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ABSTRACT

In this paper, we first define odds ratio and attributable risk while considering
investigating two sensitive attributes in real practice. Then we define two estimators of
odds ratio and two estimators of attributable risk based on data collected either using the
simple model or crossed model proposed by Lee, Sedory and Singh (2013). We define
expressions for biases and variances of the resultant estimators. We investigate the
performance of crossed model over the simple model under the same choice of
parameters as discussed in Lee et al (2013). Also the values of odds ratio and attributable
risk are reported based on a real data set.

Key words: Sensitive characteristics, estimation of proportion, crossed model, simple
model.

1. INTRODUCTION

In 1965, S. L. Warner proposed the first research method in structured survey interview.
Lee, Sedory and Singh (2013) introduced a new methodology for estimating the
proportions of persons in a population possessing each of two sensitive characteristics,
say A and B, along with the proportion possessing both, A B, by using two different
randomized response models: Simple model and Crossed model. There are many
situations where their proposed models could be implemented in real practice. For
example, (1) assume A is a group of smokers, B is a group of drinkers, then AnB will
be a group of both smokers and drinkers; (2) assume A is a group of smack users, B is a
group of people involved criminally, then An B will be a group of both smack users and
criminally active people; and (3) assume A represents hidden membership in a terrorist
group-1, B represents a hidden membership in a terrorist group-II, then ANB will be a
hidden membership in both terrorist groups. Their models also allows one to estimate
several other parameters, such as correlation coefficient, conditional proportions, and
relative risk, etc. A pictorial representation of such a population is shown in Figure 1.1.
Let 7,, 7y and 7,5 be the true proportions of respondents possessing the sensitive

characteristics A, B, and both ANB. Also note that 7,5 < Min(z,, 7).

!AuBf

Fig.1.1. Populaton under study

Q
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Assume a simple random and with replacement sample (SRSWR) of n respondents is
selected from the population Q. The authors suggest above two different randomized
response models, which are described in brief in the following sub-sections named as
Simple Model, and as Crossed Model.

1.1 Simple Model

In the simple model proposed by Lee, Sedory and Singh (2013), they suggest to using a
pair of decks of cards in order: say Deck-I and Deck-II. Each respondent, selected in a
simple random with replacement sample of size n, is requested to draw two cards, one
card from each deck of cards and keep the response in order from Deck-I and Deck-II
respectively. Deck-1 consists of cards, each bearing one of two mutually exclusive
statements: “I belong to the sensitive group A”, with probability P, and “I belong to the

non-sensitive group A°”, with probability (1-P). Deck-II also consists of cards, each
bearing one of two mutually exclusive statements: ““ I belong to the sensitive group B ”,

with probability T , and “I belong to the non-sensitive group B®”, with probability
(1-T). By following the notation of Lee, Sedory and Singh (2013) for the simple model,

the probabilities of obtaining, from a given respondent, each of the following responses
(Yes, Yes), (Yes, No), (No, Yes) and (No, No) are, respectively, given by:

G, =QP-DQ2T —Dzpg +2P-DA-T)z, +(1-P)QT - Dzg +(1-P)1-T), (1.1)

0o =—-2P-1Q2T —D)7pg + 2P =Tz, —(1-P)2T -2y +(1-P)T, (1.2)

Gy =—Q2P =DQ2T —D7zpg — (2P -1)(1-T)7y + PQT -7y + PA-T), (1.3)
and

O = (2P —~)(2T )7 —T(2P 1)z, — P(2T —1)7rg + PT . (1.4)

Let 6, =n,,/n, 6,,=n,/n, 6, =Ny, /n and 6, =ny,/n, be the observed proportions of
(Yes, Yes), (Yes, No), (No, Yes) and (No, No) responses, so that n,; +n,, +ny, +nNy =nN.

Then Lee, Sedory and Singh (2013) obtained unbiased estimators for the simple model as
following:

. 0,460, -0, +(@2P-1)

- , 1.5
A 202P—1) (15)
7 :éll_élo“‘ém_éoo"‘(z-r_l) (1.6)

® 22T -1) ’

and
s _(P+T)0 + (T ~P)+(P-T)8, +(2-P-T)gy ~T(A-P)-P(-T) w7

Ae 202P —1)(2T - 1) ’

for P#0.5and T #0.5.

Defining
_ s _ T _ 7g
=" L épa=—~L T~
7 aB A 7g
such that
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E(SAB)z E(SA)z E(SB) 0

£(sz )Y U)  g(2)_VEa)  g(2)_ V()

Tag B

Cov T pp, T Cov( T pn, 7 Covlrz,, 7
E(gABgA) (AB A) E(“:ABEB) Ma E(gAgs)— (A B)
a7l A Tps”lp TTpTlg
where
V(i) =220 P(I_P)z, (1.8)
n n(2P-1)
V(tg)=2e0=0) T(I_T)z, (1.9)
n ni2T -1
V(f[AB):ﬂ-AB(ln_”AB)
(1.10)
(2P 1) TA- T)/Z'A+P(1—P)(2T—1) g +PT(1-P)1- T)
n(2P - 1) T -1)*
Cov(ﬁA,ﬁB):LnﬂA”B, (1.11)
R 7ag(1— 7z) P(1-P)z
Covl7zpg, 7 AB A = 1.12
R Mera— (1.12)
and
N 7ap(l—7g) T(l 1DY4
Cov , AB B A 1.13
(”AB ”B) n n(2T—1) ( )

1.2 Crossed Model

In the crossed model, while the rest of the procedure remains the same as for the simple
model but the composition of the decks is different. Deck-1 consists of cards, each
bearing one of two mutually exclusive statements: “I belong to the sensitive group A”,

with probability P and “I belong to the non-sensitive group B®”, with probability
(1-P) respectively. Deck-II also consists of cards, each bearing one of two mutually

exclusive statements: “I belong to the sensitive group B > with probability T and “I
belong to the non-sensitive group A°”with probability (1—T) respectively. By following

the notation of Lee, Sedory and Singh (2013) for the crossed model, the probabilities of
obtaining, from a given respondent, each of the following responses, (Yes, Yes), (Yes, No),
(No, Yes) and (No, No) are, respectively, given by:

0, =7 jg{PT +(1-P)YA-T) =7, -P)A-T) = 725(1-P)A-T)+ (1 -P)1-T), (1.14)

6?1*0 =7 g{PT+(1-P)A-T)} -7, {0-P)T -1} —zg(1-P)T +(1-P)T, (1.15)
49;1 =7 g{PT+(1-P)A-T)}-7,PA-T)-7mg{P1-T)-1}+P(1-T), (1.16)
and

9;0 =7 pg{PT +(1-P)1-T)} —7,PT —7zgPT + PT . (1.17)
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Let él*l =n;, / n, é:o =ny, / n, égl =Ny, / n and é;o =Ny, / n, be the observed proportions of
(Yes, Yes), (Yes, No), (No, Yes) and (No, No) responses so that N, + N, + Ny, +Ngy =N .

Lee, Sedory and Singh (2013) obtained unbiased estimators for the crossed model as
following:

s 1, T =PD@ G+ (P+T =D, ~ ) (1.18)
2 2(P+T-1)
# N GE +1)(G], = 03) + (P +T =1)(&,, = 6) , (1.19)
2 2(P+T-1)
and
= PTO, —(1-P)1-T)&y, , (1.20)
{PT+A-P)A-T)}(P+T -1
with P+T =1.
Defining
£ —7%_:\8_ * 7%_:\— . —7%—;—
AB = > CAT > “B T
7T ag A gd:
such that

o)) efer) VB gVl

E(g* *):Cov(ﬁ;B,fr:)’ E(g* *):Cov(ﬁZB,fr;)’ E(g*g*)_Cov(ﬁZ,ﬁ;)

ABEA ABSB A®BJ™
T AT VNS T p7lg
where
V)= Fal=7a)  A=PITPT +(1=PYI-T)}( = s = g +27s5) (121)
A n NP +T —1)2 ’ '
viany =T =7e) (ZDPPT+ AP -T2, =75 +2700) (g 59
: n n(P+T —1)2 ’ ’
V(#, ):ﬂAB(l—ﬂAB)+ﬂAB[P2T2+(1—P)2<1—T)2—{PT+<1—P)<1—T)}<P+T—1)2]
A8 n NPT +(1-P)1-T)}(P+T —1)’
PT1-P)A-T)1-7,—75) - (1.23)
n{PT +(1-P)1-T)}(P+T -1)
ol ) 1) P +0-PXLT)TO-PYP-T 41
oWt3e:7) n nPT+(-PYI-T)(P+T 1}
L PTO=PYI-T)T —P+1)1-7, - 7) (124)

n{PT +(1-P)A-T)}P +T —1)?
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v Ax) Tapll—T wmPU-=T)T -P+1
COV(”AB’”B)_ AB(n B)+ AB n((p+-|)-(_1)2 )

+PT0—Pﬁ—TXP—T+¢ﬁ—ﬂA—zQ

n{PT +(=P)L-T)}(P+T -1’ e
and
COV(ﬁZ,ﬁ;)z ”A(l_”A)_”AB{PT +(1_ P)(I_T)}
n
P (-PYI-T)4 (P-T)1-27, )1 7, - )
2n
APT+(=PYL-T)P -7, — 7 + 27,5} (1.26)
2n(P+T -1)

In the next section, we consider two estimators of odds ratio (OR); one based on the
simple model and the other based on crossed model.

2. ESTIMATION OF ODDS RATIO

The use of estimation of odds ratio and its problem are well known to statisticians who
dealing with the problem of estimation of proportion of characteristics. In case of two
sensitive characteristics A and B, the four cells of the 2x 2 contingency table can be
labeled as:

Attributes B B¢ Total
A 7 n8 (7p = 7pg) Ta
A° (75 = 7T pp) (1 =7y =75 + 7Tpg) (1-7,)
Total g (1-7g) 1

Thus, we consider a measure of odds ratio (OR) in case of two sensitive variables A and
B as:

”AB(I_”A —7g +7TAB)

OR =
(”A_”AB)(”B _”AB)

@2.1)

In the following sub-sections, we consider estimators of the odds ratio (OR) defined in
(2.1) by using the simple model and the crossed model.

2.1 ESTIMATION OF ODDS RATIO USING SIMPLE MODEL

By using the same notations for the simple model from Lee et al. (2013), we consider
first estimator of the odds ratio (OR) as:

OAI{I _ ﬁﬁB(l_Aﬁ-A_fiB +f%AB)
(”A_”AB)(”B _”AB)

Now, we have the following theorems:

(2.2)
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Theorem 2.1. The bias in the estimator OR; of the odds ratio (OR) is given by:

B(O/\R1)=OR{{ (l_ﬂ-B)(ﬂ-Aﬂ-B_ﬂ.iB) + : }V(ﬁ-AB)

”AB(”A_”AB)Z(”B _”AB)(I_”A_”B +7TAB) ”AB(’TB _”AB)z

" (l_”B)V(fTA) n (l_ﬁA)V(ﬁ'B) _{( 1

(”A _”AB)Z(l_”A —7g +77AB) (”B _”AB)ZO_”A —7g +7TAB) 47 _”AB)(”B _”AB)

g Top+ T pg — 27 pg 7Ty A A
+ + COV(7Z N
”AB(”B_”AB)(I_”A_”B+”AB) ”AB(”A_”AB)Z(l_”A_”B+7TAB)} e

1-7 T 2 A A
- A A 4 A8 \COV(7 pg»75)
”AB(”B_”AB)(l_”A_”B+”AB) Ta—7ps 75~ 7as

-7

+
(”A _”AB)(”B _”AB)(l_”A —7lg + 7T pB

)Cov(frA,ﬁB )} (2.3)

Proof. The estimator OR; of the odds ratio can be approximated as:

de _ 7pg(1=Fp— 7 + 7 pg)
(Za =708 ) (g = 7 pe)
_ a1+ e W =70 (14 64) = 75 (14 8 )+ mpg (14 £5 )}
a4 e0)-7pg (14 00 Mg (14 65) - mpg (14 54}

=0R[1+{( 7po(1=775) +— 8 }gAB

”A_”AB)(I_”A_”B+”AB) g —Tag
”A(l ”B)“’"A _ ”B(l_ﬂ-A)‘gB
”A ”AB)(I T~ ”B‘HTAB) (”B_”AB)(l_”A_”B‘HTAB)

”ABI ”B)(”A”B ”AB) Tas”ls 2
{ oL,

”A ”AB ”B ”AB)(I TTa— EB+7Z'AB) (”B_”AB e
ﬁA(l 7Z'B) &2+ ”é(l—”A) &2
A 2 B
(”A ”AB) (1 TTp— ”B"‘”AB) (”B_”AB) (1_77A_7TB+77AB)
_{ a7 4 A7 " ”A(’TA+7TAB_2”AB”B) }EABEA
(”B _”AB)(I_”A —7lg +”AB) (”A _”AB)(”B _”AB) (”A _”AB)Z(l_”A —7lg +”AB)
_ ”B(l_”A) ( Ta n 27 g JEABgB
(”B_”AB)(l_”A_”B+”AB) Tpa—7ps 7g~7as
”A”B(l_”AB) ( 2)}
+ &g ép + 0\
(”A_”AB)(”B_”AB)(l_”A_”B+”AB) e

By the definition of bias that is

B[O?:{]) — E(OR,)-OR
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we have the theorem.

Theorem 2.2. The mean squared error of the estimator OR; of the odds ratio (OR) is
given by:

2
A -7 T
MSE(OR;) = OR? { B + B }v(;%
1 l:(”A_”AB)(l_”A_ﬂ-B_{—”AB) ”AB(”B_”AB) AB)
(l_ﬂB)ZV(ﬁA) 4 (l_ﬁA)2V(7%B)
(”A_”AB)Z(I_EA_”B+7ZAB)2 (”B_7Z'AB)2(1_77A_”B+7TAB)2

2(1—72'8) { 1—7Z'B n 7Ty }COV(i%AB,ﬁ'A)

(”A_”AB)(l_”A_”B+”AB) (”A_”AB)(I_”A_”B"‘”AB) ”AB(”B _”AB)
21-7,) { -7 g } .
+ CoU 7 pa, 7
(”B _”AB)(I_”A_”B"'”AB) (”A_”AB)(l_”A_”B"'”AB) ”AB(”B _”AB) V( he B)

2(1= 7, N1 = 725 )COV(7 ., 725 } (2.4)

(”'A _”AB)(”B _”ABXI_”A —7g +7Z'AB)2

+

Proof. By the definition of mean squared error, we have
A AN 2
MSE(OR]J = E(ORI—ORJ

;ORZEH ”AB(I_”B) n g }gAB
(7

A_”AB)(I_”A_”B +”AB) g — 7 p

41— 75 )e ) 51— 7, )ég )T

(”A_”AB)(I_”A_”B +7TAB) (”B _”AB)(I_”A_”B +7Tpg

Expanding and taking the expected value, we have the theorem.

2.2 ESTIMATION OF ODDS RATIO USING CROSSED MODEL

By using the same notations for the crossed model from Lee et al. (2013), we consider
second estimator of the odds ratio (OR) as:

O = Zll= g + 75p) 2.5)

Now, we have the following theorems:

Theorem 2.3. The bias in the estimator OR:> of the odds ratio (OR) is given by:
A f— —_ 2 *
B(ORZ):OR|:{ (1 ”B)(ﬂ-Aﬂ'B ”AB) + Ty 2}V(7%AB)

”AB(”A_”AB)2(”B _”AB)(I_”A_”B +”AB) ”AB(”B _”AB)
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. (1-7 V(7)) N (-7, V() { 1
(mp—7pe (1= 7p—7g +7p5) (75 —7pg S (1= 70— 75 + 7)) (7a =708 X775 = 718)

T Tp+ g — 27 pp T Ak Ak
+ B + A ‘2\8 ABT'B Co 7TAB,7Z'A)
”AB(”B _”AB)(I_”A_”B +”AB) ”AB(”A_”AB) (1_”A_7TB +”AB)
1-7 T 2w kA
- A A4 AB Cov(ﬁ 28278 )
”AB(”B_”AB)(l_”A_”B"‘”AB) Tpa—7ps 7lg —7ag

1-7 5

+
(”A_”AB)(”B _”AB)(I_”A_”B +”AB)

Cov(ﬁ:,ﬁ;)} (2.6)

Proof. The estimator OR> of the odds ratio can be approximated as:

G, — Zaall= 7~ 7 + 73 )

) ()
7Z'AB(1+€:B){1—7IA(1+€Z)—7ZB(1+€;)+7Z'AB(1+€ZB)}
{7Z'A(1+8;)—7Z’AB(1+€ZB)}{7ZB(1+8;)—7ZAB(1+8ZB)}

=OR{1+{(7[ ”AB(I_”B) "8 }SZB_(” ”A(l_”B)EZ

A_”AB)(I_”A_”B"‘”AB) g — T pg A_”AB)(I_”A_”B+”AB)

_ ”B(l_”A)‘gg +{ ”AB(I_ﬂ-B)(ﬂ-A”B_”iB) n s’ }5*2
(”B_”AB)(l_”A_”B"'”AB) (”A_”AB)Z(”B_”AB)(I_”A_”B‘HTAB) (”B_”AB)2 e

N ﬂi(l—l[B) &2 ﬁé(l—ﬂ'A) o2
(”A_”AB)Z(I_”A_”B+”AB) § (”B_”AB)Z(I_”A_”B+”AB) °

_{ Tl " UNYTN " ”A(’TA+”AB_27TAB”B) }g* &
(5 —pa 1= 7T =T + 7)) (7a =g N7 — 7ag) (77— 7S (1= 7T — 705 + ) o

3 ﬁB(l—ﬂ'A) ( T N 27 pg J* %

( )(1 ) aB
Tg g N =7y —Tg + Tpg )\ Ta—7pg 7 —7pB

n ”A”B(l_”AB) )g:\g;+o(g*z)}

(”A _”AB)(”B _”AB)(I_”A — gt 7Tpg

By the definition of bias that is
B(Osz =E(OR,)-OR
we have the theorem.

Theorem 2.4. The mean squared error of the estimator OR» of the odds ratio (OR) is
given by:
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2
A 1-7x T *
MSE(OR») = OR? { B + B } Viz
’ { (”A_”AB)(I_”A_”B+”AB) ”AB(”B_”AB) ( AB)
7 R
(”A"TAB)Z(I_”A_”B+7TAB)2 (”B_7Z'AB)2(1_77A_7Z'B+7Z'AB)2
2(1—7[5) { 1-75 g } Ak a
+ CoVT g, 7T
(”A_”AB)(I_”A_”BJF”AB) (”A_”AB)(I_”A_”BJF”AB) ”AB(”B_”AB) he A)
2(1_7Z'A) { l_ﬂ'B ﬂ'B } AK Ak
+ CoV7pg, 7T,
(”B_”AB)(I_”A_”B"'”AB) (”A_”AB)(l_”A_”B"'”AB) ”AB(”B_”AB) e B)

21—, X1 - 75 )Cov(is, 72
(”A_”AB)(”B _”AB)(l_”A_”B +”AB)2

+

} 2.7
Proof. By the definition of mean squared error, we have
A A 2
MSE(ORzJ = E(ORz—ORj

EORZEH ”AB(l_”B) n g }528
(”A

_”AB)(I_”A_”B +7TAB) g — T pp

. . 2
”A(l_”B)gA _ ”B(l_”A)gB
(”A_”AB)(I_”A_”B’L”AB) (”B_”AB)(l_”A_”B"‘”AB)

Expanding and taking the expected value, we have the theorem.

In the next section, we consider the problem of estimation of attributable risk.

3. ESTIMATION OF ATTRIBUTABLE RISK
In order to define an attributable risk, we have the following theorem.

Theorem 3.1. The attributable risk AR(A|B) is given by:

AR(A| B):% 3.1)
A B

Proof. We know that the relative risk (RR) of being in group A given a respondent
belongs to group B is defined as:

P(ANB)

_PAB) _ PE) _ PANBJI-PE)] _ mll-)

R AB)= o aee) ~ planes)  PBIP(A)- PANB] 7air,—ma)
P(s°)

2696



JSM 2016 - Survey Research Methods Section

Following Rosner (2016), by the definition of attributable risk, we have

AR(A|B)= RR(AIB)-llms {m_l}ﬂs
—1};B+1

~ [RR(A|B)-1]zs +1 |:7Z'/EB(1—7ZB)
_ [”AB(I_”B)_”B(ZA j”ABST”B
[”AB(I_”B)_”B(”A_”AB)]”B + 75 (7p — 7pg)

[”AB —Tps7B —7A%B +7TAB7TB]”B

[”AB —7TAg7tg — TATlR +7Z'AB7TB]”B +”B(7TA_7TAB)
[”AB _”A”B]”B
[”AB _”A”B]”B +”B(7TA_”AB)

[”AB_”A”B]”B _ A “7AB _ A —7ATB

[”AB_”A”B+7TA_”AB]”B —TaTlg T T ”A(l_”B)

which proves the theorem.

3.1 ESTIMATION OF ATTRIBUTABLE RISK USING SIMPLE MODEL

By using the same notations for the simple model from Lee et al. (2013), we consider
first estimator of the attributable risk as:

AR/(A|B)= e~ Fafe (3.2)
”A(l_”s)

Now, we have the following theorems:

Theorem 3.2. The bias in the estimator AAR1(A| B) of the attributable risk AR(A| B) is
given by:

B(A\Rl(A|B))=AR(A|B) Zﬂ-ABV(ﬁ-A) _ (”A_ZHAB)V(ﬁ'B) _ Cov(ﬁ-AB’ﬁ-A)
”A(”AB_”A”B) (l_ﬂB) (”AB_”A”B) ”A(”AB_”A”B)
Cov(7tpg, 73) 7 COV(7 5, ) }
- (3.3)
(1_”8)(7[AB_”A”B) ”A(I_”B)(”AB_”A”B)

Proof. The estimator AR1(A| B) can be approximated as.

A\RI(A| B): ﬁ.AB _ﬂA.A/i-B — ﬂ-AB(l+‘9AB)_7Z'A(1+8A)7[B(1+SB)

Al-7g) aal+2)[1- 75 (1+ &5)]
Tpe~7nTa  Tag ~Talle (L= 7)(7ag ~ a5
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”AB“:/ZA _ ”é(”A_”AB)gé _ _7aB¢nBEA
Tpg —Tp%ly (I_EB)Z(EAB_”A”B) Tpg —Tp%ly
77 BEABER B 7T a7 BEAER 2)}
+ +Ole
(I_EB)(”AB_EA”B) (1_”3)(”AB_7TA”B)

By the definition of bias, we have

B(AARl(A B)j - E[AARl(A| B)j _ AR(A|B)

=AR(A|B) ”ABE(E/Z*) - ﬁé(ﬁA_ﬂAB)E(gé) _”ABE(gABgA)
TTag — Ta”lg (1—753)2(7TAB—7ZA7TB) T ag — T ATl

”AB”BE(gABgB) _ ”AB”BE(gAgB) }

(”AB_”A”B)(l_”B) (1_”BX”AB_”A”B)

=AR(A|B){ EABV(ﬁ'A) _ (”A_”AB)V(ﬁ-B) _ COV(ﬁ-ABJﬁ-A)
ﬂ-i(ﬂAB_”A”B) (1_”3)2(”AB_77A7TB) ”A(”AB_”A”B)
Cov(t g, 75) _ 7pgCOV( 5, ) }

(1_”8)(”AB_7TA”B) ”A(l_”s)(”AB_”A”B)

which proves the theorem.

Theorem 3.2. The mean square of the estimator AARl(A| B) of the attributable risk
AR(A|B) is given by:

MSE(AARI(NB)j={AR(A|B)}2[ V(/i'AB) " ﬁ/szV(fZA)

7 pB _”A”B)z ”f\(”AB _”A”B)Z
(”A _”AB)ZV(fTB) _ 277ABCOV(7%AB,7%A)

+
(1_”5)2(77AB _”A”B)Z ”A(”AB _”A”B)z

B 2(7Z'A — 7T g )COV(frAB, 72'5)+ ”AB(”A Y )COV(ﬁA’ g )} (3.4)

(1_7Z'|3)(7Z'AB_7Z'A773)2 ”A(l_”B)(”AB_”A”B)Z

Proof. By the definition of mean square error, we have

MSE(AARI(A| B)j - E(/—\ARl(A| B)- AR(A| B)T

2
E{'A\R(A|B)}2E[ Taglas  __ TaBSA 76 (75— 78 )R J
pg ~7TATB  7pB T TATB (1_778)(”AB_”A7TB)

Expanding and taking expected value, we have the theorem.
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3.2 ESTIMATION OF ATTRIBUTABLE RISK USING CROSSED MODEL

By using the same notations for the crossed model from Lee et al. (2013), we consider
first estimator of the attributable risk as:

Ak AK

A
7Tag ~— 7TaTls

(3.5)
Ai-73)

AR>(A|B)=

Now, we have the following theorems:

Theorem 3.3. The bias in the estimator AARz(A| B) of the attributable risk AR(A|B) is
given by:

B(AARz(AIB))=AR(A|B){ zﬁABV(f[:‘) - (”A_fAB)V(fT;) __Coultis. 1)

”A(”AB_”A”B) (1_775) (”'AB_”A”B) ”A(’TAB_”A”B)
s Cov(frZB,fr;) ~ ﬁABCov(ﬁZ,ﬁ;) } (3.6
(1_7[3)(77AB_77A7TB) ”A(l_”s)(”AB_”A”B

Proof. The estimator AR>(A|B) can be approximated as.

ARa(A| B) = 2= s _ 7aa(l+ 23p) - 71+ 23 ) 1+ 25)
7%:(1—7%;) 7Z'A(1+8:)[1—7Z'B(1+€;)]
:AR(A|B){1+ Taean - ZpsE _ 75 (= 7pp )5 n Tasén
7as ~7TaTs A ~ TR (1_”8)(”AB_77A7TB) Tpg ~ ATl

2 *2 * * * *
”B(”A _”AB)EB _ _7aB¢pBEA n T ps7"8€A¢B
(1_”5)2(77AB_77A7TB) Tag —TaTlg (1_775)(71'AB_7TA7TB)

_ ”AB”BSZ\‘?; +0 8*2}
(1_”3)(”AB_”A”B) ( )

By the definition of bias, we have

B(AARQ(A| B)j - E(AARZ(A| B)]— AR(A|B)

= AR(A|B) meElert)  mi(ma-mp)Ele)  mpElensen)
Tpg ~— A7t (1_”8)2(77AB_”A7TB) TTpg — TpTlg

”AB”BE(g:\BgI;) _ ”AB”BE(ng;) }

(”AB_”A”B)(I_”B) (I_EBX”AB_”A”B)

=AR(A|B){ ﬁABV(J%Z) B (zzA—ﬁAB)V(fz;) B COV(ﬁZB,sz)
2 2

T A\ ng _”'A”B) (l_”B) (”'AB _”A”B) ”A(”AB _”A”'B)

2699



JSM 2016 - Survey Research Methods Section

Cov(#ss7s)  maeCovlis, 73)

" (l_ﬁB)(”AB _”A”B) ”A(l_”s)(”AB _”A”B):|

which proves the theorem.

Theorem 3.2. The mean squared of the estimator AARz(A| B) of the attributable risk
AR(A|B) is given by:

A A ¥ 2 A
MSE(ARZ(MB)]={AR(A|B>}2[ V() T+ /’*BV(”“) )
”'AB_”A”B) ”A(”AB_”A”B)

(7Z'A —ﬁAB)ZV(fz;) B 27rABC0V(7%ZB, 7%2)
(1_773)2(77AB_7Z'A7Z'B)2 ”A(”AB_”A”B)Z
_2(”A_7TAB)C0V(7%/:B,7%;) ”AB(”A_”AB)COV(ﬁ-Z’ﬁ;)

5+ > 3.7

(1_”3)(”AB_”A”B) ”A(l_”B)(ﬂ'AB_”'A”B)

+

Proof. By the definition of mean squared error, we have

MSE(KRZ(A| B)j _ E[AARz(AI B)- AR(A| B)T

* * * 2
;{AR(A’B)}ZE( Taplre  __ Tasba ”B(”A_”AB)“"B )j

Tpg — a7ty 7lpg — Ta%lp (1_7[8)(7[AB ATl

Expanding and taking expected value, we have the theorem.

4. RELATIVE EFFICIENCY

N
We define the percent relative efficiency of the estimator OR» with respect to the

estimator OR; as:

MSE(OR))

RE(OR) = x100% (4.1)

MSE(OR:)

We define the percent relative efficiency of the estimator ARz(A| B) with respect to the

estimator AARl(A| B) as:

MSE(AR:(A|B))
MSE(AR»(A|B))

RE(AR) = x100% (4.2)
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We wrote FORTRAN codes, given in APPENDIX, to compute the percent relative
efficiency values. We used P =T =0.7 which is same choice as in Lee et al. (2013). The
percent relative efficiency values so obtained for different choices of 7,5, 7, and 7g
are presentedin Table 4.1.

Table 4.1. Percent Relative Efficiency values.

T ag T g RE(OR) | RE(AR)
0.1 0.2 0.2 987.5 1037.4
0.1 0.2 0.3 1065.0 | 1107.2
0.1 0.2 0.4 1152.7 | 1178.1
0.1 0.2 0.6 1320.9 | 1284.7
0.1 0.2 0.7 1345.6 | 1275.0
0.1 0.3 0.2 1013.1 | 1000.4
0.1 0.3 0.3 1057.1 | 1062.2
0.1 0.3 0.4 1126.7 | 1106.7
0.1 0.3 0.5 1183.5 | 1119.4
0.1 0.3 0.6 1167.8 | 1084.5
0.1 0.4 0.2 1067.2 | 1057.7
0.1 0.4 0.3 1095.1 | 1082.4
0.1 0.4 0.4 1134.7 | 1070.6
0.1 0.4 0.5 1098.7 | 1017.6
0.1 0.5 0.3 1133.2 | 1091.0
0.1 0.5 0.4 1084.6 | 1014.0
0.1 0.6 0.2 1198.6 | 1200.6
0.1 0.6 0.3 1120.2 | 1078.6
0.1 0.7 0.2 12422 | 1267.7
0.2 0.3 0.3 858.5 966.4
0.2 0.3 0.4 897.8 982.9
0.2 0.3 0.5 932.3 986.4
0.2 0.3 0.6 944.6 965.4
0.2 0.4 0.3 864.0 886.3
0.2 0.4 0.4 851.7 875.0
0.2 0.5 0.3 885.8 872.4
0.2 0.6 0.3 905.7 888.0
0.3 0.4 0.4 796.3 896.4
0.3 0.4 0.5 803.7 883.0
0.3 0.5 0.4 792.4 795.3

From the Table 4.1, one can conclude that the use of crossed model also remains more
efficient than the simple model in case of estimating odds raio and attributable risk. The
results are consistent with the results obtaind by the use of crossed model while
estimating other parameters, such as the relative risk, the correlation coefficient, etc. Thus,
we conclude that the crossed model is better than the simple model for all situations we
have investigated.
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5. APPLICATION BASED ON REAL DATASET

Lee et al. (2013) collected real data from 75 respondents at the Joint Statistical Meeting
(2011), Miami, FL by using crossed model with P =T =0.7 on smoking and drinking.

Let 7,5, 7, and 7y be the true proportions of smokers, drinkers, and smokers and
drinkers, respectively. Lee et al. (2013) reported respective estimates as
Zag =0.2367816, 7, =0.24, and 7y =0.36. These estimates are used for estimating
estimators of odds ratio and attributable risk. With the crossed model, the estimator of

odds is obtained as 6Rz =380.21 and the attributable risk is found as 0.9790 for

AR:(A|B) and 0.5496 for AR2(B|A). The high value of OR> =380.21 indicates that
smoking and drinking are highly associated to each other. Lee et al. (2013) have shown
that there is high correlation between smoking and drinking. The estimate of the
attributable risk of a drinker to be a smoker is 0.9790, which mean a smoker has 97.70%
chance to be a drinker than non-user of both; whereas the estimate of the attributable risk
of a smoker to be a drinker is 0.5496, which implies a drinker has 54.96% chance to be a
smoker than non-user of both.
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APPENDIX

| FILE NAME LEEARR .F95
IMPLICIT NONE
REAL P,T,PIA,PIB,PIAB,SUM
DOUBLE PRECISION VARPIA,VARPIB,VARPIAB,CPIABPIA,
1CPIABPIB,CPIAPIB,VOR1,VOR2,VARPIAS,VARPIBS,VARPIABS,
1CPIABPAS,CPIABPBS,CPIAPIBS,G1,G2,G3,G4,G5,RE_OR,
1F1,F2,F3, T1, T2, T3, V_ARRI, V_ARR2, RE_ARR
CHARACTER*20 OUT FILE
WRITE(*,'(A)") NAME OF THE OUTPUT FILE'
READ(*,'(A20))) OUT FILE
OPEN(42, FILE=OUT FILE, STATUS=UNKNOWN)
P=0.70
T=0.70
WRITE(42,107)P,T
107  FORMAT(2X,P='F6.3,2X,'T=",F6.3)
WRITE(42,108)
108  FORMAT( 4X,PIAB',6X,PIA"6X, PIB,6X,RE_OR',6X,RE_ARR')
DO 10 PIAB = 0.10, 0.99, 0.10
DO 10 PIA =0.10, 0.991, 0.10

2702




JSM 2016 - Survey Research Methods Section

DO 10 PIB = 0.10, 0.991, 0.10
SUM = PIA+PIB
IF ( (PIA*PIB).NE.(PIAB) ) THEN
IF((PIAB.LT.PIA).AND.(PIAB.LT.PIB).AND.(SUM.LT.0.999)) THEN
VARPIA = PIA*(1-PIA)+P*(1-P)/(2*P-1)**2
VARPIB = PIB*(1-PIB)+T*(1-T)/(2*T-1)**2
VARPIAB = PIAB*(1-PIAB)
1+( (2#P-1)**2*T*(1-T)*PIA+P*(1-P)*(2*T-1)**2*PIB+P*T*(1-P)*(1-T))
1/((2*P-1)**2%(2*T-1)**2)
CPIABPIA = PIAB*(1-PIA)+P*(1-P)*PIB/(2*P-1)**2
CPIABPIB = PIAB*(1-PIB)+T*(1-T)*PIA/(2*T-1)**2
CPIAPIB = PIAB-PIA*PIB
F1=(1-PIB)/((PIA-PIAB)*(1-PIA-PIB+PIAB))+PIB/(PIAB*(PIB-PIAB))
F2 = (1-PIB)/((PIA-PIAB)*(1-PIA-PIB+PIAB))
F3 = (1-PIA)/(PIB-PIAB)*(1-PIA-PIB+PIAB))
VORI = F1**2*VARPIAB + F2**2*VARPIA + F3**2*VARPIB
1 - 2*F1*F2*CPIABPIA - 2 *F1*F3*CPIABPIB + 2*F2*F3*CPIAPIB
T1 = 1.0/(PIAB-PIA*PIB)
T2 = PIAB/(PIA*(PIAB-PIA*PIB))
T3 = (PIA-PIAB)/((1-PIB)*(PIAB-PIA*PIB))
V_ARRI = TI**2*VARPIAB + T2**2*VARPIA + T3**2*VARPIB
1 - 2*T1*T2*CPIABPIA - 2 *T1*T3*CPIABPIB + 2*T2*T3*CPIAPIB
G1 = P*T+(1-P)*(1-T)
G2 = 1.0-PIA-PIB+2*PIAB
VARPIAS = PIA*(1-PIA) + (1-P)*T*G1*G2/(P+T-1)**2
VARPIBS = PIB*(1-PIB) + (1-T)*P*G1*G2/(P+T-1)**2
G3 = PIAB*(P**2*T**2-+(1-P)**2%(1-T)**2)
G4 = P*T*(1-P)*(1-T)*(1-PIA-PIB)
G5 = (P*T+(1-P)*(1-T))*(P+T-1)**2
VARPIABS = (G3+G4)/G5-PIAB**2
CPIABPAS=PIAB*(1-PIA) + PIAB*T*(1-P)*(P-T+1)/(P+T-1)**2
1+P*T*(1-P)*(1-T)*(T-P+1)*(1-PIA-PIB)/(G 1 *(P+T-1)**2)
CPIABPBS = PIAB*(1-PIB)+PIAB*P*(1-T)*(T-P+1)/(P+T-1)**2
1+P*T*(1-P)*(1-T)*(P-T+1)*(1-PIA-PIB)/(G 1 *(P+T-1)**2)
CPIAPIBS = PIA*(1-PIA)-PIAB*G1
1 - (G1 +(P-T)*(1-2*PIA) )*(1-PIA-PIB)/2
1 +G1#%2%(1-PIA-PIB+2*PIAB)/(2*(P+T-1)**2)
VOR2 = F1**2*VARPIABS + F2**2*VARPIAS + F3**2*VARPIBS
1 - 2*F1*F2*CPIABPAS - 2 *F1*F3*CPIABPBS + 2*F2*F3*CPIAPIBS
V_ARR2 = TI**2*VARPIABS + T2**2*VARPIAS + T3**2*VARPIBS
1 - 2*T1*T2*CPIABPAS - 2 *T1*T3*CPIABPBS + 2*T2*T3*CPIAPIBS
RE_OR = VOR1*100/VOR2
RE_ARR =V_ARRI*100/V_ARR2
WRITE(42, 101)PIAB, PIA, PIB, RE_OR, RE_ARR
101 FORMAT(2X,F8.4,2X,F8.4,2X,F8.4,2X,F9.2,2X,F9.2)
ENDIF
ENDIF
10 CONTINUE
STOP
END
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