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Abstract

A sieve bootstrap-based method for obtaining prediction intervals for autoregressive
processes with innovations following a GRACH volatility structure is proposed. Re-
sampling is done on residuals obtained after a two-stage process which fits an AR model
first and GARCH parameters estimated from the residuals of the AR model. Both the
orders of the AR and GARCH processes are considered unknown and are estimated using
the AIC and AICC criterion, respectively. This is in contrast to an existing method for
ARMA-GARCH processes that assumes both the ARMA and GARCH orders. The
proposed method produces intervals that are conditional on the observed data and the
interval width is allowed to vary with the conditional variance predicted for the forecast
period. A Monte-Carlo simulation study shows that the proposed method produces
intervals with coverage probabilities reasonably close to the nominal level.

Key Words: Conditional Heteroskedasticity, Forecast Intervals, Residual Bootstrap,
ARMA-GARCH Models, Volatility

1. Introduction

Empirical time series that exhibit conditional heteroskedasticity is quite common in areas
such as finance. Such behaviour is commonly modelled using the well-known ARCH and
GARCH models introduced by Engle (1982) and Bollerslev (1986), respectively. GARCH
processes in particular have drawn the attention of many researchers and diverse
modified versions of these processes have been introduced. Exponential GARCH
(Nelson, 1991), Non-linear GARCH (Engle and Ng, 1993), and Integrated GARCH
(Baillie et al, 1996) are some of the widely available modified versions of the regular
GARCH process.

For practitioners, one important aspect of modelling empirical time series is obtaining
point or interval forecasts. Studies which address the problem of point forecasting are
prevalent in time series literature (for example Baillie and Bollerslev (1992), Anderson et
al. (2001), Engle and Patton (2001), and Poon (2005)). However, there is relatively less
work in the area of interval forecasting. This is especially true in the case of processes
with conditionally varying volatility. Pioneers in developing prediction intervals for
heteroskedastic processes are Pascual, Romob, and Ruiz (2005). They proposed a
bootstrap procedure to compute prediction intervals for both returns and volatility of
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GARCH(1,1) processes. More recently, Chen et al. (2011) developed a computationally

faster method to generate prediction intervals for pure GARCH processes. While the
above processes only looked at pure GARCH processes, Goncalves and Kilian (2007)
established the asymptotic validity of the bootstrap method to AR(e0) processes with

conditional volatility when the re-sampling is done without modeling the
heteroskedasticity.

The objective of this study is to propose prediction intervals for autoregressive processes
with GARCH errors, with the property that the interval width changes with the
conditional heteroskedasticity found at the time of prediction. Specifically, we would like
to obtain prediction intervals that are wider when the conditional heteroskedasticity is
high and narrower when the conditional heteroskedasticity is low. Some work along these
lines has already been done. For example Shimizu (2013) introduced bootstrap-based
prediction intervals for ARMA-GARCH processes and the reader is referred to Shimizu
(2010) for the theoretical justification for this method.

Our proposed procedure differs from Shimizu’s method in two important ways. First, he
assumes the orders p,qof the ARMA(p,q) process whereas our method uses the AIC

criterion to estimate the unknown order of the AR portion of an AR-GARCH model.
Second, we also estimate the orders r, s of the GARCH(r,s) formulation using the

AICC criterion. In contrast, Shimizu assumes that r and s are known. Thus, the

proposed procedure is more general as well as practical compared to Shimizu’s method.
Moreover, Shimizu reports simulation results for a limited number of AR-ARCH
processes while the results presented herein cover a larger set of AR-GARCH models.

The rest of this paper is organized as follows. The sieve bootstrap procedure is introduced
in Section 2. In Section 3 results of a Mote-Carlo simulation are presented. An
application of the proposed method is presented in Section 4 and we conclude this paper
in Section 5 with a discussion of the results.

1.1 The Sieve Bootstrap (SB) Procedure

This procedure was first introduced by Buhlmann (1997). It re-samples the residuals
obtained by fitting an AR(p)modeI, and assumes that the order, p,of the process is

obtained using some criterion such as AIC from among models with p=1,2,..., P«

where p,.. —> o as n—oo. Alonso adopted this technique in a sequence of

publications appearing in 2002, 2003, and 2004 to obtain prediction intervals for ARMA
processes. Mukhapadhyay et al. (2010) used a modified version of this procedure to
generate bootstrap-based prediction intervals for invertible time series. Furthermore,
Rupasinghe and Samaranayake (2012) extended the application of SB prediction intervals
to FARIMA processes. The primary advantage of the SB method is that it does not require
knowledge of the orders associated with the underlying process because it always fits an

AR(p) model with p estimated using some criterion.
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1.2 Model
The autoregressive model with GARCH innovations we consider in this study is as
follows:
¢(B)Xt =Uuy,
where ¢(z)=1-¢z— ... -¢,z° and @)
U, =o.&, teZ,
r S

O.tz — a‘O +Z|:la|ut2:| +ZJ:1bJO-tZ—J’

where {g, }tnzl is a sequence of independent, identically distributed (i.i.d), random

variables with zero mean, unit variance, with E(gf)zO, and E(gt4)=k<oo.
Additionally we assume that a,,a;,and b; are unknown parameters satisfying
a,>0,8 >0, and b; >0, for i=1,2,...,r and j=1,2,...,s. Moreover, assume

that the weakly stationary property of GARCH(r,s), namely Z:il(ai +b)<1,
presented by Tsay (2002), is satisfied and that ¢(z)=0 implies | z| > 1.

2. The Proposed Procedure

Step 1. Following Alonso (2003), select a maximum order P, :C((n/ Iog(n))y(z”z))

where 1 > 2, for some ¢ > 0. Note that this is a large sample order and ¢ must be
chosen sufficiently large (~ 15 to 20) for the method to work. We used p,, =20, 27
for n=300, 1,000respectively. Then, find the optimal order, p, using the AIC criterion
among the values p=12,..., Py -

Step 2. Using Yule-Walker or Least-Squares method, estimate the coefficients ¢31¢3p

of the AR(P) process. The Yule-Walker method was employed in this study following

the example of Alonso et al. (2002, 2003, and 2004) and Rupasinghe and Samaranayake
(2012).

Step 3. Compute the (n— ) residuals using &, = Z?:lgaj (X ; = X),

-p
where ¢ =1, t(p,...,n), and X is the mean of the process {X, J

t=1"

Step 4. Center the residuals if using the Yule-Walker method (Thombs and Schucany,

1990). Denote the centered residuals by &;te(p,..,n), so & =& —¢&,

where & =(n—p)" D &
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Step 5. Using the centered residuals and the AICC criterion, estimate the orders
F and § of the GARCH (r,s) model.

Step 6. Determine the Maximum Likelihood Estimates of the GARCH coefficients

Giyy Gy, Gy, 0 f3,,..., B, using the residual process {2, }

Step 7. Generate the error process {vt} by first creating a conditional variance process
{6—5}, using the estimated GARCH coefficients, ¢, &;,...,&;, and ,31[;’5 and the

relationship v, = &,/ &, ; fort € {m, ... ,n}, where rh=max(F,$).

Step 8. Center the v, 's to obtain

0, =V, ~0; te {M,...n}, where ¥, =(n—m) " 3"

t=r L'
Step 9. Denote the empirical distribution of the centered error process {\7t }tnzﬁ1 by

va,n (é) - Z 1{\7;5}'

t=rh+1

+150

Step 10. Obtain a bootstrap GARCH error process {gt* }::1 by first creating a bootstrap
conditional variance process {c}t* 2} using the estimated GARCH coefficients in Step 6

and then using &, =Y, \/6,2; t=1:n+150. Here, {\7: }nﬂsois obtained from {Ot}::m by

t=1
sampling with replacement.

Step 11. Estimate the GARCH parameters &, &, , ...,d,, and ..., B of the process

{g:} using Maximum Likelihood Estimation.

Step 12. Using the estimates &, &, , ...,d,, and 3, ,..., B obtained in Step 11 and
employing a method similar to that in Step 10, create a bootstrap GARCH error process
and denote it by {g:* 3

Hk

Step 13. Re-create an autoregressive (AR) process with GARCH errors, {gt } created in
Step 12 and using the relationship

e boa (v 7). e .
X, =X =—Zj=1¢j (thj —X)+gt , where X, = X fort=1,2,..., p.

Note that we generate n+150 &, and X, values and discard the first 150 to minimize
the effect of the initial conditions.
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Step 14. Fit an AR(p) model to {X:}:Zl using Yule-Walker method and denote the

x

estimated AR coefficients by ¢, ... , 4.

Step 15. Using the GARCH coefficients d;, 4, , ...4;, and S, ..., f; estimated in

' f?
*k

Step 11 create k-step ahead bootstrap GARCH error process {g } and then using the

n+k
estimated coefficients ¢l* ¢; generate  k-step ahead bootstrap observations by
recursion as follows:

X —X:—Zleéj*(x;k,j —)?)+g::k ,where k>0 and X =X, ;t<n.

Note that the bootstrap distribution of X ., should be conditioned on the originally

observed data rather than on the bootstrap data. Thus, set X, = X, fort<n, as
suggested by Cao et al. (1997) and Alonso et al. (2002, 2004).

Step 16. Obtain the bootstap distribution of X
Steps 10 to 15 B times, where B = 1,000.

denoted by F. (), by repeating

n+k?

Step 17. A 100(1— )% prediction interval for X, is then given by:
[Q°(e/2), Q" (1—x/2)] where Q" (k)= Ifgilk (k) isthe k™ percentile of
the estimated bootstrap distribution of {X }.

3. Monte-Carlo Simulation

A Monte-Carlo simulation study was carried out with two different error distributions
(N(O,l) and t with 5 degrees of freedom) for sample sizes 300 and 1,000. Following
models were used in creating the heteroskedastic error structure for GARCH errors:

Model I
o2 =01+04¢",,

Model II: 2
o/ =0.05+0.1¢7, +0.8557,

Model 111
o/ =0.05+0.3g",+0.15¢7, +0.2567, +0.157, .

Note that the first two of the above models were employed by Chen et al. (2011) in their
simulation study.

We considered AR(1) and AR(2) processes in the simulation study with error structures
given by Models I, Il and 111 in (2).
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The AR models considered were:

X =#X 1+ &,
X, =@ Xt hX ,+ &,

with ¢ €{0,0.4,0.6,0.9,1.11} and ¢, {0,0.2,0.4,0.6}.

For each combination of model, sample size, nominal coverage, and the error
distribution, N = 1,000 independent time series were generated, and for each series Steps
1 through 16 were carried out.

When computing the coverage probabilities of these N = 1,000 simulations, R = 1,000
future observations {ka} per each simulation were generated.

The coverage for the i™ simulation run is given by:
C(i)=R™>" I X )], where A=[Q(2/2).Q"(1-a/2)].

The bootstrap length and the theoretical length for the i™ simulation run are given by:

L()=Q (1-a/2)-Q («/2)and L, (i)=X, 1-c/2)-X., (a/2),

n-+k

respectively.

Also, the following equations were used for appropriate calculations:

Mean Coverage: C = N‘lZLC(i),

Standard Error of Mean Coverage: SE; = {[N(N —1)]‘121N [ci)-CT }

i=1

Mean Bootstrap Length: L, =N~ N:1 La(i),

Standard Error of Mean Length: SE; = {[N(N —1)]_12:11[LB (i)-L, ]2}
Mean Theoretical Length: L, = N’lle:l L. (i).

The simulation results show that in most cases the proposed method provides nominal or
near nominal coverage, with mean interval length close to the theoretical length. The
coverage probabilities are usually slightly below nominal for one-step-ahead prediction
for sample size 300 but the coverage improves for sample size 1,000. In fact, the
coverage is approximately 95% when rounded to two decimal places for lead lengths
greater than 1 or for sample size 1,000. When one of the roots of the autoregressive
polynomial is close to unity, however, the coverage falls well below nominal for all lead
lengths when the sample size is 300 (see Table 5). The coverage does improve when the
sample size increases to 1,000.
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Following tables present a subset of the simulations results we obtained in this study:

Table 1: Coverage of 95% intervals for (1—0.48 )xt =Uu, with Model I and normal
errors. AR Root: 2.5

Lead Sample Theoretical Mean Coverage Mean Length
Length Size Length (SE) (SE)
1 00 | 1502 ©0013) 002
1000 1.5343 (818382) ((1):8?2421)
10 300 1.6904 (818323) (335833)
N ©0019) (0036)
20 300 1.6910 (gfggg% (éigggg)
o | aew | gEm | ame

Table 2: Coverage of 95% intervals for (1—0.98 )xt = U, with Model I and normal
errors. AR Root : 1.11

Lead Sample Theoretical Mean Coverage Mean Length
Length Size Length (SE) (SE)
1| w0 | s R ooz
ow | e | o | g
0 | w0 | sam | pEnT | aaem
o || e o
20 300 3.5976 (0.0037) 00309
1000 3.5882 (8283?3) (g:giég)
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Table 3: Coverage of 95% intervals for (1—0.2B)x, =u, with Model I and normal
errors. AR Root : 5

Lead Sample Theoretical Mean Coverage Mean Length
Length Size Length (SE) (SE)
. 300 3.8189 (g:ggﬁ) (g:gi\%‘l‘)
il (00009 002170
10 300 3.8938 (g:gggg) (g:gggg)
e 0013 ©.0156)
20 300 3.8867 (8:8325) (gigggg)
1,000 3.9149 (8183133) (gigigg)

Table 4: Coverage of 95% intervals for (1—0.4B—O.282)xI =Uu, with Model Il and
normal errors. AR Roots: -3.449, 1.449

Lead Sample Theoretical Mean Coverage Mean Length
Length Size Length (SE) (SE)
1 00 | 1800 (00020 0035)
1000 | 17970 (0008 0024)
10 300 21442 (0.0047) (00240
1,000 21337 0009) 0139
20 300 2.1332 (8:3323) (gﬁgggg)
o | wwe | g | gmm
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Table 5: Coverage of 95% intervals for (1—1.1lB+0.1882)xt = u, with Model Il and
normal errors. AR Roots: 1.096, 5.071

Lead Sample Theoretical Mean Coverage Mean Length
Length Size Length (SE) (SE)
1 0 | s ©.001e) 00289
1,000 3.8393 (8;8382) (gfgggg)
0 | w0 | 1067 (0002) 01105
1,000 10.1446 (gﬁggﬁ) (10964693621)
20 300 11.3133 (818332) (101.f19677%
1000 | 113m7 00018 0054)

Table 6: Coverage of 95% intervals for (1—0.4B)x, = u, with Model I and t distributed
errors. AR Root : 2.5

Lead Sample Theoretical Mean Coverage Mean Length
Length Size Length (SE) (SE)
1 300 15584 (0.0014) 00312
1,000 15195 (8283(7)2) (é:gigg)
10 300 1.6760 (82832111) ((1,:(7,?22)
o | e | 0B | e
20 300 1.6653 0.0031) 00159
1,000 1.6696 (8188(1)% (cl):gggg)
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Table 7: Coverage of 95% intervals for (1—0.2B)x, =u, with Model 11 and t distributed
errors. AR Root : 5

Lead Sample Theoretical Mean Coverage Mean Length
Length Size Length (SE) (SE)
1 00 | 38580 00019 00844
1,000 3.7716 (8:8382) (8;3252)
10 300 3.9667 (00032 00702)
1,000 3.8838 569090417663 (318%151)
20 300 3.8088 (0.0037) (00649
wo | aems | pme [ s

Table 8: Coverage of 95% intervals for (1—0.4B—0.282)><1 = U, with Model Ill and t
distributed errors. AR Roots : -3.449, 1.449

Lead Sample | Theoretical | Mean Coverage Mean Length
Length Size Length (SE) (SE)
(SE)

1| w0 | ass | 0o 00551
o | e | O e

10 300 2.1216 (8:8321) (éigﬁ%
o | zom | S0 S

20 300 2.0705 (8:8322) (éiggg%
1,000 2.1126 (gjggg% (Sjéégé)
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When the underlining error obeys a t-distribution with five degrees of freedom, the
coverage probabilities do not show much difference from what is obtained under standard
normal errors (for example see Tables 3 and 7). This shows some evidence that the
proposed method works well under heavy-tail error distributions. This is validated further
by simulation results not reported in this paper.

4. Application to S&P 500 Data

The proposed method was applied to a real data set obtained from S&P 500 index. S&P
500 is a popular stock market index among econometricians and statisticians as it
provides a broad snapshot of the overall U.S. equity market. In fact, this index tracks over
70% of all U.S. equity market. For our study we used S&P index data from 2010 to 2014.
Note that the log returns of the closing prices were used for generating prediction
intervals.

The following figure shows one-step-ahead prediction intervals we generated for this
S&P data using the proposed method:

One Step Ahead Prediction Interval

Upper Bd
S&PS00 Data
Lower Bd

Tirme Series/Bounds

o 10 20 30 40 50 B0 70 g0 S0 100
Lag

Figure 1: One-step-ahead prediction intervals for S&P 500 data
Clearly, the intervals change width based on existing volatility. For example the method

yields wider intervals at lag 30 when predicted volatility is large but provides relatively
narrower intervals at lags 10 and 60 when the volatility is low.
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5. Conclusion

A bootstrap-based method for obtaining prediction intervals for AR-GARCH models was
presented and its finite sample properties were investigated using a Monte-Carlo
simulation study. In contrast to an existing method, the proposed method does not assume
the knowledge of the orders of the AR or the GARCH portions of the model. Simulation
results show that the model performs well under most situations providing coverage
probabilities close to the nominal level. Further extensions to this procedure are possible,
such as using finite Autoregressive approximations to obtain prediction intervals for
ARMA-GARCH processes using the sieve-bootstrap.
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