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Abstract

We have inaugurated the generalized form of the Counting process along with its various
characteristics. The creditability and the consequences for the generalization of the
counting process have also been explained in building generalized Poisson process, etc.
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1. Introduction

How rare is “Rare?” The knowledge of the occurrence of rare events is an important issue
for our survival. The occurrences of these rare events have their own patterns which may
not be entirely known. If the behaviors of the occurrences of each type of rare events
have been studied more than a single or a couple of centennial or decades or years or
even hours depending on the life-span of its; the patterns of the occurrences of the typical
rare events can be extended. The occurrence of the rare events is known as Poisson
distribution which one is an independently and identically distributed Deterministic
model and whose behaviors can be studied in several ways. On the other hand the Non-
Deterministic or the Stochastic Model of rare events having Poisson behavior is known as
Poisson process.

In Poisson process, the non-overlapping waiting time for the occurrences of the
successive rare events follow Exponential Distribution. So, if the inter-arrival times can
be treated as following the generalized exponential distributions as Adnan et el [1] as the
Poisson process can be convoluted to the Generalized Poisson process. Similarly the
probability of an event happening in per unit time is independent of any other unit time
assuming that the inter-arrival time is identically distributed as exponential variant [31].

The generalized inter-arrival exponential time belonging to the Generalized Poisson
process can be used to construct generalized Renewal Theory and Queuing Theory etc.

Literature Review

The Poisson distribution was first brought to light by Siméon Denis Poisson, in 1837.

Later many authors like Stein (1972), Barbour (1988), Aratia (1989), Barbour (1992,
2005), Brown (1994, 1995, 2000, 2001), Zeger (1994), Conway (1999), Salvador (2003),
Chen (2004), Schuhmacher (2005, 2008), Xia (1994, 2008), Zhang (2005) worked on
Poisson process. Authors such as Ibe (2005), Karlin (1975), Knill (2009), Ross (2000),
Suhov (2008) explained Poisson process in their texts. The generalized Poisson
probability model has many applications in areas such as engineering, manufacturing,
survival analysis, genetic, shunting accidents, queuing, and branching processes. Various
generalizations of the family of counting processes have been considered by a couple of
authors [14, 16-19, 24, 30, 32]. Similarly, properties of family of counting processes can
also be obtained from various generalized Poisson processes. Generalization of Poisson
distribution had widely been studied by numerous authors like Satterthwaite (1942),
Lakshmi (2012), Hubert and Lauretto (2009). Various generalized form of Poisson
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process [18, 29] and its family such as Renewal process [16, 20, 25], Continuous time
Markov chain and Branching process [23, 27, 44] with representations of the new form
are presented in terms of definitions. Related theorems, properties and parameter
estimations are also presented here with derivation. And also we have presented whether
there is any difference between the usual process and generalized process. For inference
procedure, we have tested the result of generalized form for different values of b of the
extra parameter h?. And our findings are at the end of this paper.

Several texts books are out there about the family of counting processes such as
Veerarajan (2008), Ross (2004), Medhi (2002), Bening and Korolev (2002) and Ross
(2013). Haight (1959)Fel'dman (1983)& Bening and Korolev (2002) discussed about the
Models of generalized Poisson processes with applications. To study the estimation of
generalized Poisson distribution, Fel'dman (1992) used the weighted discrepancies
method between observed and expected frequencies and found this better than the chi-
square method which links very well with the method of maximum likelihood. Famoye
and Consul (1995) define univariate generalized Poisson distribution which is correlated
bivariate version. Estimation of its parameters and some properties are also discussed. To
allow the assignment of varying weights to events, Satterthwaite (1942) generalized the
Poisson distribution when the number of events follows the Poisson law. Hubert, Lauretto
and Stern (2009) studied the empirical properties of the Full Bayesian Significance Test
for testing the nullity of extra parameter of the generalized Poisson distribution, which is
capable to offer an evidence degree on sharp hypotheses. Pacheco (2003) proposed a
procedure for fitting Markov Modulated Poisson processes (MMPPs) to traffic traces that
matches both the auto covariance and marginal distribution of the counting process. The
number of states is not fixed a priori is the major feature of the procedure. It is an output
of the fitting process, thus allowing the number of states to be adapted to the particular
trace being modeled. Lekshmi and Thomas (2012) made an attempt to review count data
models developed so far as generalizations of Poisson process and considered Weibull
and Winkleman's gamma count model of Mc Shane et al. A Mittag-Leffler count model
is developed and studied in detail with simulation. Zhang (2008) presented three
nonparametric methods respectively for making inferences of doubly stochastic Poisson
processes. They analyzed sequences of arrival data.

Wang and Yang (2012) proposed a nonlinear programming approach for the Kijima type
GRP model | for estimating restoration factor, for repairable systems for the model 11
based on the conditional Weibull distribution, using negative log-likelihood as an
objective function and adding inequality constraints to model parameters. The results
shows that the GRP model is greater to the ordinary renewal process (ORP) and the
power law non-homogeneous Poisson process model. Kijima (2002) considered a
generalized renewal process (g-renewal process for short) and its applications to
reliability theoryalso general repair model with full generality constructed using a general
point process. Pyke (1961)studied the Markov Renewal processes having a finite number
of states as well as its limiting behavior. Jacopino, Groen and Mosleh (2004)provided
general insights into the behavior of the GRP model with applications and concluded that
at a low number of renewals there is little difference between the two models, i.e., GRP
and ORP.Hurtado, Joglar, and Modarres (2005) describes an alternative for calculating
the parameters of GRP models using a Genetic Algorithm (GA) approach to solve
complex MLE equations. Feller (1941) considered the behavior of the solutions of
integral renewal process.
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The main objective of the current study is to develop and find the consequences of the
generalized Counting processes with an extra parameter to be applied affluently in
multiple disciplines.

Chapter 2 ensembles the constructions in counting process, Poisson processes. The new
forms of generalized Poisson processes have briefly been discussed with related theorems
and derivations. Generalized Renewal process has been discussed in Chapter 3.
Conclusion appears in the last chapter. The summery of the differences among the
traditional generalized process have been displayed in the Appendix. The ultimate part is
the reference section.

2. Generalized Poisson process
A stochastic process [N(t),t = 0] is said to be a counting process if N(t) represents the
total number of “events” that have occurred up to time t. The Poisson process is a
collection {N(t) : t = 0} of random variables, where N(t) is the number of events that
have occurred up to time t (starting from time 0) [37]. At is the occurrence rate for the
events being counted within he tome (0, t]. Poisson processes mathematically as
e—ﬂt(lt)n
P[N(t) =n] = —

Where At is mean and variance. Since in the traditional Poisson distribution the pdf of the

-An
Poisson distribution Pt = n] = % represents the probability of the n number of

events to be occurred per unit time or within the time interval (0,1] and the pdf of the
Poisson process
-t n
PING) =n] = &2 ,f.m
Representing the number of events to be occurred per unit time interval (0, t]. When the
time unit is unique, the probabilistic model of the rare events is Poisson distribution and
for the unit time interval the model claims Poisson process. As a result the average rate of
occurrences within the unit time in the Poisson distribution is A(1 —0) = 4.1 = 1and
the average rate of happening within the unit time interval is equivalent to A(t — 0) = At.
An extra parameter b named shape parameter has been introduced in the pdf of the
generalized Poisson process to present the power of the subset h of the unit time (unit
time interval(0,1]) where (0, ] < (0,1]. So, depending on the value of b(b > 0), h?will
be either greater than unit time 1 or less than 1. So the average rate of occurrence A will
be replaced by Ah? to present the average rate of events to be occurred per unit time
interval h?. So, interval (0, h?] will be less than or greater than 1forb > 1,h <1 & h <
1. The probability of occurrence of n number of events per unit time (time interval) h? is

—ARP 40 b
PIN = n] = Q"

where Ah? is the rate of event to be occurred per unit time (time interval) h? v b > 0 to
be known as Poisson probability such that

pARE _ (Ah?)° . (2h?)! . (/‘th) i . z (Ahb) _anb

0! 1! 21
“arb 5 byt b b
Now, P[N = 1] = # — Apbe—thP — pb (M;) N (/U;') B
. P[N = 1] = Ah? + higher order term of h? = Ah? + 0(h?) (1)
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—Ahb 5y by b)? b)? b\! b2
Then,P[N = 2] = e (AnP) _ (AnP) e_/lhb _ (AnP) 1— (AnP) n (An?) —.-|@
2! 2! 2! 1! 2!
= sum of the higher order term of h? = O(h?) ~. P[N = 2] = 0(h?)
Now if Ah? is the rate of event the occurred per unit time(time interval) h?, b > 0 with

—AhD 5 byn
the Poisson probabilityP[N = n] = w; then N (t)will be the counted number of

events to be occurred in the time interval t and {N(t),t = 0} is said to be a counting
process with Ah? if and only if
. N(0)=0.

Il.  The process has stationary and independent increments

. P{N(h) = 1} = Ah® + o(hP). [from (1)]

IV.  P{N(h) =2} = o(h?). [from (2)]
The Generalized Poisson process and its various properties have been developed through
various theorems.

Theorem 1: TheProbability of n number of events occurring in the time interval t will be

P,(t) =P[N(t) =n] = oy ; Vvn=0,1,23,...,00 andb>=1 which
can also be referred as the probability distribution function of the generalized Poisson
process.

e—lhb_lt(lhb—l t)n

Theorem 2: Counting process starts from Bernoulli, binomial then Poisson distribution.
P{X =k}= (Z) Pk(1 — P)" ¥, Binomial distribution converges to Poisson distribution.

. R ) e—}.hb_lx(lhb—lx)n A
Theorem 3:If N(t)is a counting process with the pdf, B,(t) = - with
occurrence rate Ah?~1, then the inter-arrival times X;,X,, ... are an independent and
identically distributed random sequence of X;where each X;has exponential probability
density .

—ﬂ.hb_lt( /'lhb—lt)n

Theorem 4: If N(t) is a Poisson process along with the pdf B, (t) = = -
having the inter-arrival times t,,t,,... having exponential pdf with the form f) =
AhP=1e=Mh"7L ¢ 5 0 Then S, = Y™, t;is the waiting time until the nt® event
occurs Vn = 1,2, ... Then each of the sequence of the waiting time Sy, S5, ..., S, follows
gamma distribution with parameters (n, 1).

—).hb_lt( Ahb—lt)n

Theorem 5: The counting process {N(t), t > 0} having the pdf B, (t) = =

along with the rate AhP~tiff
I.  The number of arrivals in any interval [t,,t;],N(t;) — N(t,) is a Poisson
random variable with expected value AhP~1[t; — t,].
Il.  For any pair of non-overlapping interval [t,, t;], [t,’, t1']. The no of arrivals in
each interval, N(t;) — N(t,) and N(t;") — N(t,") respectively are independent
random variables.

n!

Theorem 6: For a Poisson process {N(t),t =0} having the pdf PB,(t) =
—AnP=1t. 0 b—14n
£ (A7 0 along with the rate of occurrencesAh?~1, the joint probability mass

n!
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function of N(t;),N(ty),..,N(tx_1), N(tr) ; t1<t;<-<tp_ 1<ty IS
PN(E)N(ED, Nt )N () T Ty voe s M1, M) =

_ n _ np—n _
e—-AhP ltl(ﬂhb‘ltl) L o-anb 1U2'ﬁj(lhb'1hz—t1D 2T -anb 1hk_tk-1](lhb‘lkk—tk_ﬂ)

ny! (nz—nq)! (Mg—ng-1)!

Ng—Mg—1

b-1
e—lh t(lhb 1t)
n!

exponential arrivals X;, X5, ... with mean E(X;) = # is a Poisson process of rate
AhP=1 which is memoryless since P[X,, > t' + t|X,, > t'] = P(X, > t) forall t,t’ > 0.

Theorem 7:A counting process N (t) having pdf B,(t) = & independent

Theorem 8: If N(t) is a Poisson process along with the pdf P[N(t) =n] =
e—Ahb‘lt(Ahb—1t)n

n!

correlation coefficient, corr[N(t),N(t +1)] = /i Covariance, Cov[N(t),N(t +

, the mean E[N(t)] and Variance V[N(t)] will be AhP~'t; the

r)]=Ah"~1t and moment generating function, My (t) = el ),

e~y /‘th‘lt)n

n!

Theorem 9: A Poisson process N(t) having pdf P[N(t) =n] =
Markov process.

Theorem10: Ile(t) and N, (t) are Poisson processes along W|th thelr pdf P[N;(t) =

e—AhP~ e apb-1 —Anb=1tr 0 b1
r] = (An t) and P[N,(t)=n—r]= £ (75/1;1), t)

r!

N, (t) = n]then N;(t) + N,(t) is also a Poisson process.

where P[N,(t) +

Theorem 11: If N;(t) with parameters (1,,b) and N,(t) with parameters (A, b) are

e—Ahb~ "¢( Anb- 1t)
r

Poisson process along with their pdf P[N,(t) =r] =
e‘lhb_lt(lhb_lt)n_
(n-n)!

and e?2h" 7"t ~1) yegpectively then Ny (t) — N,(t) is not a Poisson process.

and P[N,(t) =

where P[N,(t) + No(t) =n] with mgf eMh’ 't -1

n—r]=

G N . . 3
Theorem 12: GG follows Binomial variant along with the pdf P[N;(t) =

0+ 300 =l = (1) () (-2

. R . e_)'hb_lt(lhb_lt)n
Theorem 13: If N(t) is a Poisson process along with the pdf B,(t) = -

having the inter-arrival times t,t,,... having exponential pdf with the form f(t) =
Ahb—1g=Ath"™t ; t > 0. Follows independent and stationary increments then time[0, t],
that is for s <t and the conditional distribution of inter — arrival fs (t) =

b—-1yn _
_(/1(:_1))' e~ AR Iegn-1 ;t >0 then P{T; <S|IN(t) =1} = % — constant.

3. Generalized Renewal Process
From the generalized process we obtained a new form of exponential distribution for
inter-arrival time along with the pdf,
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F(t) = Ahb~Le=2h"™ ¢ 5 0
Based on this generalized exponential variant we have derived the generalized forms for
various properties of Renewal process. A counting process {N(t),t = 0} for which the
times between successive events are independently and identically distributed arbitrary
random variables is known as renewal process.A Poisson process is a renewal process for
which the times between successive events are independently and identically distributed
exponential random variables. So renewal process is a special kind of Poisson process
P{N(t) = n} = P{S,, < t}
Where waiting time until nt"event is, S, = Y™, T;, N(t) is number of renewals; N(t) =
Sup{n: S, < t}. ThatisN(t) is a Renewal process.Then we can say, if N(t)is a counting
process, for a Poisson process of rate Ah?, the inter-arrival times T;,T,, ... are an iid
random sequence with exponential distribution
fr =R 020
0 otherwise

Theorem 14: The distribution of the renewal process N(t) will be Pr{N(t) = n} =
Fh(t)'_ Fﬁ+1(t)

Theorem 15: The Renewal function P{S, <t} Where waiting time until n'" event
is, S, = Xie Tywill be m(t) = E{N(t)}, where m(t) is the mean value of the function
andm(t) = E[N(t)] = Ath?~ 1.

—ﬂ.hb_lt( Ahb—lt)n

Theorem 16: If N(t) is a Poisson process along with the pdf B, (t) = = -
having the inter-arrival times t,t,,... having exponential pdf with the form f(t) =

ARP=1e=Ath’™. ¢ < 0 and inter-arrival distribution.If {N(t),t > 0}is a Renewal
Process of a Stochastic Process thenMean,E[N(t)] = Variance, V[N (t)] = Ath?~1L.

Theorem 17: The average renewal rate by time t converges with probability 1 to
w.p
AhP~1tast — oo. Such that lim {@ - Ahb‘lt} —1 where, E(T,) =

1

t—00 Anb-1¢ S ©

Conclusion
The twenty first century makes the lives fast and furious. People are concerned about
reducing the consequences of the effect of the occurrences used to happen less frequently
or rarely. Ensuring the best emergency services may demand the prior knowledge of
forecasting the local and global intensities of the random behavior of the occurrences of
rare hazards. The knowledge of rare events may ensure a good public health and healthy
economy.The family of counting process plays an important role to model the rare events
with the probabilistic approach. This is one of the most important random processes in
probability theory.The goal of this work is to develop and study the properties of the
family of Generalized counting processes and its consequences in building the
generalized Renewal process, etc. Attempts have been made to find the differences
between the properties of usual processes and the generalized processes.
The generalized forms of the Poisson process, Renewal process etc can be unfolded
through the proper specification of the parameters of the Poisson processes. The explicit
form of the various generalized process can be applied to several capricious situations in
multiple disciplines. The way of generalization of the Poisson process and Renewal
process etc. can be vastly extended due to the inequality of the shape parameters or of the
small time interval of two Poisson processes (b, # b,) and/or (hy # hy).
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Appendix A

ting

Table Al: Explicit forms of the Poisson process and its properties

P[N(h) = 0] 1— Ah? + o(h?) 1— Ah® + o(h?)
b=1 b=2
No. of events occurred e~ MPTHEC Apb=1pn e (A" e Mt Aht)™
by timet, P,(t) - T T
Inter-arrival ~ Density Ahb=le=aRP7'e. 5 de~At Ahe =7t
function f(t) = F'(t)
Probability of occurring e~ ta—tol (R0 1], — to])" e~ Ata=tol (A, — oD e Altr=tl( AR[t; — t,])
event for non- ' .y nl
overlapping time n
Mean, E[N(t)] ARP~=1t At Aht
Variance, V[N (t)] AhP~1¢ At Aht
Covariance, AhP~1t At Aht
[N(), N(t +71)]
Correlation, NG Vt vt
[N(@®),N(t +1)] Jitr Jitr Jitr
Joint Conditional | YN A\ n PN n PN
distribution, P, (0) = | () (/11 + /12) (1 T+ /12) (v) (/11 + /12) (v) (/11 + /12)
/X1 (6)+X,(8) =n] A\ A\
(-z5%) | (-13%)

Conditional distribution s s S
of waiting time t t t
Waiting time, fs,_(t) el (ypb-1yngn-1 e~ Atngn-t e MMt Qp)nen1

(n—1)! (n—1)! (n—1)!

Table A2: Mathematical expressions of the Renewal process and its various forms

B1 Theorem 1 Proof:

Characteristics For new exponent variant, () = Ahb—1g—tan"1
f(t) = ARb-1e-t2n" b=1 b=2
Mean, E[N(t)] AthP~1 At Aht
Variance, Var[N(t)] AthP~1 At Aht
G 1 1 1
lim —= - - -
too t p p 2
Number of renewals, (tARP~1)ne—tARP™! (At)re=M (Aht)"e=Ant
N(®) n! n! n!
Density function, f(t) Ahb—1g—AthP™? e~ Ahe=Aht
Waiting time, S,, gn—1,—tAhb~1 (Ahb—1)” tnle=At)n | gn—1lg=-Aht(jp)n
nl n! n!
Appendix B

P{N(h) = 0} + P{N(h) = 1

P{N(h) = 0} = 1 — P{N(h) = 1} — P{N(h) > 2}
= P{N(h) = 0} = 1 — [Ah® + o(h?)] — o(h?)

= P{N(h) = 0} = 1— Ah® + o(h")
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Now, probability ofn events to be occurred in (t + h) interval of time is as follows where
h is very small.
P[N(t + h) =n] = P[N(t) =nand N(h) =0o0r,N(t) =n —1and N(h)
=1lor,N(t)=n—2and N(h) =2...]
PI[N(t+h) =n] = P{N(t) =nand N(h) =0}+ P{N(t) =n—1and N(h) = 1}
+P{N(t) =n—2and N(h) = 2} + ---
= P, (0)[1 — AR® + o(hP)] + Py_1 (D[ 2hP + o(R?)] + o(R?)

b
= lim et h})l 0 =— AhP71P,(t) + ARP~IP,_ (t) + lim O(Z )
%[Pn(t)] = — ARP7IP () + ARP71P,_ 1 ().(3) = li o( )~ owitha greater rate
If we putn = 1 in the above equation (3), we get
L[PL(B)] = — ARP=APL(E) + AP 1Py (£) (4)

Py(t) = P[N(t) = 0] = Py(t + h) = P[N(t + h) = 0] = Po(t)[1 — Ah® + o(Rh?)]

— b
= }li_r}(l)PO(tJrh})l Ao ®) = — AP=1Py(t) + limo(: )
d
P = i) = = 2P0 o ) = — 2t

By integrating the above equation,

Pj(t -
=> fpog dt =— Ahb_lfdt = InPy(t) = — AthP™1 + C = Py(t) = e~ Ath"7'+C
0

Ifwe putt = 0, Py(0) = e~ " 7'0%C = 00 = ¢C .. € = 0 = Py(t) = e~ "7t
So from equation (4) we get,

d _
£ P1@®] =Pi(®) = —Ah”‘lpl(t) + ARP~1Py(£) = —ARPTIP (£) + ARP1em AT
We can rewrite equation (3)as, — [P (t)] = Pi(t) = —ARP~1P,(t) + ARP~1P,_(t)
2 P (t) +/1hb 1p,(t) = AhP=1P,_,(b)
By multiplying e A" 't in both sides we get-
_ d _ -

e MTHRI(E) + ARP TR (D] > - [e T By ()] = 2PN M Py (1)
If we put n = 1 the value of Py(t)
d — e Anb- 1tP )] = ARb—1e MWDt Po(t) = ARD—1e AP 71t o= ARPTIE _ 4 pb-1

dt
By integrating the above equation,

d - _
fa[e AP p (£)]dt = AhPL f dt = e "7 p (£) = ARt + € = ARP 1t
[We know, C=0] - P,(t) = Ahb~1t e=Ar""t
If we put n = 2 and use the value of P,(t) = AhP~1t e=*"7"t we get-
e MRy (0] = AR TP (8) = (AP
Since we know, C=0; By integrating the above equation we get,
d - - t?
f% [e AnP Pz(t)] dt = (ARP™1)? f tdt = e "7 Py(t) = (AhP71)? [7 + c]

(Ahb—%)z B e—lhb_lt(lhb—lt)Z
2 o= 2!

“Py(0) = e h“{

If we putn =n + 1 we get-
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d e B . e—/’[hb_lt(Ahb—lt)n B e
a[e Anb=1¢ Pn+1(t)] = )hP 1elh 1t - — (/Ulb 1)n+1a
- b-1yn
By integrating the above equation,f% [e ARt Pn+1(t)] dt = uhn#f thdt
(/U‘Lb_l)n-'-l . (Ahb_lt)n-'-l

b-1 —Anb-1
=eMTEp L) = [t 4+ C] = Py (8) =727 E

nl(n+1) (n+ 1!
Since the following equation is true for n=1,2,3,...,n+ 1 so, according to the
e—lhb_lt(/‘lhb—lt)n- N

iterative method we can claim that the following equation, B, (t) =
trueforn=1,2,3,.. ,00and b > 1.

n!

B2 Theorem 2 Proof: If n and k are the number of trials in any random experiment and
success within a time interval h? then binomial distribution with parameter (n, p) is
n —No. of trials, k —no. of success within time h?:

This forms a Binomial distribution from Counting process k; i.e.,P(n) = (Z) pkqnk,

k k _ . .
If; =p->0=>n-00 - n.— - . 0 = constant = AhP~1, So it becomes a Poisson

nk
n.n L —Ahb_l b—1~k
random variable with PMF, P(n) = . Ig,n i = k(,/lh )
Ln np\k np\k e P (np)k e AhTT(qpb-1)k
Asnp - AP ————— (_P) ( - _P) = ) - ( )
L(n—k)Lx\n n k! k!

k- Bernoulli;z: k; = S; = Binomial; k; + k, = S, — Poissontime, k — infinite

e—np(np)k _ e—lhb_l(/lhb—l)k-

P(K:k): k' - k' )

k=1,2,3,..,00

B3 Theorem 3 Proof: Given X; = x4, X, = X3, ..., X1 = X1 arrival n — 1 occurs at
time, t,_q = x; + x5 + -+ x,_4. Forx > 0, X,, > x if and only if there are no arrivals
in the interval(t,,_4, t,—1 + x). The number of arrivals in (t,,_, t,—1 + x) is independent
of the past history described by X;, X,, ... , X,,—1. This implies
P(Xn > X/Xl == xl,Xg - x2, ""Xn—l == xn_l) - P[N(tn—l + x) - N(tn—l) == O]
—AhP=1x 20 b—1._50
(Ah _Jpb-1
~PX, >x) = £ > ) — gArPTx (5)
So the distribution function, F(x) =1-PX,>x)=1— e~ AR
d _ _
00 =0 (=) s f(x) = ARP eI

Thus X, is independent ofX;, X,, ... , X,_1.S0 the waiting time distribution f (x)follows
exponential distribution which is one kind of Poisson distribution.
We will derive theorems of generalized Poisson process for this new exponential variant.

B4 Theorem 4 Proof: Let t; be the random variable representing the interval between
two successive occurrences of Poisson process [N(t),t > 0] and let F(t) be its
distribution function. We know from the previous theorem (*); t ~exp (A,b) with
probability density function, £(t) = F'(t) = ARP~le=Ath"™, t>0
Then the distribution of S,,, waiting time until the nt" event occurs is denoted by
n b—14p\n—17pb—1,-AhP~1t
f [Sn(o =" tis where f(0) = anbteman ™ | = G0 (@ Ahl). -

i=1
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b-1
tn_l(lhb_l)ne_lh t

This follows Gamma distribution, that is, fs (t) = ;t=>0

'n
B5 Theorem 6 Proof: Let the number of arrival in any time is N(t;) fori = 2, ..., k. Then
in ty,ty, .., tk_1,t, time events are N(t;),N(ty),..,N(tx_1),N(tx) where t; <
- < t_q < t. If the arrival of any two consecutive times interval is N(t;) — N(t;_1).
By the definition of Poisson process, the joint probability mass function of total events is
PN (e )N (E), N (DN () Mo e ) = PN (£)}P{N (t2)} ... P{N (t)—1)}P{N (ts)}
= P[N(t,) = iq]P[N(t3) = nzIN(t1) = nq] ... P[N(tg—1) = Mye—1|N(t—2) =
Ne—2]P[N(t) = | N(tg-1) = nge—1] (6)
[Since, P(A|B) = P(A)when P(A)and P(B)are independent
= P[N(t1) = m]P[N(t; — t1) = ny —nq] .. P[N (-1 — ti—2)
=M1~ N2 P[N (& — tx—q) =1y — :llk_—%]
B e—lhb 1t1(/1hb—1t1) 1 e—/lhb 1[t2_t1](}{hb_1[t2 _tl]) 27

ny! (ny —ny)!

e_}”hb_l[tk_tk—l](Ahb_l[tk—tk_l])nk_nk_l

- .(nk_nk_l)! - - - - - -

The probability of an arrival during any instant is independent of the past history of the
process.

Where nq < n, <. < ng

B6 Theorem 7 Proof: If X,,denotes the time between the(n — 1)Stand the nt"event then
the probability of nt™ inter-arrival is P(X,, > t) = e~*"""'¢; if and only if no more than
(n —1)5t event occur before t as it follows exponential distribution. If ¢’ is the
additional time and given that, number of occurrence by time t’, the additional time until
the arrival X,, —t', has the same exponential distribution as X, .The conditional
probability that X,, — t' > t given X,, > t', is

L 1 P[Xp>t+t!, Xp>t']  P[Xp>t+t'] e~ AP TL(t+t") _ _apb-1p
P[XTL t > t|XTl >t ] - P[Xn>t’] - P[Xn>t’] - e—/lhb_lt’ e -
P(X, > t)forall t,t' >0
That is, no matter how long we have waited for the arrival, the remaining time until the
arrival always has an exponential distribution with mean # That is, if the lifetime (or

the holding time) has exceeded the valuet’then, conditionally, the residual lifetime X,, —
t'is still EXP(A). So the memory less property of the Poisson process can also be seen in
the exponential inter-arrival Times.

—ARD=Le 4 b1\
B7 Theorem 8 Proof: Mean, E[N(t)] = 3%, n> (An°778) _ jpb-1t

Variance, Var[N(t)] = E[N(t)]? — [E{N(t)}]? = Ef{!N(t)}{N(t — DI +E[N@®)] -
[EINOI = Szon(n — 1) 20 -1 (apv=ie)? = apv-1e
_ Cov[N(t),N(t+71)]
We know, Corr[N(t),N(t +71)] = Toar N O ar N
Now, Covariance, Cov[N(t),N(t + r)]=E[N(t),N(t + r)] — E[N(t)]E[N(t + r)]
~ E[N(),N(t +1)] = E[N@®OIEIN®M)] +{EIN@®I} + VIN(®)]
= AhP~1tARP~1r + (ARP16)2 + ARP~ 1t
[the occurance for the number of events for the time(0, t]is independent that for the time (t, 1)

« Cov[N(t),N(t +1)]
= ARP=LEARD "1y 4+ ARP=1t + (ARP=16)” — ARP1EARDTA(E + 1)
= AhP~1¢t =~ Cov[N(t),N(t +1)] = AhP~ 1t
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b—-1
« Corr[N(8), N(t +1)] = ARt _ ot Nt |t
JARP=TEARD-1(t +71)  (Jt(t+1) Vt+r (t+T

, nt! ,—Arb=1t 5 b—1,.\"
Now, moment generating function, My (t) = E(et ¥®) = y&_ =2 (An77t)

(etllhb_lt)n

n!

_ ,ARD=1e(et -1 ; o ; ; et' Anb-1¢
=e ( ) [Since, Ymp —~ is the power series for e

B8 Theorem 9 Proof: Let the number of events occurred in tq, t,, t5 ... time interval is
n4,My, N3, ... respectively. So the number of events occurred byt; t, is N(t;) =ny,
N(t,) = n,. Then the inter-arrival time (t, — t,) indeed produces(n, — n;) number of
events occurred.Now the probability of n; event in the time interval t5; given that
n, and n, events occur at t; and t, time interval respectively; will be
= P[N(t3) = n3|N(t2) = ng, N(ty) =m]; & <t <+ <ty
e—/lhb_ltl(lhb—ltl)nl e—lhb'l(tz—tl)[Ahb—l(tz_tl)]nz—nl e—lhb_l(tg—tz)[Ahb—l(t3_t2)]n3—n2

_ n,! ' (ny—ny)! ' (n3—ny)!
e—/lhb_ltl(/'[hb—ltl)nl e—lhb_l(tz—tl)[Ahb—1(t2_t1)]n2—n1
, ng! ) (ny—ny)!
— -1 _ _ —
B e ARP = (t5 tZ)[/Ulb 1(1’3 _ tz)]n3 n,

[from theorem equation (6)

(s —mp)! .
The process N (t3) only depends on the immediate past N(t,). So, the process N(t3) is a
Markov process. Thus we can say that P[N(t;) = ng|N(tx—1) = Ng—1, ..., N(t;) =
nq] = P[N(t;) = ny|N(tx—1) = ng—1]. So, N(t) is a Markov Process.
B9 Theorem 10 Proof: N, (t) and N,(t) follows Poisson process. Let total number of
events occur in total time t isn. Thatisif N;(t) =r,N,(t) =n—r.

n

= P[N(t) = n] = P[N,(6) + N,(6) =n] = Z P[N,(t) =7,No(t) =n —r]
r=0
e e W e e M e N O W S
=Yr=o0 7l : (n—1)! - n! o
N; (t) + N, (t) is also a Poisson process.
B10 Theorem 11 Proof: Let N; (t) and N, (t)follows Poisson process. Number of events

occur within time t is n. So the difference between these two processes will be
b ! b— 4!
My, i, (£) = E[et'(Nl—Nz)] _ E[et'Nl] _ E[et'Nz] _ ohih 1t(et —1).elzh 1t(e ¢ —1)
- 1
_ e/llhb'lt(et’—l).e_/lzhb Tt _ ehb‘lt(llet’+lze‘t’).e—(/11+/12)hb‘1t[

This is not a Poisson process.

From theorem (8)

B11 Theorem 12 Proof: Let N;(t) and N, (t)follows Poisson process and total number
of events in t is n; if the number of events in N; (t) is r so the number of events in N, (t)

. . N1 (t) . _ —
isn—rin thenmwnl be P[N;(t) = r|N,(t) + N,(t) = n]
e‘llhb_lt(llhb_lt) e_)‘Zhb_lt(Azhb_lt)
_ o (n-m)! _ (n)( M ) ( A )
e—(/11+)¢2)hb—1t[(Aluz)hbqt]n r/\A; + 1, A+ A,
n!

[from theorem (6)]. Which is the probability mass function of Binomial distribution.

B12 Theorem 13 Proof: Let T, denotes the time of the first event. To find the distribution
of it, we know the event {T; < s}takes place if and only if, the first event of the Poisson
process occur in the interval [0, s]and each interval in[0, t] of equal length should have
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the same probability of containing the event. Thus if the humber of event is 1 in t time
. _ 44 _ P{Ty<s & N(D)=1}

interval, P{T; < s|N(t) =1} = PO

_ P{1 event occurs at (0,s)and no events during (s,t)}

P{N(t) = 1}
_P{N(s) =1} P{N(t —5) =0} _ AhP—1ge—AshP™t g=Anb=1(t=s) s
= P{N(t) = 1} - ARb-1te—AhP—1t i constant

B13 Theorem 14 Proof: Suppose that Ty, T,, ..., T,be a sequence of inter-arrival time.
Then,S; = T; =Time until the first renewal occurs
S, =T, + T, = Time of the second renewal

Sp =T, + T, + T3 + -+ T,, = Time of the n**renewal

If N(t) is the number of independent and identically distributed random variables with a
common distribution F, then, the number of renewals, N(t) by time t depends on
nt" renewal S, . That is, N(t) >n < S, <t. Thus we obtain Pr{N(t) =n}=
Pr{N(t) =n}—Pr{N(t) = n+ 1} = Pr{S,, < t} — Pr{Sps1 < t} = E,(t) — Fp11(0).

B14 Theorem 15 Proof: If N(t) is the number of independent and identically distributed
random variables with an arbitrary common distribution F then the renewal function will

be, m(t) = EIN()] = Zi2_onPa(6) = By nlFa(6) = Fras (0] = Znl ()
Where, F,(.) is the n*" convolution of F(.).
If the inter-arrival time T,, have gamma distribution with density f(t) = Ahb~—1g=Ath?™!,

b-1\n _
Then the density function of S, =X/, T; is, F'(t) e 1tt"‘l;t >0.

'n
b—-1\n _ _ b-1.\"
Fn(t) — J‘Ot (lhrn ) e—)lhb 1ttn—1dt =1— e—lhb 1t ZL’L;& (Ah - t)
B ﬂ.hb_lt n had e—)lhb_lt lhb_lt n
Pn(t) = e_lhb 1t% ~m(t) = Z n fl' ) = AhP~1¢

n=0

B15 Theorem 16 Proof: If {N(t),t = 0} is a Renewal Process of a Stochastic Process
then V[N(t)] = E[N(t)]? — {E[N(©)]}? ... (1) where E[N(t)] = Ah®~'t [Theorem 15
We know the inter-arrival time T, have gamma distribution with density f(t) =
;{hb—le—llthb_ll

b-1\n _
Then the density function of S, = X T; is F'(t) = QR g-an tgn=1, >0

I'n
_ b=14\T _ b—-14\n
E(=1- e—AnPT't ynol W‘T‘*)And P,(t) = g~ AhP 1fW‘Tt) [From theorem 15
VIN()] = (AhP716)% + ARP=1t — (ARhP=1t)* = Athb~1 [From theorem 8

B16 Theorem 17 Proof: Here the distribution function F(¢) =1 —-P[T >t] =1 —
e M we know, u = fooo tf(t)dt = fooo tdF (t) = ﬁ

Let Sy(r+1be the time of the first renewal after time t where time of the last renewal
prior to t or at time ¢ is Sy Then as N(t) <n < N(t) +1; we have, Sy <t <
Sve ot Svwrs | Sne _ Tt Tve L Svew _ T bt T
N(t) — N(t) N@E) TTN@) N(t) N(t) ~ N(®) N(t)
SN _ 1 Ty . Ta++T N 1 Z,’Yi? Tn

I we take limit N’(gToo N(t) ~ N(t)—oo N(t) + N(t)»oo  N(t) =0+ Anb=1t = N(t)

[by the strong law of large number

SN(t)+1 NOW,
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Sowe can write, iy 8% = Jim 3682 lim BE5E = fim S8 =

th_,r?ozzv(t—)f 1 [Since, N]f]t();l -1 ast— <>0].So,N(lti)rr_’1)OO SIIVV(Z;” = ISVA('S):i = Ahbl‘lt

Now from (i) we get, hm D tl_,r?o N(t) <im Izvv((tz);1 = 3ot < tlg?om <7

Thatis, lim = ﬁ = tlg?o T L - lim m (%2 = Ahb- 1t} =51
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