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Sample Size Calculation Based on Finite Mixture Model

Zejiang Yang*

Abstract

In a clinical study, the primary endpoint may have different distributions in different cases. Thus,
the primary analysis could be based on the finite mixture model. In order to consider these different
distributions, this paper will present a method of sample size calculation based on the finite mixture
model. We assume that the components in the finite mixture model are normally distributed and
the corresponding mixing proportions have a multinomial distribution. According to the Central
Limit Theorem, the sample size can be determined using sample mean and variance of this finite
mixture model, which are calculated through the conditional expectation and conditional variance.
This method is applied to an example for showing the impact of different assumptions on the sample
size calculation.
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1. Introduction

In clinical studies, subjects may respond to treatment quite differently. This may depend on
genetic polymorphism or other baseline characteristics. Thus a finite mixture model is an
appropriate choice in modeling and analyzing these clinical data. Kessler and McDowell
(2012) introduced SAS FMM Procedure for analyzing data with finite mixture models.
Schlattmann P. (2009) discussed finite mixture models in much details.

However, available statistical literature, and many current statistical sample size soft-
ware such as PASS, nQuery and SAS do not provide a direct solution on the sample size
calculation based on the finite mixture model. While the primary endpoint in a clinical
trial follows a finite mixture model, how to calculate the sample size for this study is a
major interest. This motivates my research on sample size calculation based on a finite
mixture model. In this paper, we assume that the components in the finite mixture model
are normally distributed and the corresponding mixing proportions have a multinomial dis-
tribution.

2. Model Setting

Assume that the primary endpoint in a clinical study follows a finite mixture model. Let Y
and Y be the primary endpoints for active treatment group and control group respectively,
which can be simply expressed in the following notation:

Yr ~ S piXu Yo~ K peiXei (D

We may further assume that

e Fori=1,2,..K,
E(Xy)=mwi Var(Xy) = UtQi
E<Xcz) = Hei Var<Xci) = U?i
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e p;; and p.; are the probability of belonging to category 7 for active treatment group
and control group respectively, and E(py;) = 604; and E(pe;) = 6.;, where Z{il 0y =
land K 6, = 1.

Note py; (pe;) fori = 1,2, ... K are dependent.

Let us denote Fip(x) and Fo(z) are the distribution functions of Y7 and Y respec-
tively, Fy;(x) and F;(z) are the distribution function of Xy; and X,; respectively, then
based on Theorem of Total Probability,

Fr(z) = YK puFu(z) Fo(z) = XK, peiFu(z)

Thus their corresponding density functions fr(z), fo(x), fu(x) and f.(x) have the
following relationship:

fr(@) =K pufu(r) folz) = S5, peifelz) 2

which are the common definition of the finite mixture model.

3. Statistical Properties

Assume that in a clinical study, the primary endpoint is observed for n subjects in active
treatment group and n subjects in control groups respectively. For active treatment group,
1=1,2, .. Kandj=1,2,...n, let

1 if jth subject in category ¢

Zyij = Jth subj gory 3)
0 otherwise

then npy; = 2?21 Zyij (0 = 1,2,...K ) has a multinomial distribution with parameters n
and 041, 042, .... 0. Similarly for control group, Z;; has similar definition as in (3), thus
NPe; = Z}‘:l Z;j has a multinomial distribution with parameters n and 6.1, 0.2, ... Ock.
Note that

E(pu) =0  E(Pei) = 0ci 4
A n—l&ie- A n—l@ie-
E(pripr;) = (n = Dfrith; n) U E(peipe) = (1= Dbeibe; rz “
R nn—lG%—i—nQi R nn—l@fi—i—nﬁci
E(p%z) = ( 31; : E(pZz) = ( ,)ng

Thus fori =1,2...K,and j = 1,2,...K (i # j)

R . . 04 (1 — 0y

Var(py) = E(P?i) - (E(pm‘))Q = t(nt) (5)

L 01045
Cov(pui, pry) = —— 6)

Similarly, o (1_a
Var(pe) = M @)
n

~ ~ eciec'

Cov(Pei Pey) = === ®

Assume Xy;1, Xyi2, ... Xyin,, are the ny; samples from active treatment group and category
1 (¢t =1,2..., K), where Zfil ng = n, and X1, Xei2, ... Xein,,; are the ng; samples from
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control group and category i (¢ = 1, 2..., K), where Z —1 N¢i = n. Then the sample mean
for active treatment group is

K ng
n
Z ZXt’l] - Z i th - Zpthtz (9)
i=1j5=1
where py; = ny; /n, and
1 Ntg
th - Z Xt’L_] (10)
ntzj 1

which is the sample mean for active treatment group in category ¢, thus E (XtilPei) = poes
and Var(Xy|pu) = 02 /nu = o /(npr). From (4) to (6),
pe = E(Xy) =YK E(puXu) = Y8, ElpuB(Xulpe)]
= S5 B () = 315y i
Var(piXu) = Var[E(ﬁti):(timti)] + E[VGT(ﬁti):(tﬂﬁti)]
= Var[p, E(Xulpu)] + QE[ﬁ%iVaT(XtHﬁti)]

o7
= Var[pyps] + E[ph—L

o O o
= pVar[pu] + #E (D]
_ pi (1 — 0y) + 0704
n

(11

and for ¢ # j,

Cov(priXis PrjXe;) = E(PriXeibej Xej) — E(DriXei) E(Prj Xij)
= Elpripe; E(Xei|pri) E( X+ |Prj )]
—E[pti E(Xti|pi) | E [Pt E(Xt5]De;)]
= ptipg[E(Dribry) — E(Dri) E(Prj)] (13)
= Mti/itjcov(ﬁtiyﬁtj)
i By
n

Therefore

K
U
V(LT’(Xt Z ,Utzetz gtl + Utzetl)

-2 Z /"Ltl/’[’tjgt’bgtj]
I<=i<j<=K

(14)

Similarly for control group,

K
He = E(Xc) = Zﬂcieci (15)
i=1

2 1 K

—= = *[Z(Ngieci(l —0ci) + 020ci)

NG (16)
-2 Z /Lci,ucjeciecj]

I<=i<j<=K

Var(X.) =
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4. Sample Size Calculation

Let the sample mean difference between active treatment group and control group be

K K
D=Xi—Xc=Y puXei— Y PeiXei (17)
i=1 i=1
Then
B - K
pp = E(Xy) — B(Xe) =Y (i — preifei) (18)
i=1
2 o o o} + 02
Var(D) =op = Var(X;) + Var(X,) = —= (19)
n
For a large sample size n, - -
X — X, —
t c— KD (20)
oD
approximately has a standard normal distribution. Thus
X — X
4ot T fe 1)
oD

has a normal distribution with mean of u* = pp/op and standard deviation of 1, which is
denoted as N (u*, 1). Under Hypothesis

Ho:pp=pe Ha:pe > fie

the statistical power

X — X,
P(% > 20) = P(N(*,1) > 20) = P(N(0,1) > 24 — ") =1— 8 (22)
Thus z, — p* = —zg, it can easily derived that the sample size per group is
2o + 23\ 2
n = (0} + o?) (aﬂ) 03
20)

The above sample size calculation is based on one-sided test. For two-sided test, we only
replace o with /2 in (23).

5. Example

Assume that the primary variable in active treatment group and control group follows the
mixture models with two components.

Y ~ peN(pe, 071) + (1 — p) N (a2, 07)

Yo ~ peN (pe1, 0%) + (1= pe) N (2, 025)

where p; follows a binomial distribution B(n, ;) and p. follows a binomial distribution
B(n,0.). Table 1 shows the sample size results under different scenarios.
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Table 1: Sample Size Based on a Finite Mixture Model

O per 2 on o Oe pe pe2 O 02«  Power n
03 5 8 6 7 03 4 5 6 6 0.05 0.8 90
04 5 8 6 7 04 4 5 6 6 0.05 0.8 106
05 5 8 6 7 05 4 5 6 6 0.05 0.8 126
06 5 8 6 7 06 4 5 6 6 0.05 0.8 152
07 5 8 6 7 07 4 5 6 6 0.05 0.8 189
03 5 8 6 7 03 4 5 6 6 0.05 0.9 124
04 5 8 6 7 04 4 5 6 6 0.05 0.9 146
05 5 8 6 7 05 4 5 6 6 0.05 0.9 174
0.6 5 8 6 7 06 4 5 6 6 0.05 0.9 211
07 5 8 6 7 07 4 5 6 6 0.05 0.9 261

6. Summary

This paper developed a sample size calculation method for a finite mixture model under
the assumptions that the components in the finite mixture model are normally distributed
and the corresponding mixing proportions have a multinomial distribution. Actually, it can
be seen from Section 3 that this method is also applied to the situation when the compo-
nents in a finite mixture model are not normally distributed. This method can incorporate
information from all components of a finite mixture model into the sample size calculation.
The sample size can be determined using sample mean and variance of the finite mixture
model, which are calculated through the conditional expectation and conditional variance.
It is recommended to use this method in those cases when the primary endpoint in a clinical
study follows a finite mixture model.
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