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Influence of Biological Conditions to Temporal Gene Expressions Based on
Variance Analysis

Dianliang Deng* Kian Razeghi Jahromi' Zaiying Zhou?

Abstract

Temporal gene expression data are of particular interest to researchers as they contain rich infor-
mation in characterization of gene functions and have been widely used in biomedical studies and
cancer early detection. In contrast to the rich literature on how to estimate the gene expressions
over the time under a given condition, few researchers consider identifying the different effects of
multiple conditions on the gene expression profiles. Besides its intrinsic effect, a gene has various
expression patterns under different biological conditions and these conditions result in the varia-
tion of gene expression variance. In this paper, we will investigate the effects of conditions to the
gene expressions and then classify the conditions according to the variational variance functions of
gene expressions. We propose a non-linear regression model with log-normal distribution to char-
acterize the variance functions of genes under the given conditions. Then, based on the parameter
estimates, a chi-square test is proposed to test the equality of variance functions for different con-
ditions. Furthermore, the Mahalanobis distance is used for the classification of conditions. The
proposed methods are applied to the dataset of 18 genes in P. aeruginosa expressed in 24 biological
conditions. The simulation studies show that our methods are well performed for the classification
of conditions for the temporal gene expressions.

Key Words: Temporal gene expressions, log-normal distribution, Mahalanobis distance, variance
analysis, Wald statistic.

1. Introduction

The high throughput gene expression techniques, such as, oligonucleotide and DNA mi-
croarray, serial analysis gene expression (SAGE), etc, make it possible now to quickly
generate huge amount of time series data on gene expression under various conditions
(Bjarnason et al. (2003); Cho et al. (1998); Spellman et al. (1998); Yuan and Lin (2007);
Zhu et al. (2007)). A general goal common to many of these time course experiments is
to collect gene expression time series in multiple biological conditions such as different
cancer tumor types or different treatments, identify genes that exhibit different temporal
expression profiles across multiple biological conditions. These data usually have several
main features: containing large scale of data set, having many genes, being measured over
many time levels, involving multiple conditions.

In the data analysis of temporal gene expressions, most literature focuses on detecting
temporally differentially expressed genes between two experiment conditions. Hong and
Li (2006) identified genes with different time-course expression profile using functional
hierarchical models. Yuan and Kendziorski (2006) proposed a hidden Markov modeling
(HMM) method to efficiently distinguish differentially expressed genes at each time point
and classify genes based on their temporal expression patterns. This method can be used
not only to compare two or more biological conditions over the short and long time series,
but also to pinpoint the genes that have different expression profiles across conditions. Fang
et al. (2012) proposed the non-linear regression model vis spline method to characterize
the relative change rate of genes to classify the gene expressions.
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Besides its intrinsic effect, a gene has various expression patterns under different bio-
logical conditions and these conditions result in the variation of gene expression variance.
In fact, it is the dispersions of gene expressions not their expectations that reflect the effects
of biological conditions because under different conditions, the mean functions of gene ex-
pressions do not have a big change but the variance functions may differ from each other
tremendously. For example, for a contrast experiment with a control group and a treatment
group, the gene profiles for two groups may have a similar expression but have totally dif-
ferent variations. The genes in the control group have a small dispersion but the variances
of genes in treatment group could vary largely. However, to our knowledge, there is no
discussion about the classification of biological conditions.

The goal of this article is to investigate the influence of conditions to the gene ex-
pressions and then classify the conditions according to the variance analysis of data from
temporal gene expressions. The interest is the dispersion function over time for all genes
together under a given condition and then compare the differences among all dispersion
functions obtained under all conditions. We need to estimate the variance function under
each condition. Afterward we assess whether two conditions have a similar effect to genes
by testing the similarity of two variance functions, and conduct the classification to all
conditions by using the obtained estimators of variance functions.

Toward these end, we need first to estimate the variance functions. In fact, the variance
function estimation plays an important role in many contexts. Excepts their own interest,
variance function estimates are needed to construct confidence intervals/bands for the mean
function and compute weighted least squares estimates of the mean function. Relative to
mean function estimation, the literature on variance function estimation is sparse. The ex-
isting methods include kernel, polynomial and wavelet procedure. Miiller and Stadtiiller
(1987, 1993) considered difference based kernel estimators of the variance function. Hall
and Carroll (1989) proposed kernel estimators of the variance function based on the squared
residuals from a rate optimal estimator of the mean function. Ruppert et al. (1997) and Fan
and Yao (1998) used local polynomial smoothing of the squared residuals from an optimal
estimators of the mean function. Moreover, Brown and Livine (2007) established asymp-
totic normality for a class of difference-based kernel estimators of variance function and
Wang et al. (2008) derived the minimax rate of convergence. More recently, Cai and Wang
(2008) considered a wavelet thresholding approach to adaptive variance function estimation
in heteroscedastic nonparametric regression. However, the shortcoming in the aforemen-
tioned methods is that the variance function is estimated locally and there is no explicit
global expression for estimator of the variance function over the time and thus it is very
difficult to make the comparison for obtained estimators. Therefore in current paper we
will develop an order-dependent thresholding approach to estimate the variance function in
parametric regression model and give a global form of estimator for the variance function.
Further by choosing the common order-dependent threshold knots for all estimators of the
variance functions, we can compare whether two variance functions have a similar behavior
and make the classification to all variance functions.

The rest of this paper is organized as follows. The method for estimation of variance
function is proposed in Section 2. In Section 3, the statistic to test the equality of variance
functions for two biological conditions is derived and the simulation studies are conducted
in Section 4. The proposed strategy is illustrated with a data set of 18 genes in P. Aeruginosa
expressed in 24 conditions in Section 5 and the concluding remarks are given in Section 6.
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2. Estimation of Variance Function

Let Y;(t) be the value of the i-th gene curve at time ¢ and write
Yi(t) = py () + €(t) M

where ¢;(t) is the random noise with zero mean and variance o2(t). Also, let Y ;(¢;) =
(Yi(ti1), ey Yi(tipi))T be the vector of p; observations for gene ¢ and ¢; = (¢;1, ..., tl-pi)T
be the corresponding vector of times at which these measurements are made for genes ¢ =
1,2,...,g. Also, it is assumed that the expected value of Y;(¢;) is uy (t;) = (uy (ti1), ...,
,uy(tipi))T and covariance matrix is Xy with (r, s) entry 0,5 = cov(Y;(t,), Y;i(ts)) for
(r,s=1,2,...,p;)

To estimate the variance function of this model, we define

Xi(t) = (Yilt) — oy ()2 @)

and
Xi(ti) = (Xi(ta), Xi(tiz), ..o, Xi(tip,))" 3)

Furthermore, we need to determine a reasonable distribution for X ;(¢;). The reasonable
assumption is to consider that X;(t;;) for j = 1,...,p;, and ¢ = 1, ..., g relatively follows
the chi-square distribution. In this situation we are dealing with multivariate data sets, we
should therefore consider the Wishart distribution which is a multivariate distribution and
it is a well-known distribution for interpreting the covariance matrices. However, it is not
easy to find the estimation of covariance matrix under this assumption when we are dealing
with a high-dimensional data set. On the other hand, the known results indicate that the log-
normal distribution offers a good approximation for the chi-square distribution (see Jouini
et al. 2011). Also, the logarithm of the log-normal random variable has a normal distribu-
tion. As a result, this fact can convince us to use the log-normal distribution for estimating
the variance function. Therefore, X ;(¢;) can be considered as multivariate random variable
with log-normal distribution. That s, if set W;(¢;) = [W;(ti1), Wi(ti2), .., Wi(tipi)]T =
log(X;(tn)), log(Xi(ti2)), .., log(X;(tip;))]T, then W;(¢t;) has a multivariate normal
distribution. Let E(Wz (tz)) = Uw (tz) = [MW (ti1)7 ey W (tipi)]T and ZWi 18

diy - dip,

dpil dpipi

Then the density function of multivariate random variable X ;(t;) is

1 1
(x) = , exp |—=(logz — pw, (&) St (logx — pw, (8))]
fx,; () QmP R[Sy, 2P 2y T 5 (log — puw (t:))” Xy (log & — pw (1))
O<zr <oo,7r=1,...,p;
where logx = [logxy,--- ,log xpi}T is a p;-component vector. Moreover, the mean of
Xi(ti)is px (t:) = [ux (tin), -, ux (tip,)]" where px (tir) = exp(uw (tir)+5dpr), 7 =
1, ..., p; (see Kotz et al. 2004) and the covariance matrix is
O‘il .. O’ipl
Yx = .
01,71'1 o U;%'Pi
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where o7, = [exp[(uw (tir) + pw (tis)) + %H X lexp(dys) — 1], 7,8 = 1,..., p;.

To find the variance function o2(¢t) it is enough to compute E[(Y;(t) — 1u(t))?]
E[X;(t)]. In other words, 0% (t) = E[X;(t)] = ux(t). Since MLEs of parameters have
invariant properties, finding the maximum likelihood estimator for o2 () = px (t) is equiv-
alent to finding the ML estimators for puyy (t) and Xy . Before giving the ML estimator for
ww (t) and Xy we consider following assumptions:

(A1) pw(t) is approximated by using a linear combination of a set of truncated power
basis functions. Given a sequence of K interiorknots 0 < 7 < 72 < ... < 7T < T
where 7 is the end time of observations. The regression basis functions of order () are
1, t, t2, ..., @, (t—T)g, : ..,(t—TK)g and we can determine pyy (t) = BT (1),
where B(t) is the vector of ¢(= 1 + @ + K) basis functions:

T
Bt = (1t 2% 1% (¢ =m0 - m)S)

(A2) We assume Sy, = 02G4(B, o) R;(p)G;(8, ) where

1 p|ti1—ti2| p|ti1*tipi|
|tia—ti 1 con o pltiz—tip;]
P p i
R;(p) =
p\tipftul pltz'prml . 1
and
1, /T
exp(3aB" (11)8) 0 - 0
0 exp(aBT(t)B --- 0
Gi(8,0) = . " 3 :
0 s 0 exp(zaB'(ty,)8)
Specially, when observing times are equally spaced then R;(p) is expressed as fol-
lows
p* 1 . e p*pi_Q
R;(px) = : :
p*pi_l p* e 1

where px = plti2—ti1l In particular, when difference between any two adjacent times
is one then p = px.

(A3) py(t) can be considered as the average expression of g gene profiles. There ex-
ist many approaches in the literature that can be used to recover the mean curve
wy (t), including kernel, local polynomial, smoothing splines, regression splines and
wavelet-based methods among others. We can choose one of existing methods to
estimate the function uy (t), denote by iy (¢) the estimator of iy (¢). Here, py (t) is
estimated by fitting local lines in one dimensional based on the pooled data from all
gene expressions, which minimizes

iiff <tirh_ t) (yir — aor — o1e(t — tir))?

i=1 r=1

with respect to a; and a; where K and h are kernel and bandwidth, respectively.
The local estimator of iy (t) is given by fiy (t) = époy.
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Now let wops = (wi(t1), wa(ts), ..., w,(t,))T be the observed data from the matrix of
the random variables Wops = (Wi(t1), Wa(ta),..., Wg4(t,)). Based on the previous
assumptions the likelihood function for the parameters @ = (3, a, 7, p) is

£(0|w0bs) = ﬁ(ﬁ? Oé, 027 p‘wobs)

g
=11 [(2@—’5 1S, |72 exp {—;(wi — B"B) Sy} (w; - BTﬁ)H 4)
=1

In general, the gene expression profiles are recorded simultaneously with the equal number
of equally spaced observed times. Therefore we can assume that p; = p and the all gene
expression profiles share the common observing time points t = (1,12, ...,t,) for i =
1, ..., g. In this situation, we have that Sy, = Sy = 0?G(8, o) R(p)G(8, o) where

1 o - ppfl

1 ... pp—2

rRp)=| T
PPl p e 1

B = (B(t1,), B(t2), ..., B(tp)) and G(B, ) = diag(exp(5 ozBT(tl),B .,exp(%aBT(tp)ﬁ).
Thus, the likelihood (4) can be simplified as:

L(0|wobs)

g g
= (210%)" % [[IGRG|™/?exp {Z —%(wi - BTB)TG'R'G (w; — BTﬁ)}
=1 =1

g
— (270) % |G| Y| R exp {Z ~ L (wi- BTB)TG T RG (w; - BTB)}

2
o 2
and the log likelihood function of parameter 8 = (3, 02, , p) is
1(8lwors) = log[-Z (Blwans)] = 7 log(2m0?)
1 g
—glog|G| -5 log R) - 53 Z -B"8)'G'R'G" (w; - B"B)

&)

~

From the log likelihood function, the maximum likelihood estimator 0 = (B,62,a,p)

is defined by
0 = arg max [(0|wgp,
gy (Olers)

and based on the normal equations for parameters (3, 02, o, p), the algorithm for the com-
putation of MLEs of parameters (3,02, a, p) and the derivation for expected information
matrix of MLEs are given in Appendix.

Finally, based on invariant properties of MLEs we can obtain the MLE of a}z,(t) =
(02 (t1),...,0%(ty))T as follows

o3 (t) = fix(t) = (exp(w (t1) + d11/2), - exp(fw (tp) + dyp/2))" (6)

where juyy (t,) is the 7" element of fiyy (t) = BT (t)3 and d,., is the r* diagonal element
of
Sw = 62G(B,6)R()G(B,0) (7)
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Further, from (6) and (7), and note that the diagonal elements of 13- do not depend on the
parameter p, the MLE o (¢) can be written as

— 2

o2 (1) = exp{BT (1B + 7 exp(a BT (1)B)). (8)

3. Model-Based Test for Equality of Variance Functions of Two Conditions

In this section we are going to construct an asymptotic test for the equality of variance
functions for two conditions using Wald statistics and Fisher information matrix. The hy-
pothesis which we are interested in is

Hy:o% (t)=o0v.(t)  vs. Hy: oy (t) # ov. (1) 9)
for all t From equation (8), the variance function 0% (¢) is the function of the parameters
B, a, 2. Since the common set of truncated power basis function B(t) is chosen for all

gene expressions, each gene expression curve can be written as
2

0%, (t) = exp{ BT (1), + 7 exp(e BT (1)3,)}. (10)

forr=1,2,...,p
Therefore, from (10) the hypotheses (9) are equivalent to the following:
(/Grv 7”7 ) (/Bs? 57 Oés) Vs. H1 (ﬂrv 7"7 aT) 7&(/857 O‘?, CYS).
The above hypothesis can be tested by using the Wald type statistic:
X2, = (07 — 09 M, (07 — 67) (10
where (8% — 6%) = (8, — B,, o2, ;\S, a, — a,)! and
Mg = Mys(67,65) = cov (6 — 6)

= cov(BF) + cov(0%) = T7H(0}) + I71(8F)

_(Cct+ ot 0
- 0 D'+ D!

with
g —1
cteert = | LBl )R ()G (0B

~1
v [4Breeor pae0n]

-1

Q(p—l)(;;ﬂg) _gprtr(5r+25er)
D'+ D' = (A—pr)" = = e
ro s _gprtr(E4E,Ky)  gtr(E.E+RTTERTIE,)
(T2 1
— P— —1
g(p—1)(1—p3) _ gps tr(Es+EKyp)
+ (7 o A
_gps tr(Es+E:Kp)  gtr(EE4RTIERTIE,)
4(1-p2) 4

and M,s = M (0;5, 9;‘) Furthermore, the derivation of expressions for C,,Cs, D, and D,
is given in Appendix. Also, under the null hypothesis Hy : (3,,02, ;) = (B, 02, ay),
X2, asymptotically has chi-square distribution with N + 3 degree of freedoms (Np is

number of bases in the model).
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4. Simulation Studies

To check the accuracy of ML estimator for estimates j(¢) introduced in second section,
simulation studies were designed. To demonstrate the performance of MLE for the pa-
rameters 3, «, o2, and p in the proposed model, random samples are generated from
multivariate normal random variables with the following three different mean functions:

1\2
Model 1 ww (t) = cos(4nt) — 2 <t - 2> +1

3\ 2
Model 2 pw (t) = sin(4nt) — 2 <t - 4> +1
Model 3 pw (t) = sin(2nt) — cos(27t)

and covariance matrix Xy = 02GRG with

G = diaglexp( oy (1), . exp(g apw (1)

and
1 ) e Pt
) 1 . pP2
R=| . : , :
pPt ) . 1

We consider 25 equally spaced time points between 0 and 1. Meanwhile, p = 0.965, o = 2,
and 02 = 0.2. Let w be the matrix of random numbers

w11 w12 . Wip
w=| " B =i wy)T
Wg1 Wg2 c. Wyp
with p = 25 and g = 20,40 and 60. The first thing we are interested in finding is the dif-
ference between the sample mean and real mean. The sample mean of w is w = %1T'w =
(w1, wa, ..., wpy) wWhere

13
Wy = ;Zw"’ r=1,2,..,p.
=1

Figures 1-3 demonstrate the difference between true mean function uyy(t) and sample
mean w. From Section 2 we considered using BT(t) 3 to approximate the true mean func-
tion pw (t), where B(t) = (1, t, ¢, 3, t*, 15, (t —0.25)%, (t —0.5)%, (t —0.75)%)T
and 3 is the vector of unknown parameters. Since we know W ~ MV N (uw (t), Xw), it
is possible to use the introduced normal equations to estimate 3, o2, a and p. However, it
is not likely to derive the closed forms for the estimators of these four parameters from the
normal equations. we use the iterative algorithm to solve the maximum likelihood equa-
tions for the parameters 3, o2, a and p. The details for the iterative algorithm are given in
the appendix.
The results for the estimates of parameters are given in the following table.

Model  Estimate for Estimate  Estimate  Estimate
B = (B1, B2, B3, B4, Bs, Bs, B, Bs, Bo) for o2 for a for p
1 1.4,1.5,-64.5,-0.1084, 1553, -2297.4, 4391.5, -4161.5, 4.0395 0.2086 1.9990 0.9679
2 0.09, -.50, 285.03, -2390, 6688, -6285.2, 7181, 258.191, -9.12 0.1906 1.9092 0.9630
3 -0.987, 5.591, 30.517, -96.533 41.186, 34.004, -53.88, -62.99, -26.88 0.2130 2.0863 0.9665

Table 1: The estimates of parameters 3, o2, a and p for three models
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Figure 1: Comparison between real means, estimated means, and sample means for model 1,
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From simulation results given in Table 1, the estimates for 02, o and p are very close to the
true values of the parameters, which demonstrates that the proposed method performs well
in the estimation of model parameters. Furthermore, as Figures 1-3 show, the estimated
mean function and the true mean function are close to each other. Moreover, compar-
ing with the sample mean, the estimated mean is much closer to the true mean and more
smooth. Therefore the proposed procedure has a good performance to estimate the mean
function in the model.

Next, to evaluate the power of the chi-square test in equation (10), a constant number a
is added to the original mean function in each model. As a result, the second mean function
for each model is defined as follows:

1\2
Model I : puw (t,a) = cos(4nt) — 2 (t — 2) +1+a
3\ 2
Model 2 : puw (t,a) = sin(4nt) — 2 (t - 4) +1+a
Model 3 uw (t,a) = sin(27t) — cos(2mx) + a

where a € {0, 0.05, 0.1, 0.15, 0.2}. The Lo distance between py (t) and pw (¢, a) is
( fol (uw (t) — pw(t, a))th)% = a. The results given in Tables 2-4 present the empirical
levels and powers when the nominal level is 0.05 for the given models (Number of repli-
cations is 10000). As results show, the chi-square test 2 in equation (10) maintains the
nominal level (o = 0.05) well although it is a little aggressive for small sample size (g=20)
and is powerful enough to test the similarity of variance functions in the gene expression
data.

Ly distance of mean functions ~ Power with 20 samples ~ Power with 40 samples ~ Power with 60 samples

0.00 0.1060 0.0501 0.0453
0.05 0.1450 0.1202 0.1590
0.10 0.3010 0.4001 0.5730
0.15 0.6160 0.8603 0.9971
0.20 0.9060 0.9961 1.0000

Table 2: The power analysis of chi-square test x? (model 1)

Lo distance of mean functions  Power with 20 samples ~ Power with 40 samples = Power with 60 samples

0.00 0.0840 0.0450 0.0482
0.05 0.1560 0.1620 0.1932
0.10 0.3230 0.4320 0.7450
0.15 0.5786 0.8331 0.9861
0.20 0.9170 0.9561 0.9980

Table 3: The power analysis of chi-square test x? (model 2)

L distance of mean functions  Power with 20 samples ~ Power with 40 samples = Power with 60 samples

0.00 0.0870 0.0470 0.0491
0.05 0.1210 0.1630 0.2230
0.10 0.3320 0.4210 0.5620
0.15 0.5950 0.8600 0.9500
0.20 0.8540 0.9510 0.9900

Table 4: The power analysis of chi-square test x? (model 3)

5. An Application to the Temporal Gene Expressions in P. Aeruginosa

We now consider the analysis of the data set of 18 genes in P. aeruginosa expressed in 24
conditions (see Table 5). For each condition, each gene was measured every 30 minutes for
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condition 1 condition 17

w(t)
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4 t

condition 3 condition 21

Figure 2: Estimates of uy (¢) for conditions 1, 3, 17, and 21 with sample mean (dash line)
and estimated spline curve(solid line).

21 hours and has 43 observations. Without lost of generality we can rescale time points as
t/43 assume 0 < ¢ < 1. Three interior knots, 0 < 0.25 < 0.5 < 0.75 < 1, are selected
and the basis functions B(¢) is:

B(t)= (1, t, t*, 3, t*,(t — 0.25)%, (t —0.5)%, (t —0.75)1).

As discussed in Section 2, to estimate the mean function and variance function for each con-
dition, we have to find W;(t;) = log(Yi(t;) — py (t;))? fori = 1,2,...18;j = 1,2, ....43.
For the assumed reason, the kernel smoothing method (see equation (3)) is first used to
estimate the mean function for each condition. Figure 4 shows the sample means with esti-
mated means using kernel smoothing for four different conditions. We then found the ML
estimates of B3 = (B1, ..., Bs)T, 02, a and p using the iterative algorithm which is ex-
plained in Appendix. Figure 5 shows a comparison between pyy (t) = B(t)3 and sample
mean of W;(t;) for four selected conditions. Also, Figure 6 demonstrates the estimated
square root o (t) of variance function (o%(t), which is obtained based on equation (10)) for
same conditions as Figure 4.

Moreover, based on the chi square test which is defined in previous section, we found
that when the significance level is 0.05, there is no significant difference among variances
of conditions 1, 3, 6, 8,9, 11, 12, 13, 14, 15, 19 and 22. Also, variances under conditions
4,7 ,and 17 are same. Figure 7 indicates the classification tree for 24 conditions based on
minimum Mahalanobis distance.

6. Concluding Remarks

In this paper, a non-linear regression model with multivariate log normal distribution is
derived to estimate the variance functions in the high dimensional data. In addition, chi
square test is proposed to classify the curves of variance functions and the proposed method
is applied to study the influence of biological conditions on temporal gene expressions. The
simulation studies show that the proposed statistic test maintains the nominal levels and has
the powerful advantage.

The proposed estimation of variance function in this paper is based on B-splines, by
which the curve of variance function can be represented by finite number of parameters and
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Code Name Protein Ratio Remarks
o 48 % similar to putative
A6 pAs2g3  Lrobable transcriptional 99.68% transcriptional regulator
regulator . -
(Bacillus subtilis)
Ribosomal large .
B3 21;123)7 > subunit pseudouridine 99.68 % Trrggz;rii tl??iléliljiiation
synthase C P J &
B4 PA4991 Hypothetical protein 100 % Unknown
B5 PA5237 Cons;rved hypothetical 100 % 87 % similar to hypothetlca!
protein yigC gene product of E. coli
C4 PAO287 3-guamd1nopr9p tonate 100 % Transport of small molecules
(gpuP) transport protein
PA3115 - - Membrane proteins;
D) (fimV) Motility protein FimV 100 % Motility & Attachment
PA3879 Two-component response 74 % similar to E.coli
D2 (narL) regulator NarLL 99.67 % NarL protein
D3 PA0894 Hypothetical protein 99.02 % Unknown
Probable outer membrane 41 % similar to alkaline
E5 PA1875 . 100 % pro-tease secretion
protein precursor .
protein AprF
E6 PA0573 Hypothetical protein 100 % Unknown
F2 PA3902 Hypothetical protein 100 % Unknown
65 % similar to putative
Probable ATP-binding amino acid abc transporter,
F3 PA3212 component of ABC transporter 100 % ATP-binding protein
(Helicobacter pylori J99)
PA2997 Na+translocating NADH:
F5 ubiquinone oxidoreductase 100 % Energy metabolism
(ngrC) .
subunit Nrq3
Energy metabolism;
PA0649 Anthranilate synthase Blosyntl.lesw of co—factors,
G2 (trpG) component II 100 % prosthetic groups & carriers;
P P Amino acid biosynthesis
& metabolism
61 % similar to putative
Probable enoyl-CoA enoyl-coA hydratase
G5 PA1748 hydratase/isomerase 98.2% EchA3
(Mycobacterium tuberculosis)
Probable transcriptional 54 % similar to a region of
G6 PA3771 P 99.22 % putative regulatory protein
regulator .
(Streptomyces coelicolor)
. . 43 % similar to hypothetical
H3 PA1841 Hypothetical protein 100 % yeaK gene product of (E. coli)
a70 a70 o factor As a control

Table 5: 18 genes in P. aeruginosa expression

796



JSM 2017 - Biometrics Section
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Figure 3: Estimates of uyy(t) for conditions 1, 3, 17, and 21. In these four figures blue
dashed line, red lines and solid lines denote the smoothing B(¢)/3, the sample mean and
the 95% confidence upper limit and lower limit for pyy (¢), respectively.
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Figure 4: Estimated standard deviation function & (¢) for conditions 1, 3, 17, 21
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|
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Condition

Figure 5: Classification chart based on minimum Mahalanobis distance(T1=[1, 3, 6, 8, 9,
11,12, 13, 14, 15, 19, 22] and T17=[4, 7, 17])

then the curves can be compared by testing the equality of the corresponding parameters.
The method suggested in this paper can be applied to the gene expression data with time
varying covariates. In the future study, the structured nonparametric methods may be useful
to estimate the time-dependent variance functions. Since the trajectory of temporal gene
expression can be considered as a random element in Hilbert space, the corresponding
statistical inferences in Hilbert space should be developed to analyze the temporal gene
expression data.
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Appendix

In this appendix, we give the derivation of the likelihood normal equations for parameters
0 = (B, a, 0, p). At first we note the facts that

o 1 1
G = diag(exp(—gap(t), .., exp(=5an(ty))),

Rl =(1-p")!

and 1
R™'= 1_7[)2[1,, +p° K, — p(Hp + H})|

where K, = diag(0,1,2,0) (1p—2 = (1,...,1)1x(p—2)) and

0 O
H,= ,
P <Ip_1 0>p><p
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Now, from the log likelihood function (5) and after tedious calculation, the likelihood nor-
mal equations for parameters 3, o2, o and p are given as follows:

1
7

M

[BG’lR’lG’l(Wi —B"8) + aBE,G'R'\G\(W, — BTﬁ)] — gaB1 =0

- ﬁ(Wi ~B'B)'GIRTIGTI(W, — B%] =0

S
= ~, ' |
U

(= 1p(L—p*) = 5(W, = B'"B)TG (I, + K,)G' (W, - B"B)

<.
Il
—_ =

+ p?
P

+

(W, - BTG 'H,G ' (W, - BTﬂ)] =0

M=

1
{1T51 - S1"8E,G'RT'GT' (W, — BT,B)} =0
g
1

.
I

where
1 = (1,1,.. 1)p><1
B = (B(tl)a7B<tp))7
E = diag(B"B) = diag(B" (t1)8, ..., B" (1,)8),

E;, = diag(W;) — E = diag(W(t) — BT (t,)8, ..., W(t,) — BT (t,)3)

and therefore from these normal equations, the maximum likelihood estimates for the pa-

rameters 3, o2, p and « can be iteratively computed. Now let 0%) = (3F) 52(k) (k) (k)
be the vector of estimated parameters at the kth iteration. Then the estimates of parameters
at the (k + 1)th iteration are

B = [TE(EP)BEM)G BN, )R ()G (B, a®)BT]
{Z 1728 EE®)G 1 (B, a YR (MG 1(8®), a B )W, — 902<’€>1TE(5<’€))}
i=1
o0 = [uEE®)] T w{G 7 BP,a®) R ()G (B0, alh) aE®)=(a") )
1—p2tl) = tr{gfl(ﬂ(m’a(k))up + Kp)G’*l(,B““),a(k>)A(ﬂ<k))} /l(p—1)e™)

~(1+ M) {eH(BY, M) H,G7H (BN, aM)ABI) } /1) (p — 1)02 D))

g -1
ot = [gomBl—ZBEi(BW)GI(B“”,a“”)Rl(p“’)GI(B““),a“”)(Wi—Bﬁ(’“))]
i=1

[9BG71 (8%, a™) R ()6~ (8%, o) (W — BB®)]

where

g

g
= T E AB = S Wi BTaWi - BT

=1

Q\»—t
Q\H

Now to obtain the test statistic for assessing the similarity of two gene conditions,
we need to derive the expected information matrix for the estimates ,6 Since ,6 is ML
estimator of 3 it is asymptotically distributed as multivariate normal distribution and its
variance is equal to Crammer Rao lower bound (Casella and Berger, 2001). Meanwhile,
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02 a and p have same property as ﬂ Moreover, after the complicated derivation, the
expected information matrix for the estimators 6= (B , 02, p, @) has the following form,

w0=(5 )

where C = %BTG_lR_lG_lB and

ge-1)(1-p*)  _ gp(p—1) _ 9ptr(E+EKy)
(1-p?)? 202(1—p?) 4(1-p?)
— | __nelp=1) gp_ 9 (=
A= 202(1—p2) 204 202 tI’(._.)
_gptr(&+2K,) itr(“) gtr(EE+R1ER'E
4(1—p?) 202 = 4

Furthermore, from the above expression of information matrix, the ML estimator 3 is
asymptotically independent of the ML estimators o2, & and p.
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