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Abstract
Our study focuses on numerical investigation of performances of current existing variable selec-

tion techniques incorporating statistics like adjusted R2, AIC, BIC, or SBC for linear models.
Specifically, we focus on the ability of these statistics to detect a true model among all possible
sub-models. Furthermore, we explore the dependence of the successful true model detection on the
parameter setting. Simulation studies were designed to investigate properties of detection of the
true model among all possible models. Results provide a new perspective on the current, commonly
used techniques. The consequences of the results are discussed as well.
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1. Introduction

Model building and variable selection specifically are prominent parts of statistical model-
ing, which have been attracting extreme attention over the last few decades. The fact that
variable selection in both, fixed as well as mixed effect models is a very hot topic (and
probably always will be) with new findings and clarifications can be documented by the
amount of recent publications regarding this topic. In this study we focus on identification
of the true model (set of covariates) in the multiple linear fixed effects models. We consider
several commonly used criteria for variable selection, using optimal all-possible-submodels
and investigate performance of these criteria given several parameter setting scenarios.

2. Methods

In this paper we consider standard fixed effects linear regression model

Y = Xβ + ϵ,

with Y being a response vector for all n individual sampling units which are independent
of each other. X is a n × p design matrix, β is a vector of unknown parameters of length p,
and ϵ corresponds to a vector of random errors with the normal distribution ϵ ∼ N(0, σ2I).
All objects in the equation are of the dimension n denoting the number of the independent
sampling units. We assume that the columns of the matrix X = (X1, . . . , Xp) were centered
and scaled (have zero mean and variance equals to 1).

Criteria considered for the model identification are adjusted R2, Akaike information
criterion (AIC) first introduced in [1], corrected Akaike information criterion (AICc) in-
troduced in [9], Sawa’s Bayesian information criterion (BIC) described in [7], Schwarz’s
Bayesian information criterion (SBC) from [8], and Mallow’s Cp introduced in [5]. Just
for the clarity purposes we report the definitions of these criteria as they were used in sim-
ulation study:

R2
Adj. = 1 −

(n − 1)SSE
SST

n − k
,
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AIC = n log
(

SSE

n

)
+ 2k,

AICc = AIC + 2k(k + 1)
n − k − 1

,

BIC = n log
(

SSE

n

)
+ 2(k + 2) nσ̂2

SSE
− 2

(
nσ̂2

SSE

)2

,

SBC = n log
(

SSE

n

)
+ k log(n),

Cp = SSE

σ̂2 − n + 2k,

where SSE =
(

Y − Ŷ
)′ (

Y − Ŷ
)

, SST =
(

Y − Ȳ 1n

)′ (
Y − Ȳ 1n

)
, and σ̂2 is the

variance estimate from the full model (i.e. k = p). In the formulas, Ŷ represents fitted
values, 1n is a n-dimensional vector of ones, and Ȳ = 1

n1′
nY.

3. Simulation study

The purpose of this set of simulations is to explore potency of the currently existing variable
selection criteria to detect a true sparsity pattern. Next, our goal is to explore dependency of
model identification on the parameter configuration. Such parameters are: number of non-
zero coefficients k in the underlying true model, variance σ2, magnitude of the parameter
coefficients β, and sample size n. In our case we have a set of p = 10 potential explanatory
variables, from which (after normalization of columns of the design matrix X) the true
model is determined setting two or seven (k ∈ {2, 7}) of the regression coefficients to given
non-zero values. For each k, there were two vectors of parameters selected βk;1, βk;2 with

appropriate number of non-zero coefficients which differed in magnitude, i.e.
∥∥∥βk;1

∥∥∥ ≪∥∥∥βk;2

∥∥∥ (see Table 3.1). Two different values of variance were selected from a logarithmic
grid as σ2 ∈ {0.01, 1}. Sample sizes are n ∈ {20, 50, 100, 300}. For each sample size
one design matrix X was generated from multivariate normal distribution with covariance
between the columns of ρ = 0.3. For all configurations number of the repetition was held
fixed at 1, 000.

It is important to mention that all the values were selected from much larger pole of
parameters we considered and used for the actual simulation and they represent rather ex-
treme values in order to support our findings in the most informative way. Results from the
other parameter settings fall along the way of the presented selection.

For each combination of the parameter configuration (listed in Table 3.1), there were
1, 000 responses Y1, . . . , Y1,000 generated from a normal distribution N(Xsβk;i, σ2I),
where the notation Xs explicitly expresses the fact that the centered and scaled design
matrix was used for data generation process and βk;i represents one of the vector of coeffi-
cients listed in the Table 3.1. Finally, each of these responses was fitted to all 2p −1 = 1023
possible models and values of the selected criteria were recorded. For each criterion, min-
imum/maximum value was found and the model at which the minimum/maximum was
attained was identified. Only one of the 1023 possible models (intercept model only is
excluded) represents the true model. The true model selection by the given criterion was
recorded and the success rate investigated.

All simulations were built and executed in proc IML of SAS 9.4.
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k k = 2 k = 7
β β2;1 β2;2 β7;1 β7;2



−1
2.2
0
.
.
.
0





−4
3.5
0
.
.
.
0





−1
0.85
1.6
2.2
1.25
0.76
1.1
0
0
0





−4
3.5
3.2
4.5
4.1
3.1
3.7
0
0
0


Criteria considered: σ2 ∈ {0.01, 1}
Sample size: n ∈ {20, 50, 100, 300}

Repetitions: r = 1, 000

Table 3.1: All parameters involved in the data generation process.

4. Results:

The most interesting conclusions, which can be drawn from the results of the simulation
study are illustrated by graphs. Graphs 4.1 and 4.2 reflect the true model identification as
a function of sample size. Each panel shows the frequency of the true model detection
by each criterion for a different parameter configuration. Figure 4.1 illustrate the situation
when k = 2 and Figure 4.2 situation when k = 7. Individual panels within each figure
differ in values of σ2 and β. Finally, each line represents the detection rate of the true set of
covariates for one criterion and consists of connected values (dots) for each value of sample
size. There are several conclusion which can be drawn from these results. However, only
two points can be made generally.

• The detection rate of the true sparsity pattern highly depends on the parameter con-
figuration and is very sensitive to a change in most of them (except for k).

• There is not a single situation, configuration, or setting when one criterion would
dominate the others.

Although the exact behavior of criteria with respect to different parametrization is cer-
tainly not well known, the first finding in such a general form seems to be anticipated. The
punchline here is that there really cannot be concluded more on the very general level and
the findings need to be broken down by every parameter. While the first claim might not
be so surprising or unexpected to most people based on the knowledge of the statistical
modeling the second finding certainly is. One of the misunderstandings is that Akaike in-
formation criterion tends to under-fit the model and therefore should perform better in the
situation when k is small while Sawa’s Bayesian information criterion (BIC) should per-
form better for larger values of k. This common misunderstanding is shown not correct by
our simulations. However, one recommendation is clear from the results and further sup-
ports the theoretical reasoning of Burnham and Anderson in [3]. Small sample correction
in corrected Akaike’s criterion (AICc) truly improves the performance for situation when
sample size is low and with increasing sample size the effect of this correction term dimin-
ishes and AICc converges to the uncorrected AIC. We often fail to recognize this simple
fact and the use of uncorrected AIC over the corrected version is therefore unjustified.

JSM2015 - Biopharmaceutical Section

271



Number of covariates k: One can see that the model identification does not really
depend on the number of true covariates considered. The profiles for each criterion hardly
changed when increasing value of k from 2 to 7.

Sample size n: There is a noticeable effect of sample size where for some criteria, in
certain situations the recognition is actually smaller using larger sample size (AICc, BIC).
The only monotonically increasing function is Schwarz Bayesian Criterion (SBC). This
finding is consistent with the literature, specifically with the proven consistency property
of this criterion (for further details see [6]). However, even this consistency property fails
for some ’unfavorable’ cases such as show in the top right panel of Figure 4.2. The key to
this point is well explained in [3] which states that Schwarz Bayesian criterion converges
to a so called quasi-true model which, apparently, does not have to be the set of preselected
variables (true set of covariates).

Variance σ2 and Magnitude of β: It is expected that with increase in ∥β∥ and/or
decrease in variance σ2 any given criterion will have an easier way to detect the true set of
covariates. These two parameters truly work together and therefore it makes more sense and
investigate them as the signal/noise ratio ∥β∥

σ . The higher this value the better recognition
we get. However, this is true only to some extent. Improvement beyond certain point is
not possible and therefore, for each individual setting (and finite sample size), the detection
profiles converge to the situation similar to the ones in the bottom right panels of Figures
4.1 and 4.2. Further increase of ∥β∥ nor decrease in σ2 will not improve the performance
of these criteria.
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(a) k = 2, σ2 = 1, β2;1
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(b) k = 2, σ2 = 1, β2;2
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(c) k = 2, σ2 = 0.01, β2;1
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(d) k = 2, σ2 = 0.01, β2;2

Figure 4.1: Graphs representing the detection rate of the true set of covariates for k = 2.
Each line corresponds to one of the criteria and consists of connected values of detection
for preselected sample sizes.
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(a) k = 7, σ2 = 1, β7;1

F
re

q
u
e
n
c
y
 o

f 
tr

u
e
 m

o
d
e
l 
id

e
n
ti
fi
c
a
ti
o
n

0

100

200

300

400

500

600

700

800

900

1000

Sample size

0 100 200 300 400

✽ ✽ ✽

(b) k = 7, σ2 = 1, β7;2
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(c) k = 7, σ2 = 0.01, β7;1
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(d) k = 7, σ2 = 0.01, β7;2

Figure 4.2: Graphs representing the detection rate of the true set of covariates for k = 7.
Each line corresponds to one of the criteria and consists of connected values of detection
for preselected sample sizes.

5. Conclusion

In the presented simulation study we have shown that the quality of model identification in
the linear fixed effect models highly differ with the criterion used. The performance of each
criterion further depends on the actual parameter setting including the value of σ2, ∥β∥, and
sample size. Detection rate of a true model by each criterion is very sensitive to a change
in any of the mentioned parameters. There is no situation or parameter setting known to
us where one criterion always outperforms the others and therefore no recommendation
regarding the use of the criteria in specific situations can be made.
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