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Abstract 

Space-time Autoregressive–moving-average model with exogenous inputs (STARMAX) 
models how a time-space target field depends on its own and its neighbors' past, and on 
other time-space exogenous inputs (predictor fields). Time-space data arise in many 
physical science studies. The interpretability of STARMAX model makes it highly 
desirable.  
 
There is not a ready to use program that will fit this model. This paper extends the model 
by introducing the similar time-space lag structure to predictor fields. This paper also 
develops and implements a fast Kalman filter parameter estimation and prediction 
procedure that allows missing values in target process, and can be applied on big data.  
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1. Introduction 

 
This is an extension of STARMA model in Pfeifer and Deutsch (1980) and space-time 
ARMAX model in David Stoffer (1986). The model considered here allows predictor 
fields and applies time and space lagged relationship on both target and predictor fields.  

 
In fitting the model, we developed an R package that takes a very similar approach as that 
in R package starma (Cheysson 2016).  
 
 

2. Space-Time ARMAX Model 

 
2.1 Model 𝑺𝑻𝑨𝑹𝑴𝑨𝑿(𝒑𝝀𝟏,…,𝝀𝒑 , 𝒒𝒎𝟏,…,𝒎𝒒 , {𝒓𝒋:𝒖𝒋𝟎,…,𝒖𝒋𝒓𝒋

: 𝒋 = 𝟏,… , 𝑱})  

 
Let 𝒚(𝑡) be the target field and 𝒙𝑗(𝑡), j = 1, …, J, be the jth predictor field at time t. Each 
of them is a vector of n elements representing n space locations.  
 

𝒚(𝑡) =  ∑ ∑ 𝜙𝑘𝑙
𝜆𝑘
𝑙=0

𝑝
𝑘=1 𝑊(𝑙)𝒚(𝑡 − 𝑘) + ∑ ∑ 𝜃𝑘𝑙

𝑚𝑘
𝑙=0

𝑞
𝑘=1 𝑊(𝑙)𝜺(𝑡 − 𝑘) +  

                        ∑ ∑ ∑ 𝛽𝑗𝑘𝑙
𝑢𝑗𝑘
𝑙=0

𝑟𝑗
𝑘=0 𝑊(𝑙)𝒙𝒋(𝑡 − 𝑘)

𝐽
𝑗=1 + 𝜺(𝑡)                                (1) 

where 
p:   the maximum AR time lag, 
𝜆𝑘: the spatial lag for AR time lag k, 
q:   the maximum MA time lag, 
𝑚𝑘: the spatial lag for MA time lag k, 
𝑟𝑗:   the maximum time lag for jth predictor, 
𝑢𝑗𝑘: the spatial lag for jth predictor time lag k (k=0 is allowed), 
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𝜺(𝑡): the random error vector at time t, 𝑽𝒂𝒓(𝜺(𝑡)) = Σ, 
𝑊(𝑙): the space lag operator (more later). 

 
2.1.1 Spatial lag operator 

𝑊(𝑙) is the 𝑙-th spatial lag operator. It is a matrix of n by n where 
 𝑤𝑖𝑗

(𝑙)
≠ 0 only if location j is a 𝑙-th order neighbor of location i 

 Row sum ∑ 𝑤𝑖𝑗
(𝑙)𝑛

𝑗=1 = 1 
 0th order: 𝑊(0) = 𝐼 
 𝑙-th order: 𝑊(𝑙)𝒚(𝑡) is a vector with the ith element (∑ 𝑤𝑖𝑗

(𝑙)
𝑦𝑗(𝑡)

𝑛
𝑗=1 ) being 

the weighted average of 𝑙-th order neighbors of location 𝑖 
 𝑊(𝑙) can be asymmetric. Asymmetric 𝑊(𝑙) is useful is directional locations 

such as high way traffic   
 
2.1.2 Parameters 

AR parameter matrix: a matrix with row for time lag, column for space lag (starting from 
0 for space lag). 

𝜱 = (

𝜙10 ⋯ 𝜙1𝜆𝑎𝑟
⋮ ⋱ ⋮
𝜙𝑝0 ⋯ 𝜙𝑝𝜆𝑎𝑟

)

𝑝 × (𝜆𝑎𝑟+1)

= (
𝝓′1
⋮
𝝓′𝑝

), where  𝜆𝑎𝑟 = max(𝜆1, … 𝜆𝑝) 

 
MA parameter matrix: a matrix with row for time lag, column for space lag (starting from 
0 for space lag). 
 

𝜣 = (

𝜃10 ⋯ 𝜃1𝑚𝑚𝑎
⋮ ⋱ ⋮
𝜃𝑞0 ⋯ 𝜃𝑞𝑚𝑚𝑎

)

𝑞 × (𝑚𝑚𝑎+1)

= (
𝜽′1
⋮
𝜽′𝑞

), where  𝑚𝑚𝑎 = max(𝑚1, …𝑚𝑞) 

 
Predictor parameter matrix: start from 0 for both time and space lag. 

𝜷(𝑗) = (

𝛽00
(𝑗)

⋯ 𝛽0𝑢𝑗
(𝑗)

⋮ ⋱ ⋮

𝛽𝑟𝑗0
(𝑗)

⋯ 𝛽𝑟𝑗𝑢𝑗
(𝑗)
)

(𝑟𝑗+1) × (𝑢𝑗+1)

= (

𝜷′0
(𝑗)

⋮

𝜷′𝑟𝑗
(𝑗)
), where  𝑢𝑗 = max(𝑢𝑗0, … , 𝑢𝑗𝑟𝑗) 

 
 

3. Kalman filter 

 

Kalman Filter is described here briefly because it will be used in this paper to 
both fit and predict the model.  
 
3.1 State-space form 

 
The models of our interest can be written in the following state-space form. 
 

State equation:   𝒛𝒕 = 𝑭𝒛𝒕−𝟏 + 𝜼𝒕 + 𝜞𝒖𝒕 
Observation equation:  𝒚𝒕 = 𝑴𝒕𝒛𝒕 + 𝒗𝒕 

where 
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 𝑬(𝒖𝒕) = 𝟎,  𝑬(𝒗𝒕) = 𝟎, 
𝒗𝒂𝒓(𝒖𝒕) = 𝑼,  𝒗𝒂𝒓(𝒗𝒕) = 𝐕  
𝒄𝒐𝒗(𝒖𝒕, 𝒖𝝉) = 𝟎,   𝒄𝒐𝒗(𝒗𝒕, 𝒗𝝉) = 𝟎,    𝒊𝒇 𝒕 ≠ 𝝉, 
𝒄𝒐𝒗(𝒖𝒕, 𝒗𝝉) = 𝟎 for any 𝑡,  𝜏 
 

3.2 Kalman filter 
Let’s denote 

𝐷𝑡 = {𝒚𝝉 : 𝜏 ≤ 𝑡}): the data known upto and including time t.  
One-step ahead prediction and prediction variance of state vector:  

                     �̂�𝑡|𝑡−1 = 𝑬(𝒛𝒕|𝐷𝑡−1),  

𝑷𝑡|𝑡−1 = 𝑬((𝒛𝒕 − �̂�𝑡|𝑡−1)(𝒛𝒕 − �̂�𝑡|𝑡−1)
′
|𝐷𝑡−1)  

       Current prediction of state vector:  
                    �̂�𝑡|𝑡 = 𝑬(𝒛𝒕|𝐷𝑡), 

𝑷𝑡|𝑡 = 𝑬((𝒛𝒕 − �̂�𝑡|𝑡)(𝒛𝒕 − �̂�𝑡|𝑡)
′
|𝐷𝑡) 

 
Predicting equation 

State vector 
– �̂�𝑡|𝑡−1 = 𝑭�̂�𝑡−1|𝑡−1 + 𝜼𝑡 
– 𝑷𝑡|𝑡−1 = 𝑭𝑷𝑡−1|𝑡−1𝑭

′ + 𝜞𝑼𝜞′ 
Observation vector 

– �̂�𝑡|𝑡−1 = 𝑴𝒕�̂�𝑡|𝑡−1 
– 𝑬(𝒚𝑡 − �̂�𝑡|𝑡−1)(𝒚𝑡 − �̂�𝑡|𝑡−1)

′
= 𝑴𝒕𝑷𝑡|𝑡−1𝑴𝒕

′ + 𝑽 
Updating equation 

– �̂�𝑡|𝑡 = �̂�𝑡|𝑡−1 +𝑲𝑡(𝒚𝑡 − �̂�𝑡|𝑡−1) 
– 𝑷𝑡|𝑡 = (𝑰 − 𝑲𝑡𝑴𝑡)𝑷𝑡|𝑡−1 

where   𝑲𝑡 = 𝑷𝑡|𝑡−1𝑴𝑡′(𝑴𝑡𝑷𝑡|𝑡−1𝑴𝑡
′ + 𝑽𝑡)

−𝟏 

 
3.3 Missing values in target variable 
When there are missings in target field 𝒚𝑡, we take the similar approach as that in the 
paper by Kohn and Ansley (1986). We also assume that there are NO missings in 
predictor fields. 
 
Suppose that at time t, among the n locations only 𝑑𝒕 <= n locations have observations. 
Let  𝑳𝒕 = {𝑙1,  𝑙2, … ,  𝑙𝑑𝒕} denote the 𝑑𝒕  locations at time t; 𝑺𝑡 be the indicator matrix with 
𝑑𝒕 rows and n columns such that 𝑺𝑡(𝑖, 𝑙𝑖) = 1  at location with observation, and = 0 if 
missing. If there are no missings, 𝑺𝑡 = 𝑰. Let  𝒚𝒕∗ = 𝑺𝑡𝒚𝑡,  𝑴𝒕

∗ = 𝑺𝑡𝑴,   𝒗𝒕
∗ = 𝑺𝑡𝒗𝒕. The 

State-space form when there are missing becomes 
 

State equation:  𝒛𝑡 = 𝑭𝒛𝑡−1 + 𝜼𝑡 + 𝜞𝒖𝑡 
Observation equation:  𝒚𝒕∗ = 𝑴𝒕

∗𝒛𝑡 + 𝒗𝒕
∗ 

 
Note that only observation equation is changed. Replace  𝒚𝑡 ,𝑴𝒕, 𝒗𝑡 by 𝒚𝒕

∗,𝑴𝒕
∗, 𝒗𝒕

∗ in the 
Kalman recursion, everything should work. 

 
 

4. Parameter Estimates 
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Kalman filter is a recursive algorithm commonly used in time series analysis for 
prediction. Kalman filter can also be used to directly estimate the parameters if 
using the appropriate state space form of the model by setting up the parameter 
vector as the state vector. The algorithm we will use are based on the article by 
Cipra and Motyková (1987). 
 
Model in eq (1) can be rewritten as: 𝒚𝑡 = 𝑿𝑡𝒃 + 𝜺𝑡 with 𝒓(𝜺(𝑡)) = Σ , b is the parameter 
vector including all parameters  

𝒃′ = (𝝓1
′ , … ,𝝓p

′ , 𝜽1
′ , …𝜽q

′ , 𝜷0
(1)′
, … ,  𝜷𝑟1

(1)′
, … , 𝜷0

(𝐽)′
, … , 𝜷𝑟𝐽

(𝐽)
′), 

and 𝑿𝒕 is a matrix with following columns corresponding to AR, MA and predictors 
components 

𝑿𝒕 = (𝑊
(0)𝒚𝑡−1,  𝑊

(1)𝒚𝑡−1, …𝑊
(𝜆𝑎𝑟)𝒚𝑡−1,  … ,𝑊

(0)𝒚𝑡−𝑝,  … ,𝑊
(𝜆𝑎𝑟)𝒚𝑡−𝑝,    

            𝑊(0)𝜺𝑡−1,  … ,𝑊
(𝑚𝑚𝑎)𝜺𝑡−1,    … ,   𝑊

(0)𝜺𝑡−𝑞 ,  … ,𝑊
(𝑚𝑚𝑎)𝜺𝑡−𝑞 ,            

            𝑊(0)𝒙1,𝑡,  … ,𝑊
(𝑢)𝒙1,𝑡,   … ,   𝑊

(0)𝒙1,𝑡−𝑟1 ,  … ,𝑊
(𝑢1)𝒙1,𝑡−𝑟1 ,           

                                                                … 
𝑊(0)𝒙𝐽,𝑡 ,  … ,𝑊

(𝑢𝐽)𝒙𝐽,𝑡,   … ,   𝑊
(0)𝒙1,𝑡−𝑟𝐽 ,  … ,𝑊

(𝑢𝐽)𝒙1,𝑡−𝑟𝐽)  
 

State space representation for parameter estimation 
State equation:   𝒃𝑡+1 = 𝒃𝑡 
Obs equation:  𝒚𝑡 = 𝑿𝑡𝒃𝑡 + 𝜺𝑡 

where 𝑏𝑡 is the parameter estimate of b at time t given all information up to and including 
time t 

 
Apply the Kalman filter on above state space representation 

For time t = 1, …, T 
– Denote 𝒃𝑡 = �̂�𝑡|𝑡,   𝑷𝑡 = 𝑷𝑡|𝑡 
– Given 𝒃𝑡  &  𝑷𝑡, when new 𝒚𝑡+1& 𝑿𝑡+1 are available,  update by 

𝒃𝑡+1 = 𝒃𝑡 +𝑲𝑡+1(𝒚𝑡+1 − 𝑿𝑡+1𝒃𝑡) 
𝑷𝑡+1 = 𝑷𝑡 −𝑲𝑡+1𝑿𝑡+1𝑷𝑡 
where  𝑲𝑡+1 = 𝑷𝑡𝑿′𝑡+1(𝑿𝑡+1𝑷𝑡𝑿′𝑡+1 + 𝜮𝑡+1)−𝟏 
 

Final estimate:   𝒃 = 𝒃𝑻 
 

5. Prediction 
Here parameters are known and we want to predict into future using the STARMAX 
model. The state space form used to estimate the parameters is not appropriate to do 
prediction since we need the parameters to be fixed at each time step when we do 
prediction. 

 
Model in eq (1) can be written as 

State equation:   𝒛𝑡 = 𝑭𝒛𝑡−1 + 𝜼𝑡 + 𝜞𝜺𝑡 
Observation equation:  𝒚𝑡 = 𝑴𝒛𝑡 
    

where  
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𝜞 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑊(0)

𝑊(1)

⋮
𝑊(𝜆𝑎𝑟)

𝟎
𝟎
𝑊(0)

𝑊(1)

⋮
𝑊(𝑚𝑚𝑎)

𝟎
𝟎
0
0
0
⋮
0
0
0 )

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

,   𝜼𝑡 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝟎
𝟎
𝟎
𝟎
𝟎
𝟎

𝑊(0)𝒙1,𝑡+1
⋮

𝑊(𝑢1)𝒙1,𝑡+1
𝟎
𝟎
⋮

𝑊(0)𝒙𝐽,𝑡+1
⋮

𝑊(𝑢𝐽)𝒙𝐽,𝑡+1
𝟎
𝟎 )

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

,  𝑴 = (𝑰𝑛, 𝟎,  … ,  𝟎),  

and z, F are in very complicated form 

𝒛𝑡−1 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝒛𝑎𝑟,𝑡−1
(1)

𝒛𝑎𝑟,𝑡−1
(2)

𝒛𝑎𝑟,𝑡−1
(3)

𝒛𝑚𝑎,𝑡−1
(1)

𝒛𝑚𝑎,𝑡−1
(2)

𝒛𝑚𝑎,𝑡−1
(3)

𝒛𝑥1,𝑡−1
(1)

𝒛𝑥1,𝑡−1
(2)

𝒛𝑥1,𝑡−1
(3)

⋮

𝒛𝑥𝐽,𝑡−1
(1)

𝒛𝑥𝐽,𝑡−1
(2)

𝒛𝑥𝐽,𝑡−1
(3)

)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

where 

𝒛𝑎𝑟,𝑡−1
(1)

= (
𝑊(0)𝒚𝑡−1

⋮
𝑊(𝜆𝑎𝑟)𝒚𝑡−1

) ,  𝒛𝑎𝑟,𝑡−1
(2)

=

(

 
 
 
 
 

𝑊(0)𝒚𝑡−2
⋮

𝑊(𝜆𝑎𝑟)𝒚𝑡−2
⋮

𝑊(0)𝒚𝑡−𝑝+1
⋮

𝑊(𝜆𝑎𝑟)𝒚𝑡−𝑝+1)

 
 
 
 
 

, 𝒛𝑎𝑟,𝑡−1
(3)

= (

𝑊(0)𝒚𝑡−𝑝
⋮

𝑊(𝜆𝑎𝑟)𝒚𝑡−𝑝

) 
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𝒛𝑚𝑎,𝑡−1
(1)

= (
𝑊(0)𝜺𝑡−1

⋮
𝑊(𝑚𝑚𝑎)𝜺𝑡−1

) , 𝒛𝑚𝑎,𝑡−1
(2)

=

(

 
 
 
 
 

𝑊(0)𝜺𝑡−2
⋮

𝑊(𝑚𝑚𝑎)𝜺𝑡−2
⋮

𝑊(0)𝜺𝑡−𝑞+1
⋮

𝑊(𝑚𝑚𝑎)𝜺𝑡−𝑞+1)

 
 
 
 
 

,  𝒛𝑚𝑎,𝑡−1
(3)

= (

𝑊(0)𝜺𝑡−𝑞
⋮

𝑊(𝑚𝑚𝑎)𝜺𝑡−𝑞

), 

𝒛𝒙𝑗,𝑡−1
(1)

= (

𝑊(0)𝒙𝒋,𝑡
⋮

𝑊(𝑢𝑗)𝒙𝑗,𝑡

) , 𝒛
 𝒙𝑗,𝑡−1

(2)
=

(

 
 
 
 
 

𝑊(0)𝒙𝑗,𝑡−1
⋮

𝑊(𝑢𝑗)𝒙𝑗,𝑡−1
⋮

𝑊(0)𝒙𝒋,𝑡−𝑟𝑗+1
⋮

𝑊(𝑢𝑗)𝒙𝑗,𝑡−𝑟𝑗+1)

 
 
 
 
 

, 𝒛𝒙𝑗,𝑡−1
(3)

= (

𝑊(0)𝒙𝒋,𝑡−𝑟𝑗
⋮

𝑊(𝑢𝑗)𝒙𝑗,𝑡−𝑟𝑗

)  , 

and 
 

𝐹 =

(

 
 
 
 
 
 
 
 
 
 
 

𝐹𝑎𝑟
(1)

𝐹𝑎𝑟
(2)

𝐹𝑎𝑟
(3)

𝐹𝑚𝑎
(1)

𝐹𝑚𝑎
(2)

𝐹𝑚𝑎
(3)

𝑭𝑥1
(1) 𝑭𝑥1

(2) 𝑭𝑥1
(3) ⋯ 𝑭𝑥𝐽

(1) 𝑭𝑥𝐽
(2) 𝑭𝑥𝐽

(3)

𝐼 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 ⋯ 𝟎 𝟎 𝟎
𝟎 𝑰 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 ⋯ 𝟎 𝟎 𝟎
𝟎 𝟎 𝟎(𝑚𝑚𝑎+1)𝑛 × (𝜆𝑎𝑟+1)𝑛

𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 ⋯ 𝟎 𝟎 𝟎

𝟎 𝟎 𝟎 𝐼 𝟎 𝟎 𝟎 𝟎 0 … 0 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎 𝐼 𝟎 𝟎 𝟎 𝟎 ⋯ 0 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎 𝟎 𝟎(𝑢1+1)𝑛 × (𝑚𝑚𝑎+1)𝑛

𝟎 𝟎 𝟎 ⋯ 0 𝟎 𝟎

𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 𝑰 𝟎 𝟎 ⋯ 𝟎 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 𝐼 𝟎 ⋯ 𝟎 𝟎 𝟎
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮
𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 ⋯ 𝟎 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 ⋯ 𝐼 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎 0 𝟎 𝟎 𝟎 𝟎 ⋯ 𝟎 𝐼 𝟎 )

 
 
 
 
 
 
 
 
 
 
 

 

 
where 

𝐹𝑎𝑟
(1) = 𝝓′1⨂(

𝑊(0)

𝑊(1)

⋮
𝑊(𝜆𝑎𝑟)

) ,   𝐹𝑎𝑟
(2)
= (𝝓′

2
,  … ,  𝝓′

𝑝−1
)⨂(

𝑊(0)

𝑊(1)

⋮
𝑊(𝜆𝑎𝑟)

),  𝐹𝑎𝑟
(3)
= 𝝓′p⨂(

𝑊(0)

𝑊(1)

⋮
𝑊(𝜆𝑎𝑟)

),    

 

𝐹𝑚𝑎
(1) = 𝜽′1⨂(

𝑊(0)

𝑊(1)

⋮
𝑊(𝜆𝑎𝑟)

) ,   𝐹𝑚𝑎
(2)
= (𝜽′2,  … ,  𝜽

′
𝑞−1)⨂(

𝑊(0)

𝑊(1)

⋮
𝑊(𝜆𝑎𝑟)

),  𝐹𝑚𝑎
(3)
= 𝜽′𝑞⨂(

𝑊(0)

𝑊(1)

⋮
𝑊(𝜆𝑎𝑟)

),   

𝐹𝑥𝑗
(1) = 𝜷′𝒋,𝟎⨂(

𝑊(0)

𝑊(1)

⋮
𝑊(𝜆𝑎𝑟)

) ,   𝐹𝑥𝑗
(2)
= (𝜷′

j,1
,  … ,  𝜷′

𝑗,𝑟𝑗−1
)⨂(

𝑊(0)

𝑊(1)

⋮
𝑊(𝜆𝑎𝑟)

),  𝐹𝑥𝑗
(3)
= 𝜷′

𝑗,𝑟𝑗
⨂(

𝑊(0)

𝑊(1)

⋮
𝑊(𝜆𝑎𝑟)

),   

 
State-space form when there are missing 

State equation:               𝒛𝑡 = 𝑭𝒛𝑡−1 + 𝜼𝑡 + 𝜞𝜺𝑡 
Observation equation:  𝒚𝒕∗ = 𝑴𝒕

∗𝒛𝑡 = 𝒛𝑡[𝑳𝒕] 
where 𝑳𝒕 and 𝑆𝑡 are the same as before.  
 
Kalman filter prediction 

Predicting equation 
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    State vector 
                𝒛𝑡|𝑡−1 = 𝑭𝒛𝑡−1|𝑡−1 + 𝜼𝑡 
                𝑷𝑡|𝑡−1 = 𝑭𝑷𝑡−1|𝑡−1𝑭′ + 𝜞𝜮𝜞′ 
    Observation vector 
                �̂�𝑡|𝑡−1∗ = 𝑴𝒕

∗𝒛𝑡|𝑡−1 = 𝒛𝑡|𝑡−1[𝑳𝒕] 
                �̂�𝑡|𝑡−1∗ = 𝒚𝒕

∗ − �̂�𝑡|𝑡−1
∗  

                𝜮𝑡|𝑡−1∗ = 𝑬�̂�𝑡|𝑡−1
∗ (�̂�𝑡|𝑡−1

∗ )
′
= 𝑴𝒕

∗𝑷𝑡|𝑡−1𝑴𝒕
∗′ = 𝑷𝑡|𝑡−1[𝑳𝒕, 𝑳𝒕] 

                𝜮 = 𝑷𝑡|𝑡−1[1: 𝑛, 1: 𝑛] 
Updating equation 
                𝒛𝑡|𝑡 = 𝒛𝑡|𝑡−1 +𝑲𝑡∗�̂�𝑡|𝑡−1∗  
                𝑷𝑡|𝑡 = (𝑰 − 𝑲𝑡∗𝑴𝒕

∗)𝑷𝑡|𝑡−1 = 𝑷𝑡|𝑡−1 −𝑲𝑡
∗𝑷𝑡|𝑡−1[𝑳𝒕, ] 

              where 
                𝑲𝑡∗ = 𝑷𝑡|𝑡−1𝑴𝒕

∗′(𝜮𝑡|𝑡−1
∗ )

−𝟏
= 𝑷𝑡|𝑡−1[, 𝑳𝒕](𝜮𝑡|𝑡−1

∗ )
−𝟏 

 
 

6. An R package: starimax 

 
An internal R package “starimax” is developed for Zurich Insurance Company for 
some projects.  

 
 

7. Simulation Example 

7.1 Data simulation 
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We will simulate some data for the 13 locations from the example road network 
given Figure 1 by KAMARIANAKIS & PRASTACOS (2002) 

 
FIGURE 1. The typical road network tree structure for traffic flow. The dots 
represent measurement locations and the arrows the direction of flow.  
(KAMARIANAKIS & PRASTACOS 2002) 
 

The 𝑊(0),𝑊(1),𝑊(2) are 
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Model 
We will simulate data using above neighborhood matrices from following model. 
 
𝒚𝑡 = 0.4𝑊

(0)𝒚𝑡−1 + 0.25𝑊
(1)𝒚𝑡−1 + 0.25𝑊

(0)𝒚𝑡−2 −.3𝑊(1)𝜺𝑡−1 + 0.6𝑊
(0)𝒙𝑡−1 + 𝜺𝑡 

 
True parameter values 
                𝜱 = (

0.4 0.25
0.25 0

), 𝜣 = (0 −0.3), 𝜷 = ( 0
0.6
) 

 
7.2 Code for simulation and estimating parameters 

 
library(MASS) 
library(starimax) 
# Simulate DATA, STARMA(2_(1,0), 1_(1)) with 1 predictor 
n=13 
epsi = mvrnorm (200, mu=rep(0,n), Sigma = diag(n) 
sim <- epsi 
x = mvrnorm (200, mu=rep(0.1,n), Sigma = diag(rep(0.6,n)) ) 
for (t in 3:200) { 
  sim[t,] <- (.4* nbrwtlist[[1]] + .25*nbrwtlist[[2]]) %*% sim[t-1,] + 
                   (.25*nbrwtlist[[1]]                 ) %*% sim[t-2,] + 
                  (                - .3*nbrwtlist[[2]]) %*% epsi[t-1,] + 
                  0.6*nbrwtlist[[1]]%*% x[t-1,] +   epsi[t, ] 
} 
y = sim[101:200,] 
x=x[101:200,] 
 
#Fit starmax model 
ar_nonZeroMx <- matrix(c(1,1,1,0), 2, 2)        # phi indicator matrix with 1 indicating the 
non-zero parameters  
ma_nonZeroMx <- matrix(c(0,1), 1, 2)            # theta indicator matrix  
beta_nonZeroMx = matrix(c(0,1), 2, 1)           # beta indicator matrix 
model_fit <- starimax(datalist=list(y,x), wlist=nbrwtlist, 
     paramatlist=list(ar=ar_nonZeroMx, ma=ma_nonZeroMx, beta=beta_nonZeroMx)) 

 
7.3 Estimated model parameters 
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