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Abstract

Replicate weights used with surveys are becoming more available and expected for public use data. Data
users can use replicate weights to estimate their own variances for point estimates or use them with
sophisticated software for multivariate analyses.

This paper will discuss how to produce replicate weights with a reduced number replicates for the
jackknife and other replication estimators — including using balanced repeated replication and successive
difference replication. Our focus will be the use of these estimators with systematic random sampling
from an ordered list. The reduced number of replicates is needed because data users require a reasonable
number of replicates in their analysis. The paper will compare all of the replication estimators and
examine how the reduction of replicates impacts the resultant variance estimators.

Key Words: variance estimation, jackknife estimator, balanced repeated replication, successive difference
replication

1. Introduction

Many surveys use a single-stage sample design to select more than two units per strata (7, > 2). The
sample is often selected with systematic random sampling from an ordered list or simply sys. The sys
sample design can produce estimates with smaller variances than simple random sample without
replacement (srswor) when the auxiliary information used with the sort order is associated with the
variable of interest. We seek replication variance estimators that achieve the following three goals with
respect to estimating the variance of a sys sample design.

G1. Replication variance with a varying number of replicates. The number of replicates should be
amendable so that we can manage the number according to our needs. We prefer to provide a large
number of replicates to reduce the variance of the variance estimators, but understand in practice that we
are all constrained by real-world file sizes and run times.

G2. Simple estimator of the variance of a sys sample design. We aim to have an expression of the
variance estimator that is simple. The variance estimator will be used by an audience with varying levels
of sophistication.

G3. Appropriate for sys. We also would like estimators that are appropriate for estimating the variance
from a systematic random sample and do not overestimate the variance as srswor variance estimators
generally do.
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The replication estimators that we consider include the jackknife (both the regular jackknife and the
delete-a-group jackknife), the successive difference replication (SDR) estimator, and an application of the
balanced repeated replication (BRR) estimator for sys.

In a related variance estimation problem, with two-stage sample designs, we sometimes try to estimate the
second-stage variance apart from the overall variance. We show how an application of SDR and BRR
can lead to estimators of the second-stage variance where the sample design within the first-stage units is
sys. Additionally, we also discuss an estimator suggested by Rizzo and Rust (2011).

1.1 Review of Systematic Sampling

For the remainder of our discussion, sys will be used as shorthand for systematic random sampling from
an ordered list. We abbreviate sys this way because systematic sampling from an unordered or randomly
ordered list can be shown to be equivalent to simple random sampling (Madow and Madow 1944). For
our discussion, we focus solely on equal probability selection and selecting sample in only one
dimension. Other names for sys include “linear systematic sampling” (Murthy and Rao 1988) and “1-in-a
sampling” (Gregoire and Valentine 2008).

The sample design sys is easy to implement and can be very efficient compared with srswor. To
implement sys, we first sort the universe by a variable that is known for every unit in the universe. With a
defined sampling interval k& > 0, we randomly generate » from a uniform distribution on the interval (0, &
]. The units selected are spaced in multiples of the sampling interval from the first selection, i.e,

|_r +i*k —|, i=1,2,,.., nand we define !——‘ as the ceiling function or the next largest integer.

We say that sys can be efficient in the sense that the sample design can produce estimates with small
sample variances as compared to s¥swor. Cochran (1977) relates the efficiency of sys to the intra-cluster
correlation. Although the inter-cluster correlation is not the same as a simple correlation, both provide a
measure of the association between the variable of interest and variable(s) used to sort the universe prior
to sample selection. If the variable of interest is highly associated with the sort variable, the sample
design can be very efficient.

The efficiency of sys can also be understood in the context of the term implicit stratification used by
Megill et al. (1987). This way of thinking was also discussed by Cochran (1977) where, the universe as a

sorted list is divided into 72 = !—N /k —| implicit strata. The first ’_k-| units are in the first strata, the next

|_k —‘ +1 to |_2k-‘ units are in the second strata,..., and the last stratum from [(n — 1) X k] to N. The

random number » determines the random selection within the first implicit stratum and each of the
subsequent strata. Since the universe is sorted, each stratum has units that are similar to each other with
respect to the sort variable. This can be efficient when the sort variable and the variable of interest are
associated, since the implicit stratification would also group units that are similar to each other with
respect to the variable of interest.

Excellent summaries of sys and estimating variances from sys can be found in lachan (1982), Wolter

(1984), Murthy and Rao (1988), and Bellhouse (1988). In the next section, we review successive
differences (SD) in preparation of our discussion of SDR.
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1.2 Notation
In most cases we can define the general linear statistic of interest for a single-stage stratified sample

design as
Y = Z Z Vi €Y
h

kEU,
and we define a general nonlinear statistic of interest as & = T (Y) in terms of linear totals ¥ where £
indexes the set of all possible strata and k indexes the universe of interest Uy, for stratum 4. For example,
if 8 was the ratio estimator then 8 = Y; /Y, and the totals Y; and Y> are defined as in (1). An estimator ¥

7= W @)

h kesy

1S

where s, is the sample in each stratum 4 and an estimator of 6 is § = T(?) that is defined in terms of

estimated totals as in (2). The replicate estimate for replicate r is defined as 8, = T(?r) and replicate

Fr= ) D wadk ®

where the replicate weight wy is a function of the regular weight wy and a replicate factor F,, that we
subsequently define for each different replication method. In our paper, we take the simplest case of a
replicate weight where the replicate weight is equal to the product of the sample weight and the replicate

totals are defined as

factor, i.e., w,, = wy, F,;. Often other weighting adjustments like adjustments for noninterviews or
adjustments that use known totals are applied to the w,., and separately for each replicate as a way for the
replicate estimator to account for the variability due to the additional weighting adjustments.

2. Replication Variance Estimators for Single-Stage Stratified Sample Designs

In this section, we review several replicate estimators that can be applied to single-stage stratified sample
designs. We begin with the jackknife and discuss the original jackknife, the delete-d jackknife, and the
grouped jackknife. Although we will focus on the grouped jackknife as a replication estimator, we
include the original jackknife and the delete-d jackknife for comparisons and because we also discuss
how they are related to the grouped jackknife.

Additionally, we will examine the SDR and BRR estimators. The SDR estimator is especially suited for
estimating variances of sys. Developed by Fay and Train (1995), it is a replication estimator that mimics
the SD estimator that was discussed by Wolter (1984) as an estimator of variances of sys sample designs.
The last estimator we examine is BRR which is not normally considered for estimating the variance of a
sys sample design. We show a way of applying it that piggybacks on the basic ideas of SDR.

Before we begin we note that we already know that the jackknife is not suitable for measuring the
variance of the estimates from a sys sample design. As noted by Kott (2001) with respect to the delete-a-
group jackknife (DAGJK), “[1]et us assume that the sample was selected without replacement but the
selection probabilities are all so small, and the joint selection probabilities are such, that using the with-
replacement variance estimator is appropriate (this rules out systematic sampling from a purposefully-
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ordered list).” The reason we include the jackknife in our discussion is that we want to include it in our
numerical comparisons to show how well it performs with respect to sys.

2.1 Delete-1 Jackknife (JK-1)
The original jackknife variance estimator of the variance of § leaves out one sample unit for each

replicate and is defined as
. ~ 7lh -1 ~ = 2
k-1(0) = Z n Z (g(hk) - 9(h)) (4)
heH M kesy

where

by = z O iy /-

kE€sp

The replicate estimate of a general total of Y by leaving out unit k" of strata /' is defined as

~ 7lhl
Yoy = 2 Z WiV ¥ 7 2 WiV
h!

heH kEsh kESh,
h=h' kzk'
The replicate factors for JK-1 are expressed as
1 h # h'
Fk_h={ 0 h=h"and k =k’
n,/(np—1) h=h"and k # k'

With respect to our goals, G1: JK-1 cannot vary the number of replicates: the number of replicates for JK-
1 is equal to the sample size, so the number of replicates is generally too large, G2: the variance estimator
Djg- (17) is generally complex since the mean of the replicate estimates in (4) only includes replicates

from the same stratum, and G3: we know it is not appropriate for the sys sample design, but we include it
because it is a precursor of the JK-d and DAGJK.

2.2 Delete-d Jackknife (JK-d)
The JK-d leaves out dj, sample units for each replicate and is defined as

mp,
. ~ n, —d ~ = 2
Pjk-a(6) = z ﬁz (Ocre) = O ®)
hen M Th g4

n
where my, = ( dZ) sets of size dj are removed, and the average replicate estimate is defined as
mp
Oy = Z O (ng) /Mn-
g=1

The replicate estimate of a general total of Y by leaving out unit k" of strata /" is defined as
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~ Ny
o) = 0, 2, W2 ) win
hl

- h
h€H kes), g(h) KEs,,,

h=h'
k#Dg

and replicate factors for JK-d are expressed as

1 h # h'
Fk,h:{ 0 h=h'and k =k’
n,/(np—dp) h=h"and k #k'

How to delete groups. An issue that we highlight throughout this paper is how replicates are formed and
that question is answered by understanding how sample units are deleted for each replicate. With the JK-
d, the number of replicates is equal to the number of groups that are deleted or R = };;, m;, . For the JK-d
estimator, Shao and Tu (1995) suggests three way to form the groups.

(M1) Use all possible samples.

(M2) Random samples.

(M3) Balanced subsampling (p. 197) where a balanced subsample has the following properties:
1) Every unit i appears in the same number of subsamples
2) Every pair ( i,j ) appears in the same number of subsamples

See also John (1971) for more about balanced incomplete block design (BIBD).

With respect to our goals, G1: DAGJK can vary the number of replicates, G2: the variance estimator
Djk-a (17) is generally too complex since the mean of the replicate estimates in (5) only includes replicates
from the same stratum, and G3: we know it is not appropriate for the sys sample design.

2.2 Delete-a-Group Jackknife (DAGJK)

The grouped jackknife (Shao and Wu 1989) or the delete-a-group jackknife (Kott 2001) leaves out group
D, (the set of sample units such that k € D,.) for each replicate » and the number of replicates is R.
Additionally, the groups D, are disjoint and cover the entire sample, i.e., s = U, D, and D, N D,r = @
where r # r’. We also define dj as the number of sample units left out for a given stratum % and group
D,. Then define the replicate estimate of @ by leaving out group D, for replicate r as

R
~ R-1 A =)\2
Dpacik(9) = R (9r - 9r)

r=

[y

and the replicate estimates is defined as
. ny
N mP WL
= Mp — dpy

For the DAGIJK, the variance estimator is (3) and the replicate factors are expressed as

E :{n/(n_dhr) ngr
r 0 k € D,
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How to delete the groups? Kott (2001) suggests “[i]n order to estimate var(t) with a DAGJK, we first
order the strata in some fashion and then order the PSUs within each stratum randomly. The sample is
partitioned into R systematic samples using the ordered list.” Bienias, Kott, and Evans (2003) say that
“[t]he technique divides the first-phase sample into mutually exclusive and nearly equal variance groups.”

Deleting groups for sys. Per forming groups, both DAGJK and JK-d with method (M2) forms groups by
randomly ordering the original sample. This generally means that the estimator is appropriate for srswor
and not sys. For use with the sys sample design, instead of randomly ordering, we deleted groups that
were sys samples from the original sys sample. Our aim of removing groups that were sys samples from
the original sys sample was to “replicate” the sys sample design in each replicate.

With respect to our goals, G1: DAGIJK can use a reduced set of replicates, G2: the variance estimator
Upac ]K(?) is generally simple, and G3: we know it is not suitable for the sys sample design, but we
include it in our comparisons. With respect to G2, DAGJK is chosen over the JK-d since the DAGJK is
generally simpler to implement than the JK-d since the JK-d requires different averages of replicates for
different strata. Most software can handle this, but not all. Second, forming groups with the DAGJK is
simpler than with the JK-d.

2.4 Successive Difference Replication (SDR)
The SDR estimator as described by Fay and Train (1995) mimics the successive difference (SD) estimator
and under conditions given by Ash (2014), the SDR estimator is equivalent to the SD estimator

n
960 (7) = 5 (1= )| Y 0 = V) + O = )? (6
bsp(V) =51 - f Vi = Vi) + O — y1)?|- )
k=2
where fis the sampling fraction. The SDR variance estimator is expressed as
R
L o AN 0 o\2
dsor(P) = (1= N7 ) (%= 1) @
r=1
with replicate factors
3 3
Fr=1+ z_faak,r - Z_Eabk,r (8)

With respect to our goals, G1: Ash (2014) showed that SDR can use a reduced set of replicates, G2: the
variance estimator ﬁSDR(?) is not complex, and G3: the SD and SDR estimators are especially suited for
sys sample designs.
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2.5 Application of Balanced Repeated Replication (BRR-SYS) to sys

The general BRR variance estimator of McCarthy (1966) works with sample designs that have many
strata and a sample size of n;, = 2 units per strata. For our discussion, we consider Fay’s Method (Dippo,
Fay, and Morganstein 1984) due to its improved properties as described by Judkins (1990). The BRR-
FAY variance estimator is expressed as

R
. o 1 6 o2
Peer-r (V) = R(1—K)? Z(Yr -7)
r=1
and the replicate estimates are defined as

f=> [E@ +ap,(1-k)+ M@ — ap, (1 - k))]

Thi=1 Thi=2

and the replicate factors can be expressed as

g (1T A=Ray, i=1
T l1-A-Kap, i=2

In our notation a Hadamard matrix H has elements drow,column Which correspond to dsirata, replicate-

How to form pseudo strata and half samples for sys. We suggest applying BRR to a sys sample design
using the same rationale and general approach as SDR uses. SDR mimics SD and SD works because it
treats a sys sample design as a stratified sample design with one unit selected per strata or implicit
stratification (Megill ef al. 1987). The SD estimator uses a collapsed strata approach to estimate the
variance of all possible adjacent pairs of strata within the sys sample.

With BRR, we apply the same approach by collapsing the implicit strata that have one sample unit into a
pseudo stratum also referred to as a variance stratum. BRR refers to each of the two sample units as half
samples. We suggest collapsing each consecutive and non-overlapping pair and then estimating the
stratum variance with BRR. So SDR and our suggested application of BRR compare with one another in
that SDR will use the set of all possible adjacent pairs (1,2), (2,3), (3,4)...and BRR will use one of the
two sets of all possible adjacent and non-overlapping pairs, i.e. (1,2), (3,4), (5,6)...

The ordered sample units £ are assigned to the variance strata h’ and half sample i’ as described in Table
1

Table 1. Assignment of Variance Strata and Half Sample within each Second-Stage Unit i
Sample unit k 1, 2, 3, 4, 5, 6,..
Cycle ¢ i, 1, 1, 1, 1, 1,., 1, 1

Variance strata h’ | 1 1, 2, 2, 3, 3,., R, R, 1, 1, 2, 2,..
Half sample i’ 1, 2,1, 2, 1, 2y 1, 2, 1, 2, 1, 2,.

4 14 I4 ’ 14 Ty ’ 14 4 2! I4 7o

’ ’ 4 ’ ’ 7oy ’

Result 2 in the Appendix provides the justification of Fay’s Method and Result 3 shows how our
application of Uggr_f (17) is equivalent to

—1 % vV 54 Ara
R(1 - k)? Z(Yr — 1) = dsrswr(¥) + 4(Y) )
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and we refer to the variance estimator of (9) as ﬁBRR_SYS(?), where

C R 2 2
5 (7) = z Z z <ych’i’ _5 >
SRSWR L 2(2 _ 1) &~ Den'i’ ch

is the sum of several n;, = 2 srswr variance estimators, one for each stratum h’ and where

(o c R
A Y z E Z (Wc Wi'=1Ycn'i'=1""Wchn'i'=2Yc h’i’=2)(Wc’h’i':lyc'h’i’zl_Wc'h’i’:zyc’h’i’zz)
c=1 =]_

I+c

ﬁﬁ

and the estimated total of variance stratum h’ is
2
9 1 Z Yen'i!
=7
¢ 2 = Pcn'i!

The estimator Dgrr_sys (17) is the sum of n / 2 with replacement variance estimators, one for each
pseudo strata h’. The extra term A(?) has an equal number of positive and negative terms, does not equal
zero, but approximately cancels out.

With respect to our goals, G1: Our application of BRR can use a reduced set of replicates, G2: the
variance estimator Dgrr_sys (17) is generally simple, and G3: we think it should similarly mimic the SD
estimator as SDR does so it should be suited for sys sample designs. This will be examined further in our
empirical examples.

3. Replication Variance Estimators for Second-Stage Variance

In this section, we discuss a different problem: replication variance estimators for the estimation of the
second-stage variance from a two-stage sample design. We consider three different replication methods:
an application of SDR and BRR and the estimator suggested by Rizzo and Rust (2011). We begin by
reviewing estimation for a two-stage sample design.

3.1 Review of Two-Stage Variance Estimation

Let the overall total of the variable of interest yx be defined as Y = );, ¥}, the total of stratum 2 as ¥, =
Yieu, Y; , and the total for first-stage unit i as ¥; = Yyey, Yk . We estimate the overall total as Y=Y,%,
the total of stratum 4 as ¥j, = Yiesy, w;Y; , and the total for first-stage unit i as ¥; = Ykes; WiV Where

wy; = T,;* and wy are the sample weights for the first and second stages, respectively.

Z z Z WiWk Yk (10)

i€sp kes;
Using notation from Sarndal et al. (1992; p. 137), we can express the variance of Y as v(?) =

UPSU(?) + USSU(?). Our interest lies not in the first-stage variance vPSU(?) but in the second-stage
variance which can be expressed as
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SMOEPEL

i€Up
The estimator of the two-stage variance is as (V) = Ppsy (V) + ﬁssu(?) and the estimator of the

OEREL

iESp

second-stage variance is

We want to find simple and easy-to-use replication estimator of Vssu(?)-

3.2 Application of SDR for Second-Stage Variance Estimation

Our proposed estimator is a slight modification of the SDR estimator described by Ash (2014). Here we
define the replicate factors for sample unit £ and replicate » as

3 3
Fy =1+J1—7 (2'7hak,r - 2_7hbk,r> an

The replicate factors (11) are applied to the two-stage weight w; wy and then the variance estimator (6) is
applied. More formally and following the outline of Theorem 1 of Ash (2014):

Theorem 1: Letn = }; ¥ies, Np; be the overall sample size and ny; be the second-stage sample size of
first-stage sample unit i of stratum 4. Define the combined vector of the variable of interest as §' =
[¥n=1 ¥n=2 - ¥n=r], for stratum & as §'y, = [¥i=1 Vizp -- yi=nh], and with each first-stage sample unit
y'i= [ykzl Vie=2 e 37k:nl.] as the n x 1 weighted observation vector, where the order of the observations
reflects the sort order of sys.

(a) Choose a Hadamard matrix of order Xk (HH' = kI), where n;; < k.
(b) Choose a RA that assigns two rows (a;, b;) to each unit i in the sample. Let the RA define C;
connected loops of m¢; units in each connected loop c¢. There may be more than one connected loop

within a PSU, but a given connected loop does not cross multiple PSUs.
(c) Choose the m = n rows of H corresponding to the RA to make the m x k& matrix M. The order of the
rows of M should correspond to the first row of the RA. For example, the first row of M should be row

a,_, of H, the second row should be row a,_, of H, etc. Next define the m x m shift matrix as § =

block(S4,S,, ...Sc) where the m. X m. one row shift matrices S, are defined to identify the position of the
second row bl. of the RA in M. In general, each shift matrix S, will be a shift-up, shift-down, ora 2 x 2
shift matrix (see the subsequently defined Sy).

Define the estimator for each replicate total » as

?r = Z z Z Vi Fnik
h

i€s; kes;
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where the replication factors are as in (11), yx = W;Wx Vi, ¥x = Wik and the matrix of replicate factors
is

3 3
F=1,1,+y# (Z_EIm - z‘is) M

We also define y = [Vp=q Yooz - Vr=rl, ¥'n = [Viz1 Vizz - T/i=nh], and within each first-stage sample

1
unit ¥'; = (1 — f;)21,,. L,is am x m identity matrix and 1, is a m x 1 vector of 1s. The individual
values of the replication factor within the matrix are defined for each unit i (rows of F) of replicate
(columns of F) as in (42). Then the SDR variance estimator for the second-stage variance

R
- 4 PN
dsprssu(?) =5 ) (% = )’
r=1

is equivalent to the sum of C; different SD2 estimators for each first-stage unit i.

Result 4 of the Appendix provides the proof for Theorem 1. The estimator works for two reasons:

(a) The connected loops are formed within each first-stage unit i. This ensures that we have an estimator
of the form of (6) for each first-stage unit.

(b) The first-stage weight w; is squared by the sum of squares and becomes 1/7? in ﬁssu(?).

3.3 Application of Balanced Repeated Replication (BRR-SYS2) for Second-Stage Variance
Estimation of sys

We propose a replication variance estimator of vSSU(?) that is similar to our BRR estimator of a sys
sample. The estimator has an extra level of complexity due to the first-stage sample design. Given a two-
stage stratified sample design with n;, = 2 first-stage units per the first-stage stratum 4, and »n; second-stage
sample units within each first-stage unit i, define the estimator for the replicate total of the variable of

interest y for each replicate r as
Z z Z W1iW2k Yk (12)

i€sp kes;

where the first-stage weight is wy; = ;! and the second-stage weight is w,,. We can rewrite (12) as

Ci R

SOWII) R

I€sp ¢;=1h]=1i{=1
where R; is defined in Table 3 below. With the first-stage, define the values of h* as shown in Table 2.

Table 2: Assignment of h*

h* 1, 2, 3, 4, 5, 6,., 2L-1, 2L
First-stage stratah | 1, 1, 2, 2, 3, 3,., L, L
First-stage unit i 1, 2,1, 2,1, 2,., 1, 2
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where L is the total number of first-stage strata?. For our result, we have assumed that 7, =2 for all of the
first-stage strata 4, but this result works with any number of first-stage units #;: we only need to assign a
unique h* to each first-stage unit.

Within the first-stage stratum % and first-stage unit i, define the variance strata h; and half sample i; for
the ordered sample units k as shown in Table 3.

Table 3: Assignment of Variance Strata and Half Sample within each First-Stage Unit i

Sample unit & 1, 2, 3, 4, 5, 6,..

CyCICCl l’ l’ l' ll ll ll"'l lr l/ 2, 2, 2, 2,..., Ci, C;
Variance strata h] | 1» 1+ 2, 2, 3, 3,., Ry Ry 1, 1, 2, 2,.., 2, 2
Half sample i; 1, 2, 1, 2, 1, 2,., 1, 2, 1, 2, 1, 2,., 1, 2

Choose a Hadamard matrix H, that is R X R, with elements aj ;. and choose a Hadamard matrix H,
that is R> X R, with elements b,/ r,e We note that R; > 2 L; that is, the dimension of H; must be at least as
i

large as the total number of first stage units but it can be larger since we don’t need to use all of the rows
of H;. Let H=H;® H, be a R X R Hadamard matrix where R = R; - R, with elements
Chr = Ap* by r, and where @ denotes the Kronecker product.

, 71.2h],

Next, define the replicate factors as
v {1 +(1 - k)ahf,ﬁ.bh{,rz ii=1
hr = .
" 1- (1 - k)ahf,ﬁ.bh{,rz LL{ =2
Define the estimator for each replicate total as

Ci Ry 2

?r = z Z z Z Z Wliwzi{Fh,ryilf

h, i€sp c;i=1 h{:l L{:l

Then the BRR-FAY variance estimator is equivalent to the sum of n / 2 srswr variance estimators for n;,
=2 in each stratum /4 and an extra term A(l?i), 1.€.,

1 5 o2 Dsrswr () + A(Y)
R(1—k)ZZ(YT_Y) —Zz 2

L

iEsp
where
G Ry 2 )
Ssrswan(7) D
UsrswRr\ fi =ZZ—_Z — = Ven!
Ci:1h£=12(2 1)1_{:1 Peil
and

c ¢
A(Ai) = Z 2 (Wi{:1yi{:1_w‘{:2yi{:2) (Wi{:1yi{:1_w'{:2yi{:2)

and the estimated total of variance stratum h’ is
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2
y ,_1: :ychfi{
ch’ — 2
I-!
i=1 Pen|i]

Result 6 of the Appendix, provides the proof.

3.4. Rizzo and Rust (2011)

Another replication method for estimating vggy (17) is suggested by Rizzo and Rust (2011) and further
examined empirically by Kali et al. (2011). First, define the estimator of the total of y as in (10) where
w; = ;. Also, define the estimator for each replicate total 7 as

Y, = Z Z Z WiW Fp, Vi (13)
7

iEsp kEs;
with replicate factors
1+ ah_r,/ni ] € Ai

Fr =31 —ay,fm jeD;
1 otherwise

Divide the second-stage sample units into groups A; and D; are suchthat A; UD; =s;, A;UD; =0,
and the number of sample units in A; and D; is n;/2 . How the sample units are divided into groups A4;
and D; is not explained in Rust and Rizzo (2011). For our use with sys, and we assigned every other
sample unit explicitly from the original sort order into the two groups. We considered this way of
dividing the sample into groups A; and D; since it mimics the sys sample design.

Result 7 of the Appendix shows that

5 5o 1.
oen(P)= ) (F=7) = ) > (B =o'
r h i€sp :

so that the average of the previous expression over all replicates is also equivalent to the srswr estimator
with groups 4; and D;.

4. Empirical Examples

To compare the variance estimators from a single-stage sys sample design, we used the 3" grade
population given in Valliant, Dorfman and Royall (2000). This population has N = 2,427 students and
each student had a variable for a region indicator (with four values), a math score, and a science score.
The math and science scores had a correlation of 0.67 and their relationship is shown in Figure 1.
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Figure 1. Distribution of Math and Science Scores

Using the region indicator and the science score as sort variables for sys, we applied four different sort
orders that varied the effectiveness of the sort orders to order the population with respect to the math
scores. Figure 2 demonstrates the sort orders where the horizontal axis is the sort order and the vertical
axis is the math score. The first sort order in the upper left of Figure 2 represents a random sort. Here we
assume that no information is available and therefore no information related to the variable of interest is
incorporated into the sample design. The upper right of Figure 2 shows the sort order using the science
variable, which results in a sort similar to Figure 1. The bottom left sorts the universe by region and then
science within region. If there is a region effect, this sort should be an improvement over the of the sort
of science alone. The last sort in the bottom right uses the variable of interest, the math score, as the sort
variable. This is the opposite extreme from the random sort where we have information that completely
describes the variable math.

Sort by Science

®a go
a ot ofe

Sort by Math

T
0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500
Rank

Figure 2. Four Sort Orders of Science Scores for sys

For each of the sort orders of Figure 2, we selected ng = 15,000 sys random samples of size n =
100 with equal probability of selection and estimated the total math score, i.e., ¥ = ¥ es WiV
where the weight is wi = 2,427 / 100. Figure 3 shows the distribution of the estimated math

~

score totals Y.
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5E=20,540
5E=16,556 SE=16,408 SE=3,765

Random Science  Region/Science  Math

Figure 3. Variances of Estimates of Total Math Scores for the Four Sort Orders of Science Scores

To evaluate the three variance estimators, we produced the measures of Table 2 based on the 15,000
random sys samples from each of the four sort orders.

Table 2. Evaluation Measures for Variance Estimators
Measure Defined as...

Bias Ratio E(5(y
Bias Ratio (13(17)) = %
v
2
msE (8(7)) = £ (3(7) - £ (2(7)))
Coverage Ratios The percent of times that the confidence intervals

Y+ 24, /ﬁ(?) included the value of ¥

Mean Squared Error

For each of the n4» = 15,000 samples s, we estimated Yy and 13(175). The expectation with respect to the
sample design is defined as E (?) = Z?j{” Yo /Ngim.

Figure 4 presents the bias ratios where the horizontal axis varies by the sort order (0-random, 2-science,
3-region/science, 4-math) and the number of replicates (8, 20, 32, 40). The four bars for each sort order
and number of replicate combination represent the four variance estimators that we considered: JK-1,
DAGIJK, BRR, and SDR. The red horizontal line in Figure 4 identifies where the bias ratio is 1.0 or
where there is no bias.
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2-reg/science | 2-reg/science | 2-regfscience | 2-reg/science 4-math 4-math 4-math 4-math

0-random 0O-random 0O-random 0O-random 3-science 3-science 3science 3-science

B JK-1 mDAGK mBRR mSDR

Figure 4. Bias Ratios of Variance Estimators

In Figure 4, we see that both JK-1 and DAGJK overestimate the variance, often to a large degree. Both
SDR and BRR underestimate the variance with SDR consistently having bias ratios closer to 1.0 than
BRR. Oddly with the DAGJK, the bias increased as the number of replicates increased. With the
DAGIK, as the number of replicates increased, the number of sample deleted decreased. We think that as
the number of sample units decreased, the sample units left looked less and less like a sys sample.

Figure 5 presents the MSEs of the three estimators DAGJK, SDR, and BRR. The horizontal axis varies
by the sort order (0-random, 2-science, 3-region/science, 4-math) and the number of replicates (8, 20, 32,
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Figure 5. MSEs of Variance Estimators

In Figure 4, we see that the DAGJK has the largest MSEs, BRR the smallest, and SDR are generally just
larger than BRR.
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Figure 6 presents the coverage ratios of the three estimators DAGJK, SDR, and BRR. The horizontal axis
varies by the sort order (0-random, 2-science, 3-region/science, 4-math) and the number of replicates (8,
20, 32, 40). The red horizontal line in Figure 6 identifies the 90% coverage — we expect that 90% of the
coverage ratios have 90% coverage.

80
70 | |
0 I I I
8 20 32 40 8 20 32 40 8 20 32 40 8 20 32 40

0-random 0-random 0O-random 0O-random 3-science 3-science 3-science 3-science  2-reg/science 2-reg/science 2-reg/science 2-reg/science  4-math 4-math 4-math 4-math

m DAGJK m BRR m SDR
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Figure 6. Coverage Intervals

In Figure 6, we see that the DAGJK overestimated the coverage ratios, which was no surprise given the
overestimates shown by the bias ratios. BRR regularly underestimates the coverage ratios and SDR
regularly overestimates them. With the sort order 2-math, BRR provide a pronounced underestimate
which we cannot explain.

5. Conclusions

We have shown that the variance from a sys sample design can be estimated with a variety of replication
variance estimators that can vary the number of replicates. For a single-stage sample design, our
empirical examples provide evidence that SDR and our application of BRR are both reasonable estimators
of a sys sample design. We think SDR has a slight edge over BRR since the MSEs of the SDR were
smaller than BRR and the confidence intervals from SDR were conservative overestimates where the
coverage intervals for BRR were under estimates.

We presented replicate variance estimators for Dggy (17), but we did not demonstrate them. This is left as
future work.

Although it is not discussed in the paper, we think we should consider a slightly different version of our
modification of the BRR for sys of Results 2 and 6. Instead of only using the n / 2 adjacent
nonoverlapping pairs of implicit strata, we should have used all ( » — 1) possible pairs of adjacent implicit
strata as done with SDR. The application of this would require an additional term of (7 /(7 —1)) in the
replicate factor that would be needed for the same reason it’s needed in SDR: to average the n — 1
variance strata and then expand that average to all » implicit strata. Each sample unit would be used
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twice in this estimator; this seems odd but it is what is represented in SDR. Results 2 and 6 of the
Appendix would require some but not great modifications to show that this would work.

This report is released to inform interested parties of ongoing research and to encourage discussion of
work in progress. Any views expressed on statistical, methodological, technical, or operational issues are
those of the authors and not necessarily those of the U.S. Census Bureau.
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Result 1. Let the srswr estimator of the totals of the variable of interest y be defined as

.1 Y;
Y :—ZXL—
n Di

ievu

then the following two expressions of its variance estimator are equivalent:

1 7\
anm_nZZ”( Di p,> m;}lxt(g—") - (A11)

i€eU jeUu

_ 1 ANS 7
) = _1)2Xi L) —227, + 72
=g\
1 Y, Y,
= 2= D ZXl- — —ZYZXL—+ZXL-Y2
nin Liev Pi , & P =
1 Y; (1 v\ o,
= (Tl—l) ZXl — —2nY ; Xl_ +Y ZXl
n LieU Pi , & P ieu
1 Y; . .
= oD ZXi<—l> —2n¥2% —np?
i Licu Pi )
1 Z <17l> .
=—— | x;(2] —nP?
nn—1) &\
ol i
= — 1 U DU (2 B
n(n—-1) | iev t niEUjEU iPj
1 2 ZX ?L 2 2 X X ?l?]
= oZm—Dn|" i\y ] ~ ZZ S0 By
2n(n—1) | ity Pi €U jeu iPj
AR zzz””f
T 9n2(n — 1) j i\, | — o
2n*(n—1) | \Jen €U Pi iereU PiPj
Y
XX< > -2 XX——+ XX(—J>
~ & ~ 2
Y. Y Y:
= 2n7( —1)22” < ) _2_1_]+<_]>
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ZnZ(n— 1)ZZXX <pl p1>
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Note that (A1.1) is stated slightly differently by Tillé (2006; p. 57). In (A1.1), we have explicitly
included the random variable X; that defines the randomization of the srswr estimator, where X; is a
multinomial random variable defined for each stratum /4 with parameters p; and Nj.
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Result 2. General Justification of Fay’s Method of Balanced Repeated Replication (BRR-FAY).
Let the statistic of interest be a total of some variable of interest yx

SPIIPRT

ieUp keU;

Given a two-stage stratified sample design with n;, = 2 units per the first-stage stratum #, the estimator of

the total of some is
z z z WiWg Vi = Z(Wl 1Yo +wis, Ve 2)

i€sp kes;

where the first-stage weight is w; = ;' and the second-stage weight is wj,. We also define the replicate

estimator as
F= 0, 0 i

i€spy kes;
with the replicate factors

ro- 1+(1—ka,, i=1
- -Kay, =2

the BRR-FAY variance estimator with perturbing factor k£ and is equivalent to the srswr variance
estimator for n;, = 2, one in each stratum 74, i.e.,

o o\ 1 5 o\2 1 ) 72 2
prr-ray(¥) = WZ(YT -Y) = ZZ(Z——U; <E - Yh) _

Proof. Begin with the difference

v, -Y= Z Z wisawi (1+ (1 — Kap, )y + Z Wizowi (1= (1 — K)ap )y

KES;=1 kEsi=»
Z Z Z WiWg Vi
i€Esp kESs;

= Z Z Wi:1Wk(1 +(1- k)ah,r)yk + Z Wi:ZWk(l -(1- k)ah,r)yk

h KEsi=1 KESj=1

- Z Wiz WY + Z Wi WiV
kESl—l kESL_Z

= Z Z Wi=1Wg ((1 - k)ah,r)J’k + Z Wi:ZWk(_(l - k)ah,r)yk

h kESizl kESizz
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= (1—k)z z Wi 1WrQp Vi — z Wi—a2WrQp Vi

kESl 1 kESl 2

Define the estimator of the first — stage unit i of stratum h as ?h_i = Z Wy ¥i and note that
kes;

S Vhiei  Yniz
Yr_yz(l_k)zah'r<h,1 1_ h,i 2)
= Mhi=1 Th,i=2

2

when w; = m; %, then

Next, square the difference

(7 - 7)’ (1—k)Zahr<Y"” Y’”)

Thi=1 Thi=2

) th 1 Yh,i:z Yiizi Yniz2\ (Ywi=1 Ywi=
1-kK) r h -—— ] t Ap,rQp ! - -
T[hl. 1 Thi=2 Thi=1 Tni=2/) \Tn'i=1 Tn’i=2

h h'zh

RO
_l (1_k)2 zaz <th l_YhL 2>
RLIR(1— k)2 | " " \p oy Tpizs
17}1,i=1 ?h,i=2 ?h’,izl 1?h’,izz
+ AprQp’ - - - ]
T Thi=1 Tpi=2 Tp!j=1 Tp'i=2
~ ~ 2
=12 Zaz <Yhi—1 Yh,i:z)
R - "\ Tz Thiza
2 Z za a <?h,i=1 ?h,i=2><?h’,i:1 ?h’,i=2>
hrQn’, - -
R TR N\ Rpicr Mhizz) \Thrizr iz

h h'#h \ r

Further

Given that the values of aj, ;. come from a Hadamard matrix, which has rows and columns that are

orthogonal, we know that 2 a,zl’r = Rand 2 apray » = 0,50 we can simplify the previous line as

T
_ o 2
z <Yh,i:1 B Yh,i=2> (A2.1)
= \Thi=1  Thi=2

Now (A2.1) is equivalent to the variance estimator of szswr for each stratum 4. This result is stated in
Wolter (1985; p 123), but we provide a fuller explanation. With our specific case of n, = 2, we have
m; = 2pp,; and (A2.1) becomes
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2

~ ~ 2 ~ ~
z (Yh,izl B Yh,i=2> _ 1 z <Yh,i=1 B Yh,i=2>
— \Thi=1 Thi=2 22(2-1) Dhi=1 Phi=2
2 -5 5 2
Y] Y, Yy iz Yy, i-
. 2 ( h,i= 1 h,i= 2) +< h,L—Z_ h,l—1> (AZ.Z)
22 (2 -1 Phi=1 Phji=2 Phi=2 Pnji=1
We can see that (A2.1) is the same as the left side of (A2.2) with n; =2 so that

ﬁZ(ﬁ—A 22@—1)26}; )

and this shows that BRR-FAY variance estimator is equivalent to the sum of several srswr variance
estimators for n, = 2, with one for each first-stage strata 4.

Result 3. Application of Balanced Repeated Replication for estimating the variance of a

single-stage sys sample design (BRR-SYS). Given a single-stage stratified sample design with n > 2
units, define the total of the variable of interest y as

Y= Zwk}’k

and note that we can rewrite the previous expression as

Choose a R X R Hadamard matrix H with elements a; .. Then the ordered sample units k are assigned to
the variance strata h' and half sample i’ as described in Table A3.1.

Table A3.1: Assignment of Variance Strata and Half Sample

Sample unit k 1, 2, 3, 4, 5, 6,.

Cycle ¢ 1, 1, 1, 1, 1, 1,., 1, 1, 2, 2, 2, 2,..
Variance stratah’ |1, 1, 2, 2, 3, 3,., R R, 1, 1, 2, 2,.
Half sample i’ 1, 2,1, 2,1, 2,., 1, 2, 1, 2, 1, 2,..

The cycles ¢ are needed if n/ 2 > R — we repeat the assignment of the of the variance strata h’ and half
sample i’ to the same Hadamard matrix.

Next, define the replicate factors as

Fh{,rz =

1+ -k)ay, i'=1
1-(1-k)ay, i'=2
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Then the estimator for each replicate total  is

C R 2
c=1h'=1i'=1

And the BRR-FAY variance estimator is equivalent to the sum of n / 2 srswr variance estimators with n/
=2 sample units within each pseudo stratum A’ and an extra term A(?), ie.,

1 S G ~ PPN
WZ(Yr - Y)z = Osrswr(¥) + A(Y) (A3.1)

and we refer to the variance estimator of (A3.1) as Ugrg— (?), where

C R 2
Dsrswr(?) = CZMZ 22-1) Z <phlll’ y )

I

and

(o C R
A(?):Z z z Wir=1Yi'=1—Wi'=2Yi’ —2)(W’—1yl =1 —Wir=2Yi’ 2)

or with all of the subscripts

C c R
A(Y z z E Wen'i'=1Ycn'i'=1""Wcen'i'=2Yc h’i’=2)(Wc’h’i’:lyc’h'i'zl_Wc’h’i':zyc’h’i’zz)
I+c

and w, = m; ', pr = m, /n and the estimator of the mean of y for each variance stratum is defined as

2
5 .= 1 z Yen'i'

ch! =75
2 = Pcn'i’

Proof. Begin with the difference

a
I
[u
=
1l
Ju
~
<
Il
Juy
(9}
1l
[
=
Il
Juy
~
1l
[

We note our abuse of notation: the sample weight w; for unit k£ and w;+ for half sample i' are both
shorthand for w ,7;7; or the sample weight for unit & of half sample i’ of variance stratum h’ of cycle c.

We choose to include the least amount of subscripting by keeping what is essential at that point of the
result, reduce the clutter of the subscripting, and assume the rest of the subscripting is understood and
known. We do this similarly with y, ,7;7-
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C R C R
= Z Z [Wi’=1(1 +(1- k)ah’,r)yi’=1 + Wi’:z(l -(1- k)“h’,r)Yi’:Z] - Z Z [Wi’=1J’i’=1 + Wi’:zyi’:z]
c'=1n'=1 c{=1h{=1
C R
= Z [Wi’=1 ((1 - k)ah’,r) Yir=1 = Wi'=2 ((1 - k)ah’,r) yi’:z]
c'=1h'=1
cC R
=1-k) z Z ah’,r(Wi’zlych'i'zl - Wi’:z)’i’:z)
c=1h'=1
Next, square the difference
2
C R
5 a2
(F-7)"={ A=k Z O (Wi,zlyiél _Wilzzyi'=2>
c=1h'=1
cC R
5 2
Z Z ah',r(Wi’=1}’i’=1_Wi’=zyi’=z)
c=1h'=1
cC R R
+ z Z z ah{,rah{’,r(Wi’=1yi’=1—Wi’=zyi’=z)(Wi’=1yi’=1—Wi’=zyi’=z)
c=1h'=1 h'"=1
h''#h!
=(1-k)? c ¢ R
2
+z z Z 1 (Wit 1Yo = Wit 2 =2) (Wit 1 Vit s =Wir2Yi=2)
c=1c¢'=1h'=1
c'#c
c ¢ R R
+ Z z Z Z ah’,rah”,r(Wi’:1yi’:1_Wi’:zyl":z)(Wi’:1yl":1_Wi’:zyl":z)
c=1c¢'=1h'=1 h'""=1
c'#c h''£h'

Further, we sum over the replicates and divide by R(1 — k)?

1 o
R(1 — k)2 Z(YT -7y
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c=1h'=1 h'"=1
_ 12 h'"#h!
_IN@-h c ¢ =&
R 1—k)?
r ( ) +Z Z Z ah' (W'—lyl I=1 Wiy _2)(Wl’—1yl =1~ WiV —2)
c=1c¢'=1h'=1
c'#c
c C R R
Z Z Z Z ah' ah” (W’—lyl. '=1 W' Zyl —2)(W’—1y1 '=1 W’—Zyl. —2)
c=1c¢'=1n'=1 h''=1
| c'#c h!'+n!
1 Cc R , 5
=7 2 2\ s ) (wier oy, )
c=1h'=1 \r
Cc R R
1
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Given that the values of aj,/ ,. come from a Hadamard matrix, which has rows and columns that are

orthogonal, we know that z a,zlf » = Rand z ap’ rayr . = 0,s0 we can simplify the previous

T

<

line as
c R
2
(Wi’=1yi’=1_wi’=2yi’=2)
c=1h'=1

or with all of the subscripts

cC R
2
(Wc Ri'=1Ycn'i'=1"Wen'i'=2Yc h’i’=2)

C:
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Now the second expression of (A3.2) is A(?) and the first expression is equivalent to the sum of n / 2 of
srswr variance estimators for each variance stratum h’. With our specific case of n we have p;r = ;7 /2
and the second expression of (A3.2) becomes

Cc R Cc R 2
2 Yi'=1  Vi'=2
(Wi’:lyi’:l_wi’:zyi’:z) = Ty - 3
— 1= =

c=1h'=1 c'=1hn'=1
Cc R 2
_ 1 Z Z <}’i’=1 _3’i’=z>
22(2-1) p] h,=1 Di'=1 Di'=2
2 2

1 }’"_ Yo_. Yi_

E Z ( l—2> +< i=1 l—2> (A3.3)
c=1h'= pi’=2 pi’=1 pi’=2

We can see that (A3.3) is the same as the left side of (A1.1) in each of the R - C variance stratum h’ so
that

C R )
R(1 i k)ZZ(?r - ?)2 — Zzlh,z: TP z <ZZZ,; — Qch,> +A(?)

and this shows that our application of the BRR-FAY variance estimator is equivalent to the srswr
variance estimator in each R - C variance stratum h;.

Note that when the number of cycles C =1, A(?) = 0. When C>1, A(?) is the sum of an equal number

of positive and negative terms which do not exactly cancel each other; however, do approximately cancel
each other.
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Result 4. Application of Successive Difference Replication for estimating vssy(¥) (SDR-
SSU). With replicate factors for sample unit & and replicate

3 3
Fk,T = 1 + 1 - fi (2_7hak'r - 2_7hbk,7‘)
then

R
4 o o2
§Z( - —Y) (A4.1)
is a replication estimator of vSSU(?) where 13(17;) is estimated with the SDR estimator.

Proof. We begin by restating the replicate factors in matrix notation as
_3 _3
F=1,1, +y’#(2 2l,, — 2 ZS)M
The SDR estimator given in (A1) can be expressed as
4 ¢ 3 3 - 3 3
§<y’ (1m1’k +y' # (2‘Elm - 2‘55) ) y'1,1' )(y ( LY ( 21, — Z‘Es) M) - y’1m1’k>’
4/, _3 _3 < _3
=§<§r’(y’#(2 2L, — 2 ZS ><)7 2 2[ -2 ZS)M)>’
4 _3 _3 <
=E(37#y)’(2 2L, — 2 ZS)MM (2 2l,, — 2 28)’(37#)/)

Because {rows of M} € {rows of H}, it can be shown that MM’ = klI,,,. With this result, the variance
becomes

4_ o -
= (r #3)' Uy = )R (L = S)' (v #)
1 - -
= (Y #9) (= $) (A = 9)' (v #)

1, g
= E()’ #Y) (I, — S — S (v #Y)

The last line follows from the lemma in Ash (2014) and has a constant value for any choice of H. By
noting the block diagonal structure of S and given that each connected loop was formed within each first-
stage unit i of stratum £, we can write the estimator as

Ezza ﬁ)Zy (21, - 5.~ SV,

iESp

where the within second-stage variance is estimated with the SDR variance estimator

Ci
74 1 S A
dsor(%) = (1= 5 ) ey = S = S
c=1
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=(1 —ﬁ)EW—iZZYc(ZIm

Appendix

Sc)¥c

where each of the ¢ = 1 to C; connected loops are of the form (22) and

Pssy (Y) z z VSDR(Y

iESp

Result S. Let Hi be a R, X R Hadamard matrix with elements ay,

)

r, and Let H> be a R, X R, Hadamard

matrix with elements by, . Let H = H;® H; be a R X R Hadamard matrix where R = R, - R, with
elements c,.. In our notation any element with a prime, i.e., h’, denotes a unit that is different than an
element without a prime or simply h # h’ and @ denotes the Kronecker product. Then we know the
following are true because Hi, Hi, and H are all Hadamard matrices.

Rq
Z Apyry Oty = 0 and
i=1
Ry
> bugrby, =0 and
T‘2=1
R
Z ChrCh =0 and
r=1

Further, we know that

R1 R

|M:u
[N
o
[\

= r1=1ry=1

and

R
2 hrCh T -

iff one of the following three expressions is true:

R1 R
2 _
D D Ghunbrnby, =0

r1=1ry=1

R R

2 —
z z ah1rr1ah;'l,7'1bh2rr2 =0

ri=1rpy=1
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i=1
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2, hur, =1
T2=1

Z

i > D @k bR =1
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Ri Ry
2 Z ah1'7'1ah£,r1bh2.rz bh;,rz =0 (A5.4)
ri=1ry=1

We can relate the subscripts of ¢, to the subscripts of ay, ,. and by, ., as

rn=(rdivR;)+1 and r=rmodR;

=(hdivRi)+1 and hy=h mod R,

The div function is integer portion of simple division and the mod function is the integer
remainder from division. For example, 7/2 =3 so 7 div2=3and 7mod 2 = 1.

Result 6. Application of Balanced Repeated Replication for estimating vssy(¥) (BRR-SSU).
Given a two-stage stratified sample design with n;, = 2 first-stage units per the first-stage stratum /4, and »;
second-stage sample units within each second-stage unit i, define the estimator for the replicate total of
the variable of interest y for each replicate r as

P=2 0, 0, o

i€sp kEs;

(6.1)

where the first-stage weight is w; = ;! and the second-stage weight is wy,. We can rewrite (A6.1) as

Ci R

ZZZZZ%WW

I€sp ¢;=1h]=1i{=1
With the first-stage, define the values of h* as shown in Table A6.1.

Table A6.1: Assignment of h*

h* 1, 2, 3, 4, 5, 6,.., 201, 2L
First-stage stratah | 1, 1, 2, 2, 3, 3,., L, L
First-stage unit i 1,2, 1,2, 1, 2,., 1, 2

For our result, we have assumed that n, = 2 for all of the first-stage strata /4, but this result works with any
number of first-stage units 7;: we only need to assign a unique h* to each first-stage unit.

Within the first-stage stratum % and first-stage unit i, define the variance strata h; and half sample i; for
the ordered sample units k as shown in Table A6.2.

Table A6.2: Assignment of Variance Strata and Half Sample within each Second-Stage Unit i

Sampleunitk 1, 2, 3, 4, 5, 6,..

CYCICCL' 1, 1, 1, 1, 1, 1,., 1, i, 2, 2, 2, 2,., Ci Ci
Variance stratah] | 1+ 1+ 2, 2, 3, 3,/ Ry Roy 1, 1, 2, 2,0y 2, 2
Half sample i; 1, 2,1, 2,1, 2,., 1, 2, 1, 2, 1, 2,., 1, 2
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Choose a Hadamard matrix Hi that is R X R, with elements aj ;. and choose a Hadamard matrix H,
that is R> X R, with elements b s r,- Wenote that R; > 2 L — the dimension of H; must be at least as large
i

as the total number of first stage units but it can be larger since we don’t need to use all of the rows of Hj.
LetH = H;® H; be a R X R Hadamard matrix where R = R; - R, with elements ¢p, » = ap*;, by r, and
” ’ ’ 12

where ® denotes the Kronecker product.

Next, define the replicate factors as
v {1 +(1- k)ahf,rl,bh{.rz ii=1
hr = .
r 1-(1- k)ahf,rl,bh{.rz i =2
Define the estimator for each replicate total as

Ci Ry

Z Z Z Z Z W1iWoi Fnr i

hy i€spci=1h{=1i]=1

Then the BRR-FAY variance estimator is equivalent to the sum of n / 2 srswr variance estimators for n;,s
=2 in each stratum % and an extra term A (ﬁ), 1.e.,

-7y - 3 el 0

iESp

where

Ci Ry 2 2
Usrswr\!i) = 22-1) P Yn!
ci=ln;=1 =1 "

and

(Wi{=1yii’=1_Wi{=zyi{=z) (Wi{=1yi{=1_Wi{=zyi{=z)

Proof. Begin with the difference

Ci R Ci R

B )1 INTACETE 13 19 I

i€sp ci=1h]=1i/=1 i€spci=1h/=1i=1

We note our abuse of notation: the sample weight w,,;s for half sample i; is shorthand for wy, ; . ;7 oOr
L

the sample weight for unit k£ of half sample i’ of variance stratum h’ of cycle c¢ of first-stage unit i and
first-stage stratum 4. We choose to include the least amount of subscripting by keeping what is essential
at that point of the result, reduce the clutter of the subscripting, and assume the rest of the subscripting is
understood and known. We do this similarly with y;, ; . n/i7k-
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= Z Wi (wair, (14 = Bag, by, )y, +war, (1= A= B)arnby,, ) v,
h i !

Ci Ry

_Z Z Wii Z WZH lyLL 1 WZH Zyll z)

h iesp c;i=1 hL’:1
Ci R
= E Wy w,os (1—K)a-_.b g =W, - 5 . )
u ( 21{:1( ) hirq h{,rzylgzl WZL{ZZ (1 k)ahi,rlbhl{,rzyll{:2
h i€sp ci=1 hl(:1
Ci Ry
- (1 B k) : : Wii (W2i1{=1ah;'rlbh£vrzyii’=1 - W2i{=2 ah;'rlbhgvrzyii;z)
h iesp ci=1 hlf=1
Ci Ry

yi! Vi
_ i=1 i=2
DY TS S g (L Y
i Tyt Ty
i€sp . Li=1 li=2

Next, note that we can change the summation over all first-stage strata and first-stage units in the

following way

ZZZ

IESp h*=1
and we can change the sum of all replicates as
R
2 H
r=1 ri=17,=1

Next, square the difference

(A6.2)

(A6.3)

o AN2 Yi_, o Vil
(h,-7) = (1_k)zwhzzahr1hrz< —ﬁ>
i=2

h*=1 1h =1
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L

= (1-k)? E wi-ag-
L

c <
1 2
*= —_— —_—
=1 + E E § bh; ry (Wi{=13’i{=1 Wz{:z)’z{:z) (Wz{=13’i{=1 Wz{:z)’z{:z)
1

c;=1 hlf=1
Ry Ry
1 T m_
ci=1n[=1 h'=1
2L 2L n!'£n!

+(1 - k)? Z Z Wi Wy By 1, Qe

“ c c
i T
h=1 h7=1 + E E E b2
h**#h* hiry

Appendix

The previous expression shows how a,,« ,. relates to the first stage and how bhr relates to the variance strata of the second stage. The second and fourth
i

T2

terms of the top part and the entire bottom part of the previous expression will be equal to zero due to this construction.
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Ci
2
Z Z ahl'rl h 2 (Wiirzlyiirzl_w'i’:zyiirzz)

C_lh—l

Ry
+ Z Z Z Qn;ry hl,rzbhl,rz ( il=1Yil=1"Wil=2Vi! —2) (Wiilzlyil-’zl_wiilzzyiilzz)

C_lh—l h '=1

2L h:*#hl
= (1-k)? E Wi Ci C Ry
oo E E E 2 2 _ _
h*=1 + ahz'rlbh;,rz (Wi£=1yilf:1 Wilfzzyilfzz) (WiL{:lyil{:l Wi£=2yi£:2)
c;=1c/=1h]=1
cl#c;
Ry
* E E E E ahl,ri hl,rzbh;,,rz (Wi{=1Yi{=1_Wz{=zyi{=z) (Wi{=1J’i{=1_Wz{=zyiL!:2)
¢;=1¢/=1 hi=1 hj'=1
! n !
Ci #¢; hi :thi |
I Ci Ry
2
a a bz W.1 g —W.r N
nir it Oy, \ Wi I—1Yil=1™Wil=2Vil=2
cl-:lh =1
Ci Ry R,
E E E Ay G rrlbhurzbh;,,rz (Wi{:1yi{=1_Wi{=zyi{=z) (Wi{=1yi{—1_W il=2Yi! _z)
=1 nl
l
2L 2L h{’::h{
+(1—k)? Wy« Wy ee Ci Ci Ry
Wn
*=1 h**=1 2 — —
M + E E: E s vy Uiy D ! (Wi{=1yi{=1 Wi{:zyii’=2) (Wil.’=1yii’=1 Wi{:z%’{:z)
1 T T
;=1 ;=1 h;=1
!
cistcl-
+ § § § § Qn; ey Ay 'rlbhl,rzbhl,rz( il=1Yil=1"Wi=2Vi/= )(Wil-’=1yii’=1_wii’=2yii’=2)
¢;=1¢{=1h{=1 hj'=1
!
L C;#C; hi :thl-

Further, sum over the replicates, divide by R(1 — k)?, and apply (A6.3).

Ry

e ) >0

r=17,=1

1 PN
R(1—k)? Z(YT - Y)
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Ra Ry Ry
E E E 2 2 2
ah{,ribhlf,rz (Wi{=1yi{=1_wi{:2yi{=z)

cl=1 h{:1 r=17,=1

Ry Ri Ry
+ E E E g é ahl,rl hv’”zbh (Wil.’zlyil.’zl_wii’zzyii’zz) (Wii’=1yii’=1_wii'=2yii’=2)
¢;=1hl=1 h]'= ri=1r,=1

hf’athf
Ci Ry Ry Ry

+Z 2 2\ 20 2 bl | (i wieayi) (Wieayimwiavioa)

;=1 cl’_l hl. 1 \r;=1r,=1

r
cl-::c-

+Z Z Z Z Z Z @hirsDug g, | (WimaYigmr Wi =aYigma) (Wit WiV 2)

c;=1c/=1hl=1 hl=1 \r=17m=1
cl#c; h}'#h! ]
Ri Ry

Ci
2
> Z 2, 2, Wi np i, | (Vg a7 )

c;= 1h1_1 ri=17,=1

Ci Ry R Ri R
+ E E E E § Qpsry Ans> .T1bhl.r2bhl 2 (Wi{:13’i{:1_w'{:2yi{:2) (Wilf:13’i{:1_w'{:zyil{:2)

C_1h 1h 2=1

hl :thl-
Ry R
§ § Ap}ry Anz .r1bhl.r2 ( il=1Yi/=1 Wi{:zyi{=2) (Wi{=1yi{=1_wi{:2yi{=z)

;=1 ¢{=1 h{=1 \r1=17,=1

!
L
Ci C Ry R Ry

* Z Z Z Aniry Oyt leh bh (Wii’=1yii’=1_wi{=2yii’=2) (Wil.’=1yil.’=1_Wil(=2yii’=2)

=1 ri=1r,=1
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Given (A5.1) — (A5.4) from Result 5, we can simplify the previous expression as
Ci R,

2
z z (Wi{=1yi{=1_Wi{=zyilf=2)
c;=1p'=1

Wi | G Ci R (A6.4)

h=1 +§ § § ( i{:1yi{:1_wi{:2yi{:2)(Wi{:1yi{:1_wi{:2yi{:2)
i

2L

i R
2
z ( -—1yl—1 Wil Zyll )
1 Ci=1h£=1
Z = & & & (A6.5)
. L
h i€sn +Z 2 Z (Wi{:1yi{:1_wi{:2yi{:2) (Wi{:1yi{:1_wi{:2yi{:2)
¢;i=1c¢/=1hj=1
cl#c;

Now, apply Result 3 to the top expression in (A6.5) and recognize the bottom expression as A(?L-), which
leads to our desired result.

R(1—k)22(A 17 EZUBRR SYs(Y)+A(y)

iESp

where

Ci Ry
~ 2

c;=1 hll=1

and
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Result 7. Rizzo and Rust (2011). Define the estimator for the replicate total of the variable of

interest y for each replicate r as
P=2. 0, 0w

iEsp kESs;

where the first-stage weight is w; = ;! and the second-stage weight is wy,. Also, define the estimator

for each replicate total » as
Z Z Z WiW Fer Vi

i€spy kEs;

Divide the second-stage sample s; for first-stage unit i into groups A; and D; are such that A; U D; = s;
and A; U D; = @ . Next, define the replicate factors as

=il—a;p Jj ED;

1+ ar,h ] € Ai
P, {
1 otherwise

Then with the previous replicate factors, the replicate variance estimator is equivalent to a s»swr variance
estimator where the sample units of 4; and D; are treated as clusters selected with replacement, i.e.,

Z(Y—Y) zz Z(YAL ,)"

Proof. Beginning with the difference

v, -Y= Z Z Z Wy Wi Fpe i — Z Z Z WiWg Vi

h i€esp sy i€sy s;

Z Z Z (Wiwi Fier vk — Wwiwg )
iESp kEsl

Z Z Z (Wiwi Fieryie — wiwge Vi) + Z (WiW FierYie — WiWie Vi)
iE€sp keAi keD;

Z Z Z (Wi (1 + any)ye—wiye) + Z (Wie(1 — any)yre—wiyk)
iESp kEAi k€ED;

ZZ Z Wi ((1+ahr }’k+ Z Wi ah,r)_l)yk
iESp kEAl k€ED;

z Z z WkQnrYr — z WkQnr Yk
i€sp | kEA; KED;

z Z Wiap r Z WiV — Z Wk Yk
i€Esy KEA; KED;
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where ¥, = Z Wik » Yp, = Z Wi yi,and ¥; =Y, + 1.
keEA; keED;
then
?r-?=2 ahr(YA %,)
h i€s h
Next, square the difference
2
(7, - 7)° Z N —am(fa, ~ Po,)
iESp
11 N . - .
z z ah_ T(YAl YD ) + z z Z T , ,T(YAzi - YDZL') (YAZL" - YDZL")
h i€sqp h' iespi’ Esh
h'#h i’ =i
Further
7 _p 11 ~ - - -
DA YW ZHCEIORS YW IPIPIPN TR DIURS D
i€Esp i€sp i Esh
hlih i’ #i

LTS T TR T )

}1’ i€sp i ESh
h'#h il #i

since a?. =R and ay ~a,r .. = 0, we can simplify the previous line as
h,r hr%h’r

RZ(Y—Y) ZZ 7 (= o))’

iESp

T

yro - 5 N2 . . . .
Now consider U(Yi) = (YAi - YDL.) as the variance estimator of a srswr variance estimator where the
sample units of A; and D; are treated as clusters selected with srswr.
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