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High Dimension Low Sample Size Asymptotic Analysis
of Canonical Correlation Analysis

Sungwon Lee*

Abstract

An asymptotic behavior of CCA is studied when dimension d grows and the sample size n is fixed (i.e., under the
HDLSS situation). In particular, we are interested in the conditions for which CCA works or fails in the HDLSS
situation. This paper presents a conjecture about those conditions, which is supported by extensitve simulation study.
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1. Introduction

Canonical correlation analysis (CCA) introduced in [4] is a standard statistical tool to explore the relation-

ship between two sets of random variables. Consider dx- and dy-dimensional random vectors X (dx) and
Y(dY)’

T T
(X(dX)> = [X1, Xo ..., Xay]. (Y(dY)> =V, Ya ..., Yal.
CCA first seeks a pair of dx- and dy-dimensional weights vectors ¢y () and w(dY) such that two random
variables, one being the linear combination of X1, Xo, ..., Xy, weighted by the elements of wg?f ) and the
other being that of Y7, Y5, ..., Y, weighted by the elements of ¢§;11y ), have a maximal correlation,
d d d d
(Wi o) = argmax Cov({ier, X, (it Y. )

Var(('¢2) X (@x))) =Var((p Y)Y (4v))) =1

Requiring the norms of the weight vectors ¢ X1 ) and Py (@) 6 be one, the equation (1)) can be written as an
equivalent form of,

Cov({( (dx) X(dx)> ( (dy) Y(dy)>)

( )?f)a Y1 )) = argmax o X1 Y1 ‘ @)
10X o=l o=1 \/Var (A8 X (dx) \/Var (@) y(ay)y)
For convenience, denote the objective function in the right hand side of by p P(w(dx) 7 ¢(dy))’
p: R x R s R
() plavyy = SV, X(@), () yB)))
Var((@), X @Y /Var(( @), Y @)
Subsequent weights vectors ) )?ZX ) and ng/dz Y), fori =1,2,...,min(dy, dy), are found by maximizing the

objective function pp(1)(4x), 1(dr)),

() i)y = argmax pp(\ &) W)y =12, min(dy, dy),

&2 =l [la=1
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under the constraint that,

Cov(( g?iX)v > <¢XX) de)>) COV(<¢YY) Ydy)> <w(dy (dy)>)
= Cov({y{g), X)) (i) y@y)

= Cov((uyy, V™)), (i), x())
=0,i=1,2,...,min(dx,dy), j =1,2,..,i— 1 for each i.

The <th pair of weight vectors 1 )? and ¢Yd ) are usually called the +th pair of canonical weight vectors

dx,d .
(dx.dv) i

(or canonical loadings). The correlation p evaluated at the sth pair w(dx and wY dv) , denoted by p;

called the ith canonical correlation coefficient, that is, pgdx ) (w(dx YZ )

In practice, we collect two sets of obervations of dx- and dy- dlmensmnal random vectors X (4x) and
Y(4v) on a common set of samples in a dy x n matrix X(4X) and a dy x n matrix Y (%), respectively.
We row-center X (4x) and X (4x) and let f)g?x ), ngl‘/) and Egﬁ’dw be a covariance matrix of X (4x), a

covariance matrix of Y (9) and a cross-covariance matrix of X (¢x) and Y(dY),

~ T ~ T “ T
2&?20 — %X(dx) (X(dx)) : 2§ﬁlY) - %Y(dy) <Y(dy)) , ES??‘M - %X(dx) (Y(dy))

For the case where the sample size n is greater than dx and dy, the estimation of sample canonical weight

dx, Y)

vectors (i( ,w(dY)) and sample canonical correlation coefficients p, are done through singular

value decomposition of the matrix R(dx.dy)

Rx.dy) — (ﬁ:g?x))fﬁ 53%5"1” (2%9}/))75 ’

=
-

R min(dx,dy) R T (3)
SVD(R(™)) = 37 AR Ia) (afy))
i=1
where )\g{) is a sample singular value with )\(d) > )\(d) > - 5\%31 in(dy,dy) = 0> and (n§§’§3 ,ﬁﬁ?}“ﬁ)

(d

is a pair of left and right sample singular vectors corresponding to 5\
A(d) -

. Then, the ith sample canonical

correlation coefficient p; ~ is found to be,

pAgd)ﬂdY) _ j\ggixvdy).

The ith pair of canonical weight vectors 1/3 )?l and w(dy are obtained by unscaling and normalzing the ith

pair of sample singular vectors 17&2 %) and 775{1/2)’

(B09) al) . (3)

e T e ]

“

The projection of the data matrix X (?x) onto the ith sample canonical weight vector zﬁg?f ) gives the canoni-

cal scores (or canonical variables) of X (9X) with respect to 1[1 )?f ) and similarly for X (@x ). Although power-
ful, CCA has several disadvantages. first, use of CCA is practically restricted to the case of two sets of data
even if there is an attempt to generalize it to more than two sets of data [[11]]. Second, CCA components are
estimable only if the sample size n is greater than dx and dy . It is well know that, when n < max(dx, dy ),
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one can construct an infinite number of sample canonical weight vector pairs with their correlation of one.
Moreover, overfitting is often a problem even when n > dx and dy. Hence, CCA is often considered not
relible in high-dimensional data sets. We, however, will show that, even in the case where sample size n is
less than dx or dy, some sample canonical weight vectors is estimable and furthremore consistent under a
certain condition.

As high-dimensional data are increasingly common these days, where a large number of variables are
measured for each object, there is a strong need to investigate the behavior of estimates resulting from
the application of standard statistical tools such as CCA to a high-dimensional case (that is, scalability of
those tools). In studies in which dimension d is allowed to go to infinity, three scenarios are typically
considered [10]],

e Low Dimension High Sample Size (LDHSS): Both dimension d and sample size n go to infinity but
n increases much faster than d, which can be summarized as d/n — 0. These problems are similar to
conventional asymptotics where n — oo with n being fixed.

e High Dimension High Sample Size (HDHSS): In this case, sample size and dimension grow together
in the sense that d/n — ¢ for some constant c. The bahavior of eigenvalues of a sample covariance
matrix under this high-dimensional situation were studied in [2, 5} 9] primarily using random matrix
theories.

e High Dimension Low Sample Size (HDLSS): In this setting, the sample size is fixed and the dimension
grows in the sense that d/n — co. An important finding in this high-dimensional setting was studied
in [1]]. They showed that the first eigenvector of the sample covariance matrix converges consistently
to its population counterpart in the spiked model, where the leading eigenvalue is considerably larger
than the remaining eigenvalues. An intesting geometric structure of HDLSS data were revealed in [3]].

In this chapter, we are going to study the asymptotic behavior of the sample canonical weight vectors and
canonical correlation coefficients of CCA under the HDLSS setting, where dimension d is allowed to grow
with sample size n being fixed.

Literature in the HDLSS asymptotic study of CCA is very limited, while the behavior of PCA compo-
nents under the similar high-dimensional condition is well-studied in [6} [7]]. This might be in part because
CCA is not as widely used as PCA, which is almost an indispensible tool for dimension reduction of high-
dimensional data prevalent these days, and in part due to the complicated estimation steps involving an
inverse operator as in (3)), which makes the analysis not straightforward. A relevant work is first addressed
in [8]], where the asymptotic behavior of sample singular vectors and singular values are analysed under a
HDLSS setting. In [[10]], the similar study of CCA is elaborated on, but their proof should have consid-
ered the fact that an infinite sum of quantities converging to zero does not neccessarily approach to zero.
The HDLSS asymptotic behavior of CCA components in this chapter will be studied in relatively a simple
population structure and serves as a groundwork for further analysis.

2. Assumptions and Definitions

Without loss of generality for the case where the dimensions of two random vectors X (*x) and Y (4v) grow
in a sense that dx /dy — 1, we set dx = dy and consider two random vectors X (@) and Y@ of a same
dimension with mean zero. We assume that covariance structure of X (9 and V(@) follows a simple spiked
model as in [[1], where the leading eigenvalues of their covariance matrix is considerably larger than the rest.
In specific, let 2&?) and 2%? ) be the covariance matrices of X (@ and V(4. Then, a spiked model can be
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easily understood via eigendecomposition of Zg?) and E(d),

d
(d) _ (d) _ T
2 Z)\ ng < Xz) ’ 2 Z)‘ngY] <§Y]> ) (5)
J=1
where A\? is an polpulation eigenvalue ( lation PC variance) with A'¢) > A(¢) > > AD >0
X polp genvalue (or population PC variance) with Ay} > Ay Xy >0,
fg?g is an population eigenvector (or population PC direction) with Hfg?l) l2 = 1 and <§ Xi» > = 0 for

i # j and similarly for )\% and §§/d ]) . Here, we set,

/\g?% = Ugfda and )\ggz = 7)2( fori=2,3,...,d, ©
Ag;? = o3-d” and )\%)» =& for j =2,3,...,d,

where one sees that the leading eigenvalues )\( ) and )\( ) become dominating the rest as d — oo. We
now set up the population canonical components We assume that the two random vector is related by a
pair of canonical weight vectors with its canonical correlation coefficient of p. The population canonical

weight vector wgg) in the X (@ part is a linear combination of two eigenvectors fg?i and 5&?% without loss of
generality (fg?% can be replaced with fg?g for any ¢) and similarly for the other population canonical weight
vector ng ) in the V(@ part,

Q,Z)gf-l) = cos GXSEQ + sin 9X§§g, wgfd) = cos Qyég/dl) + sin Gyf}(fg. @)

Note that the angle between wg?) and fggi is fx and that the angle between ¢§ﬁ1 ) and fg,dl) is By as <1/)§?), fg?i) =
cosfx and <¢Y‘Vi ,f (@ ) = cos9y At this point, we apply the change of basis to the spaces of X (@) and y'(@)
so that the eigenvectors {{ XZ }d 1 and {§YZ)}d , are represented by the standard basis {e } 1 Then, the

canonical weight vectors (w X ,wY ) given in (7) is rewritten as,

T/Jgg) = cos Gxegd) + sin ergd), wg,d) = cos 9yegd) + sin degd),

and the covariance structures given in (3]) and (6) are described as,

»@ = diag(o%d®, 7%, 1%, ..., 72), S = diag(o%d®, 72, 72, ..., 72), (8)

dxd dxd

where diag(e) is a square matrix with entries of e in the main diagonal and 0 off of it. With these population
covariance structures and canonical components, the multivariate version of the corallory ?? gives the cross-
covariance structure of X (@ and Y (@ as follows,

pai,a%,d%‘cosexcosOy pag(do‘v'}%cosexsiney 0
AB AB 1% (d—2)
d) pT2 02 d%sind x cosfy pT2 72 sinf x sinfy
2( — X% xTy 0 9)
XYy AB AB 1% (d—2)
0 0 0
(d—2)x1 (d—2)x1 (d—2)x (d—2)

where

A= \/ag(dacos%x +72sin?0y, B = \/a%dacos%y + 7&sin?fy-.
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Then the covariance and cross-covariance structure of X (%) and Y (@) is succintly described by the co-

variance structure of the concatenated random vector T(2d),
(d) (d)
Xx(d) 2d Xy XXy
7(2d) :[ } 5 _ T . (10)
d) | <1 (d) (d)
Y <2XY) Xy

To make the analysis a bit easy, we are going to work with a different representation of X (9 and V(9. Let
7 be the 2d-dimensional standard normal random vector. Then, T (24) can be expressed as,

x(d) 1
(2d) _ _ 2d)\2 »(2d) (2d)
r [Y(d)} <2T ) 7z N (2d(3<1’2d£2d> ' (In

We state some definitions used in the estimation. Since the dimensionality d is much larger than the
sample size n in the HDLSS setting, the estimation step of canonical components is problematic as
the sample covariance matrices f)g?) and f)gfl ) are singular. There are two ways to handle this singularity
situation. The first one is to add a minute perturbation of €I for a small € > 0 to ﬁ]g?) and ﬁ)gﬁi ) and the

second is to use a pseudoinverse such as Moore-Penrose pseudoinverse. We use the pseudoinverse obtained
from the eigendecomposition of the sample covariance matrices,

3

~

=Y = Z (d)(XZ)T,ﬁz(d Zijg(d)(«Sy]), (12)

where )\g() is an sample eigenvalue (or sample PC Varlance) with )\g()l )\(d) - > )\( ) >0, § y; is an

sample elgenvector (or sample PC direction) with ||E Hg = 1and (5 Xi» f X j) =0 fori ;é j and similarly

for )\g/]) and fy ;- The pseudoinverse we employ is defined as,

(50) " = ()@ (@) (59) T = () @) w

=1 7=1

Then, the sample canonical correlation coefficient ,5( )

is found as an 7th sample singular value from the
SVD of the matrix R(?) defined in @) The sample canonical weight vectors 1/) Xi ) and wY ; corresponding to

ﬁgd) are obtained from (@) using the pseudoinverses (1
The success and failure of CCA can be described by the consistency of the sample canonical weight

vectors 1/3&?) and z[zgfl ) with their population counterpart wgg) and w(;l ) under the limiting operation of d — oo

and n fixed. Using the angle as a measure of consistency, we say that 1[1&?) (similarly @@éd ) ) is,
e Consistent with wg?) if angle(z[zg?), g?)) — 0asd — oo,
e Inonsistent with wg‘(i) if angle(d;g?), @bg?)) —a,for0 <a<m/2,asd — oo,
e Strongly inonsistent with ¢g?) if angle(gﬁg?), g?)) — 7/2asd — 0.

Strong inconsistency implies that the estimate 1&&?) and @y ) become completely oblivious of its population
structure and reduce to arbitrary quantities, as indicated in the fact that pi /2 is indeed a largest angle possible
between two vectors.
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3. Conjecture and Interpretation

3.1 Conjecture

Let X(4 and Y(?) be the d-dimensional random vectors from the multivariate Gaussian distributions with
mean 0 and the simple spiked covariance matrices Zg?) and Egﬁl ) described in H and (6). With the popula-

tion canonical correlation coefficient p for 0 < p < 1, define the population canonical weight vectors ¢ )?
and wg/d ) as,

g?) = cos 9X§X1 + sin 0X§X2, 1&@ = Cos Hyégfll) + sin eyg%)
(d) (d) . (d) (d) . }
so that the angle between 1)y’ and £y is 0y, and the angle between vy, and -, is 6y . Then, the cross

covariance matrix E%, of X@ and Y@ is found as in@ The two random variables X (¥ and Y@ can be
written in a equivalent form,

(d) (d)
d
o] = | mint wr| 22 a4
(EXY) ZY

where Z(29) is a 2d-dimensional standard normal random vector. The data matrix whose columns consist of
n i.i.d. samples from the distribution[T4]is written as,

X(@ 59 =9
[Y(d)] = [(a@\" s |2 (15)
(ZJXY) ZDY

where the columns of Z(% consist of n i.i.d. samples from 2d-dimensional standard normal ditribution.
Denote by z; and z, the first and (d + 1)th rows of Z(% corresponding to the first rows of X (9 and Y ()
respectively. Then, as d — oo with the sample size n being fixed, the limiting behaviors of the sample
canonical correlation coefficient ﬁgd) and its corresponding sample canonical weight vectors 1[1&?@) and @gf?
obtained from the data[I5]are as follows,

Conjecture 1. (i) a > 1

S D, (m1,ma)

angle( Xl,wx) % Ox, angle <¢Y1 , 9 N

dvoc a2 lfma]lz

angle (@in,@ZJX) —>0 angle (d)y ,1/) ) i)O ﬁgd)djoo’ 1=2,3,...,n,

where
mi| = (\/CTA% + \/@B%)Zl + (\/aAlAz 4 \/(723132)22,
mz = (\/aA1A2 + \/@BlBQ)zl + (\/EA% + \/@B%)Zg,
where

i.4.d.
Zl,ZQZfZ\J N<O, I ),
nx1l nxn

0% + 0% +1/(0%)" — 20%0% + d0%odp? + (0})
2 )

2

1=
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0% + 02 — \/(03()2 — 20%0% + 40%0% 0 + (o2 )2
2

— C
A=Y U‘//\/< L= Y) +1, Ag—l/\/ +1,
POXOY pPoxX0oy ﬂUXUY

Cy — C
B, = 2 "Y/\/< 2 Y) +1, 32_1/\/ +1.
pPOxX0OY pPOxX0OYy PUXUY

angle (sz’¢X> _> O angle <17Z}Y1’1’Z)Y ) d—o00 7 ﬁfd) i) 1’ 1= 1,2,...,TL.

d—o0

Cy =

(ii)a < 1

3.2 Interpretation

The conjecture |1| implies that where zﬁg?% and @gjl) converge to depend heavily on the size of the variance
d® of the population eigenvector fggi and §§,dl). That is, the estimates 1[1&2 and @@(d) tend to converge to
the eigenvectors & )?1 and 5;1 when their eigenvalues o Xda and aydo‘ become strong enough (a > 1) as
d — oo. Briefly, we summarize results. The sample canonical weight vector w 1 (similarly le) is,

e Consistent with 1/1X if & > 1 and angle(z/JX , le) =0asd— oo,
e Inonsistent with wg?) if o« > 1and angle(wg?), §g§q) =0x,for0 < Ox <7/2,as d — o0,
e Strongly inonsistent with wg?) ifa<lorifa >1and angle(wgg), (d)) =n/2asd — 0.

The asymptotic behavior of the sample canomcal correlatlon coefﬁc1ent A( ) is not straightforward to
imagine. Let’s take a simple example where o2 v =1, o? ¥ =1, TX =1land TY = 1 in the spiked covariance
structure in (5)) and (6)). In this case, referring to the conjecture([T} the sample canonical correlation coefficient
ﬁgd) converges in probability to the following random quantity,

(d) P {(mi,mg)
d—oo [|ma]|2([mel|2’

where

2 2

:<m;m>m<m;M)z

= (VPR | (T

Note that z; and 29 are samples from n-dimensional multivariate standard normal distribution. It can be
easily verified that each element my; of m; (similarly for mo; of my) follows a standard normal distribution,

i — (x/er \/ﬁ> " (W—ﬁ) 2o ~ N(0,1),

s — (M—Zﬂ) . (Mi ﬁ) NGO

which leads to,

[mallz ~ VX2, [Imall2 ~ VX2,
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where x2 denotes the chi-square distribution with degree of freedom of n. Since the numerator part
(my,mg) is not a degenerate random quantity, one sees that [}gd)
variable such as 1.

Now increase the sample size n to see which value the sample canonical correlation coefficient [)gd)
converges to. By the law of large numbers and noting that the elements mi; and my; are from i.i.d.

standard normal distribution,

n n
n n mn—oo n n n—oo

i=1 j=1

does not converge to a trivial random

Furthurmore, noting that m; and my are i.i.d. samples,

<m1,m2>_<\/1+/?+\/1— ) T+p—vVI=p\ 4

n

<ﬁ+ \/f)QZ": 21i%ai

n
=1

(M—m 2 &
+ 5 >

n

s I

i=1

n%o2<¢1+p—2h/1—p> <\/1+pgx/1—p> —

(d)

which confirms the conventional large sample asymptotic property of the statistic p; ’,

~(d) D
pr- 7 P
d,n—o0

4. Simulation

Simulation study in this section aims at verifing the asymptotic behavior of sample canonical correlation
coefficients and their corresponding weight vectors given in the main theorom[I]as dimension d grows with
sample size n fixed. We first state the parameter settings to be used. For the spiked covariance structures
of the random variables X(@ and (@) described in (5) and (@) we set 0% = T)({d ) = 0 = T)(/d) = 1. The
population caconical weight vectors described in (/) and population caconical correlation coefficient are set
to be,

P = (cos 0.75m)el?) + (sin 0.75m)el?, ${P = (cos 0.75m)el?) + (sin0.75m)el?, p=0.7.

Note that ( g?), eg )) = (wy ), egd)> = ¢c0s0.75m = 0.7071, which implies that the angle between wg?)
(d)

and e} is 135°. The population cross-covariance structure of X (@ and Y4 can be accordingly defined as
in (9). We perform 100 runs of simulations for each combination of different values of the following three
sets,

e Sample size n € {20, 80},

e Dimension d € {200, 500},

1883



JSM2015 - Section on Statistical Learning and Data Mining

a=0.2 a=8
B =] o o} o] O q
<
: g
o 08 0B
(] (.
0.al 0.4
0.2t 0.2
o 0
o
[a»] 1 2 3 4 5 & 7 1 2 3 4 5 6 7
o | 1
1
(] 1 1
0.8 0.8
—~~ s o
(S:’ —~
0.4 -k <
= = o
= . = = g
~
0
0z 02
i o i
o = . s B .7 o 2 3 + .7
| 1
B =] Lol ] (o] o i
0.8
I~ o0sf B —
(G Q.
0.sl B
0.z 0z
8 0 ] o] O (s} (=] (=) |
1 z 3 o s ) 7 1 3 0 7
1
a . :
0e 0e
o]
=~ us o~ 06
= .. = .
ez _ ) % 02 o
Ly ﬂ PEb
° wl =
0z F¥
e 04
1 z 3 s 5 B 7 1 z 3 s 5 B 7

Figure 1. Estimated sample canonical correlation coefficients p“gd) and inner products of the sample left canonical
weight vectors 1[)&?2 and the population canonical weight vector 1/&'?, fori =1,2,...,5, obtained from 100 repetitions

of simulations for different settings of dimension d and exponent o with a sample size of n = 20.

e Exponent o € {0.2, 8}.

Each case, estimates of the first 5 canonical correlation coefficients ﬁz(d) and their corresponding canonical
weight vectors zﬁgi) and 1&&? are obtained. The estimated vectors 1/3&?3 and 1[1%.), for: = 1,2,...,5, are

compared to the population canonical weight vector wg?) using their inner product. Here, we do not include
results of 1,@%) as they are similar as those of @g?l)

Figure [I] presents the simulation results for a small sample size of n = 20. For o = 0.2, sample
coefficients and vectors are almost of no use as the estimated vectors tend to be as far away as possible
from the popultion direction (implied in the inner products of 0) with always perfect correlation. When
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Figure 2. 100 estimated sample canonical correlation coefficients ﬁgd) and inner products of the sample left canonical

weight vectors 1[)&?2 and the population canonical weight vector 1/&'?, fori =1,2,...,5, obtained from 100 repetitions
of simulations for different settings of dimension d and exponent o with a sample size of n = 80.

« increases to a high strength of 8, the first sample coefficient ﬁgd) approachs to the population direction
whereas the rest degenerate to 0 as d — co. The first left sample canonical weight vector 1%2 converges

to the direction egd) (implied in the inner products of cos 0.757) containing dominant variability as d — oo
and the rest carry no information on the population direction with tending to deviate from it by a highest
degree of 90°. Figure |2|illustrates the results for a larger sample size of n = 80. For the case of o = 0.2,

the behavior of ﬁgd) and zﬁgi) is similar as that in a small sample size case. However, for o = 8, we see

a noticeable decrease in variability of the first sample canonical correlation coefficient pAgd) around a true

value of 0.7 and of the rest of ﬁgd) around 0. This implies that the usual large sample theory works for
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(

ﬁld). Diminishing variability is also observed for the sample canonical weight vectors @ZAJE?Z , where the first

sample vector 1/3&?2 becomes almost identical to the largest variance direction egd) and the rest diverge from

the population canonical direction wgg) .
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