | A) as:

MSE(RAR(B | A)

RE(3) = x100% 9.3)

MSE(RR"(B | A))

We define the percent relative efficiency of the estimator /3*AB with respect to the
estimator ppg as:

RE(4) = MSL‘ZW x100% 9.4)
MSE(/A3) :
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We define the percent relative efficiency of the estimator 7 g with respect to
the estimator 7p_pg as:

RE(5) =wx100%

V(ZauB) ©-3)

We define the percent relative efficiency of the estimator 7%3 with respect to the
estimator 7y as:

RE(6) = \ﬂ‘j) x100%
(74

(9.6)

We define the percent relative efficiency of the estimator ﬁ*A(d) with respect to

the estimator 7p(q) as:
V(Zad))
*

V(7 Ad))

RE(7)= x100% (9.7)

We wrote FORTRAN codes, given in APPENDIX, to compute the percent
relative efficiency values. We used P =T =0.7 which is same choice as in Lee et
al. (2013). The percent relative efficiency values so obtained for different choices

of 7,5, 7, and 7z where all the parameters were computable are presented in

Table 9.1.

Table 9.1. Percent Relative Efficiency (RE(j), j=1,2,3,4,5,6) values.

Tas | 7o | 75 | RE(1) | RE(2) | RE(3) | RE®) | RE(5) | RE(6) | RE(7)
0.1 0.2]0.2]1434.8|1221.2| 14459 |1298.1 | 367.6 | 527.1 | 173.5
0.1102]0.3]1466.1 | 1302.7|1529.9 | 1366.8 | 390.4 | 499.1 | 154.3
0.1 0.2]04]1571.6|1509.4 | 1618.8 | 1529.1 | 424.7 | 487.8 | 140.1
0.1102]0.6]1991.7|1922.3|1904.6 | 1998.3 | 568.2 | 504.1 | 118.9
0.1 0.2]0.7|2393.1 |2030.6 |2124.8 | 2350.4 | 743.5| 5339 | 110.1
0.1]103]0.2]1466.1 | 1355.6|1494.4 | 1366.8 | 390.4 | 499.1 | 154.3
0.1 03]03]|1511.8|1483.8|1531.4|1486.2| 424.7| 464.0 | 135.4
0.1 03]04]1661.5|1685.1|1607.0|1703.4| 4782 | 445.0| 121.7
0.1103]05]1914.6 | 1813.7|1731.3]1979.6 | 568.2 | 4375 | 111.2
0.1 0.3]0.6|2333.5|1814.4|1907.8 | 2353.5| 743.5| 439.5| 103.4
0.1104]02]1571.6|1523.7 | 1588.5 | 1529.1 | 424.7 | 487.8 | 140.1
0.1 041]03]1661.5|1696.6|1619.5|1703.4| 4782 | 445.0| 121.7
0110410418944 |1841.4|1712.5]1981.9| 568.2 | 419.9 | 1094
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0.1 104]0.5]2313.1|1812.6|1869.2 |2369.7 | 743.5| 406.3 | 101.5
0.1 05[0.3]1914.6|1939.0|1793.9|1979.6 | 568.2 | 437.5| 111.2
0.1 0.5]0.4|2313.1|1948.5]1926.6 | 2369.7 | 743.5 | 406.3 | 101.5
0.1 0.6[0.2]1991.7|2032.9]1969.9 | 1998.3 | 568.2 | 504.1 | 118.9
0.1 ]10.6]0.3]2333.5|2197.8|2076.5|2353.5| 743.5| 439.5| 103.4
0.1 0.7]0.2]2393.1|2456.3 | 2333.7 (23504 | 743.5| 533.9| 110.1
0.2]103]03]1369.3|1199.9|1258.2 |1341.7| 360.3 | 527.1 | 181.7
0.2/03]04|1406.5|1300.0 | 1371.9 | 1388.9 | 389.4 | 499.1 | 160.3
0.2]10.3]0.5]1492.1 | 1468.7 | 1497.1 | 1494.0 | 434.2 | 487.8 | 144.3
02103]0.6|1635.6|1659.4|1652.1 | 1644.3 | 507.9 | 489.5 | 131.3
02104 ]0.3]1406.5|1299.9 | 1353.8 | 1388.9 | 389.4 | 499.1 | 160.3
02,0404 |1475.6 | 1436.8 | 1477.5 | 1463.5 | 434.2 | 464.0 | 1394
0.2 ]10.5]0.3]1492.1 |1429.7 | 1466.9 | 1494.0 | 434.2 | 487.8 | 144.3
02/0.6]03]1635.6|1610.3 |1626.2 |1644.3 | 507.9 | 489.5 | 131.3
0310410413226 |1160.2 | 1175.6 | 1318.7 | 357.5| 527.1 | 186.6
03104]0.5|1362.7 | 1271.9 | 1266.5 | 1370.1 | 395.0 | 499.1 | 163.3
03105104 |1362.7|1256.9 | 1275.4 | 1370.1 | 395.0 | 499.1 | 163.3

From the Table 9.1, one can conclude that the use of crossed model also remains
more efficient than the simple model in case of estimating odds ratio and
attributable risk. The results are also consistent with the results obtained by the
use of crossed model while estimating other parameters, such as the relative risk,
the correlation coefficient, etc. Thus, we conclude that the crossed model is better
than the simple model for all situations we have investigated.

5. APPLICATION BASED ON REAL DATASET

Lee et al. (2013) collected real data from 75 respondents at the Joint Statistical
Meeting (2011), Miami, FL by using crossed model with P=T =0.7 on smoking
and drinking. Let 7pg , 7o and 7zg be the true proportions of smokers, drinkers,
and smokers and drinkers, respectively. Lee et al. (2013) reported respective

estimates as szB =0.237, 7%: =0.24, and 7%5 =0.36. These estimates are used for

estimating estimators of odds ratio and attributable risk. With the crossed model,
N
the estimator of odds is obtained as OR" =409.13. Estimates of the attributable
A A

risks are AR"(B|A)=0.5504 and AR"(A|B)=0.9804; and estimates of relative

A A

risks are RR*(B|A)=6.10 and RR*(A| B)=140.44 . The estimate of smoker or

drinker attendees is 7%18 =0.363, and an estimate of the difference between the
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N

proportions of smokers and drinkers is 7%; =-0.12. The high value of OR"
indicates that smoking and drinking are highly associated to each other. The
estimate of correlation coefficient between smoking and droning habits is found
as ,bZB =0.7346. The original version of this paper was presented by Lee, Sedory
and Singh (2020) at the Joint Statistical Meeting, American Statistical Association.
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APPENDIX

IMPLICIT NONE

REAL P, T,PIAPIB,PIAB,SUM, TM1, G1, G2, G3, F1,F2,F3

DOUBLE PRECISION VA, VB,VAB,CABA,

1CABB,CAB, VAS,VBS,VABS,

1CABSAS,CABSBS,CASBS

REAL ORMSE1, ARMSE1, RRMSE1, CORMSE1, UNIONV1,DIFFV1,REGMSE1
REAL CTO0, CT1,CT2,CT3,CT4

REAL ORMSE2, ARMSE2, RRMSE2, CORMSE2, UNIONV2,DIFFV2,REGMSE2
REAL RE1, RE2, RE3, RE4, RE5, REG6, RE7

CHARACTER*20 OUT_FILE
WRITE(*,'(A)') 'NAME OF THE OUTPUT FILE'
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READ(*,'(A20)") OUT_FILE
OPEN(42, FILE=OUT_FILE, STATUS="UNKNOWN")
P =0.70
T=0.70
WRITE(42,107)P,T
107 FORMAT(2X,'P="F6.3,2X,"T="F6.3)
WRITE(42,108)
108 FORMAT( 2X,'PIAB',2X,'PIA",2X,'PIAB',2X,'RE")
DO 10 PIAB = 0.10, 0.99, 0.10
I PIAB=0.2
DO 10 PIA = 0.10, 0.991, 0.10
DO 10 PIB = 0.10, 0.991, 0.10
SUM = PIA+PIB
IF ((PIA*PIB).NE.(PIAB) ) THEN
IF((PIAB.LE.PIA).AND.(PIAB.LE.PIB).AND.(SUM.LT.0.999)) THEN
I SIMPLE MODEL
VA = PIA*(1-PIA)+P*(1-P)/(2*P-1)**2
VB = PIB*(1-PIB)+T*(1-T)/(2*T-1)**2
TM1=(2*P-1)**2*T*(1-T)*PIA+P*(1-P)*(2*T-1)**2*PIB+P*T*(1-P)*(1-T)
VAB = PIAB*(1-PIAB) + TM1/((2*P-1)**2*(2*T-1)**2)

CABA = PIAB*(1-PIA)+P*(1-P)*PIB/(2*P-1)**2
CABB = PIAB*(1-PIB)+T*(1-T)*PIA/(2*T-1)**2
CAB = PIAB-PIA*PIB
G1 = 1/PIAB +1/(1-PIA-PIB+PIAB)+1/(PIA-PIAB)+1/(PIB-PIAB)
G2 = (1-PIB)/((P1A-PIAB)*(1-PIA-PIB+PIAB))
G3 = (1-PIA)/((PIB-PIAB)*(1-PIA-PIB+PIAB))
F1=PIAB/(PIAB-PIA*PIB)
F2 = PIA*PIB/(PIAB-PIA*PIB) + (1-2*P1A)/(2*(1-PI1A))
F3 = PIA*PIB/(PIAB-PIA*PIB) + (1-2*PIB)/(2*(1-PIB))
ORMSEL = G1**2*VAB+G2**2*VA+G3**2*VB
1 -2*G1*G2*CABA-2*G1*G3*CABB+2*G2*G3*CAB
ARMSEL = VAB + PIAB**2*VB/PIB**2 + (PIB-PIAB)**2*VA/(1-P1A)**2
1 - 2*PIAB*CABB/PIB-2*(PIB-PIAB)*CABA/(1-PIA)
1 +2*PIAB*(PIB-PIAB)*CAB/(PIB*(1-PIA))
RRMSEL = PIB**2*VAB/(PIAB**2*(PIB-PI1AB)**2)
1+ VA/(PIA**2*(1-PIA)**2)+ VB/(PIB-PIAB)**2
1 -2*PIB*CABA/(PIA*PIAB*(1-PIA)*(PIB-PIAB))
1 -2*PIB*CABB/(PIAB*(PIB-PIAB)**2)
1 +2*CAB/(PIA*(1-PIA)*(PIB-PIAB))
CORMSEL = F1**2*VAB/PIAB**2 + F2**2*\A/P|A**2
1 + F3**2*VB/PIB**2 -2*F1*F2*CABA/(PIAB*PIA)
1 - 2*F1*F3*CABB/(PIAB*PIB)
1 + 2*F2*F3*CAB/(PIA*PIB)
UNIONV1 = VA + VB + VAB +2*CAB-2*CABA-2*CABB
DIFFV1 = VA + VB - 2*CAB
REGMSEL = 1-CAB**2/(VA*VB)

! CROSSED MODEL
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CTO = P*T+(1-P)*(L-T)
CT1 = (1-P)*T*CTO*(1-PIA-PIB+2*PIAB)
VAS = PIA*(1-PIA) + CTL/(P+T-1)**2
CT2 = (1-T)*P*CT0*(1-PIA-PIB+2*P1AB)
VBS = PIB*(1-PIB) + CT2/(P+T-1)**2
CT3 = PF*2*T**24(1-P)**2%(1-T)**2-CTO*(P+T-1)**2
VABS = PIAB*(1-PIAB) + PIAB*CT3/(CTO*(P+T-1)**2)
1 +P*T*(1-P)*(1-T)*(1-PIA-PIB)/(CTO*(P+T-1)**2)
CABSAS = PIAB*(1-PIA)+PIAB*T*(1-P)*(P-T+1)/(P+T-1)**2
1 +P*T*(1-P)*(1-T)*(T-P+1)*(1-PIA-PIB)/(CTO*(P+T-1)**2)
CABSBS = PIAB*(1-PIB) + PIAB*P*(1-T)*(T-P+1)/(P+T-1)**2
1 +P*T*(1-P)*(1-T)*(P-T+1)*(1-PIA-PIB)/(CTO*(P+T-1)**2)
CT4 = 2*P*T*(1-P)*(1-T)*(1+2*PIAB-PIA-PIB)
CASBS = (PIAB-PIA*PIB)+CT4/(P+T-1)**2
ORMSE2 = G1**2*VABS+G2**2*\/AS+G3**2*VBS
1 -2*G1*G2*CABSAS-2*G1*G3*CABSBS+2*G2*G3*CASBS
ARMSE2 = VABS + PIAB**2*VBS/PIB**2 + (PIB-PIAB)**2*VAS/(1-P1A)**2
1 - 2*PIAB*CABSBS/PIB-2*(PIB-PIAB)*CABSAS/(1-PIA)
1 +2*PIAB*(PIB-PIAB)*CASBS/(PIB*(1-P1A))
RRMSE2 = PIB**2*VABS/(PIAB**2*(PIB-PI1AB)**2)
1+ VAS/(PIA**2*(1-P1A)**2)+ VBS/(PIB-PIAB)**2
1 -2*PIB*CABSAS/(PIA*PIAB*(1-PI1A)*(PIB-PIAB))
1 -2*PIB*CABSBS/(PIAB*(PIB-PIAB)**2)
1 +2*CASBS/(PIA*(1-PIA)*(PIB-PIAB))
CORMSE2 = F1¥*2*VVABS/PIAB**2 + F2**2*\/AS/P|A**2
1 + F3%*2*VBS/PIB**2 -2*F1*F2*CABSAS/(PIAB*PIA)
1 - 2*F1*F3*CABSBS/(PIAB*PIB)
1 + 2*F2*F3*CASBS/(PIA*PIB)
UNIONV2 = VAS + VBS + VABS +2*CASBS-2*CABSAS-2*CABSBS
DIFFV2 = VAS + VBS - 2*CASBS
REGMSE2 = 1-CASBS**2/(VAS*VBS)
RE1 = ORMSE1*100/ORMSE2
RE2 = ARMSE1*100/ARMSE2
RE3 = RRMSE1*100/RRMSE2
RE4 = CORMSE1*100/CORMSE2
RE5 = UNIONV1*100/UNIONV?2
RE6 = DIFFV1*100/DIFFV2
RE7 = REGMSE1*100/REGMSE2
IF ((REL.GT.100).AND.(RE2.GT.100).AND.(RE3.GT.100).AND.
1(RE4.GT.100).AND.(RE5.GT.100).AND.(RE6.GT.100).AND.
1(RE7.GT.100) ) THEN
WRITE(42, 101)PIAB, PIA, PIB, RE1,RE2,RE3,RE4,RE5 RE6,RE7
101 FORMAT(2X,F8.4,2X,F8.4,2X,F8.4,2X,7(F9.2,1X))
ENDIF
ENDIF
ENDIF
10 CONTINUE
STOP
END
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