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Testing for equivalence and non-inferiority: IU and UI tests within a
permutation approach
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Abstract

In many research areas such as clinical trials, bioequivalence or pharmaceutical experiments, there
is often the need to deal with the problem of testing the equivalence of two treatments. There are
mainly two approaches with which to address the problem, the choice of which depends on the
priority of the researcher who perform the analysis. The intersection-union principle (IU principle)
considers as null hypothesis that the effect of a new treatment lies outside a given interval around that
of the comparative treatment, and as alternative hypothesis that this effect lies within that interval.
Alternatively, the union-intersection principle (UI principle) considers as null hypothesis that the
effect of a new treatment lies within a given interval around that of the comparative treatment, and as
alternative hypothesis that this effect lies outside that interval. Thus, given a fixed «, the researcher
has to decide if it is preferable to retain with a probability converging to one an equivalence between
treatments (leading to the IU approach), or a non-equivalence between treatments (leading to the Ul
approach). In the literature, the IU approach seems to be the only one followed, apparently without
real motivations.

The goal of this paper is at first to present two practical solutions for the two approaches,
working in a nonparametric setting within the permutation framework. Two algorithms respectively
for IU and UI test are presented. A comparison between the behavior of the two solutions is also
discussed using a simulation study.

Key Words: intersection-union principle, union-intersection principle, multi-aspect testing, non-
parametric combination, permutation tests, testing for equivalence

1. Introduction

Most of the literature about testing for equivalence of two treatments, faces the problem
within the framework of the intersection-union tests (see e.g. Berger (1982); Berger and
Hsu (1996); D’ Agostino et al. (2003); Hung and Wang (2009); Julious (2010); Laster and
and Johnson (2003); Liu et al. (2002); Metha et al. (1984); Wellek (2010); Zhong et al.
(2012)). Following the IU principle, the alternative hypothesis states that the effect of a
new treatment (typically a drug) lies within a given interval around that of the comparative
treatment, whereas the null hypothesis states that this effect lies outside that interval. More
formally, suppose to have one endpoint variable X and a two-sample design, and we want
to assess the (substantial) equivalence of a new treatment A to a comparative treatment
B. Let 64 be the effect of A, and let dp that of the treatment B, we want to test for the
hypothesis H : [(04 < 0 —e7) OR (64 > dp + €g)] against K : (0p — &7 < 64 <
0p + €s), where e7 > 0 and eg > 0 are the non-inferior and the non-superior limits for
the difference 64 — dp of two effects. Limits which are suitably established by biological
and/or pharmacological and/or clinical and/or technical and/or regulatory considerations.
Let us assume to break down the global hypothesis into the following partial sub-
hypotheses: Hy : 04 < dp — ey vs K : 64 > dp —erand Hg : 04 > 6p + €5
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vs Kg: 04 < dp+eg. Itis easy to observe that the global null hypothesis H is true when
only one between the sub-null hypotheses H; and Hyg is true, whereas the global alternative
K is true when both the sub-alternatives K7 and Kg are jointly true. Thus the hypotheses
in the TU test states that H = H;|JHg and K = K;() K.

Conversely following the Ul principle, in accordance with Roy’s theory (Roy, 1953;
Sen, 2007), the alternative hypothesis states that the effect of a new treatment lies outside a
given interval around that of the comparative treatment, whereas the null hypothesis states
that this effect lies within that interval. The related hypotesis testing can be written as

~

H:(6p—c1 < 64 < 0p +es) against K : [(04 < 0 — 51) OR (34 > 65 + e5)].
As before, let us con51der the related partial sub- hypotheses H : 04 > 0p — €5 vs

:04 < 0g — €7 and HS s 0g < 53 + 5 vs KS oq > 53 + eg, andnotethatm
thls case the global null hypothesis H is true when both the sub-null hypotheses H rand
H S are Jomtly true, whereas the global alternative K is true if only one between the sub-
alternatlves K Iand K sis true. The hypotheses in the Ul test states that H H N H s and

K=K jay K, -

Thus, for a given fixed significance level «, the researcher who faces the problem of
testing for equivalence has to decide if his focus is: the equivalence of the effects, i.e.
when two treatments are equivalent, he wishes to detect this equivalence with probability
converging to one when sample size diverges, hence follow an IU approach; or the non-
equivalence of the effects, i.e. when two treatments are non-equivalent, he wishes to detect
this non-equivalence with a probability converging to one when sample size diverges, hence
follow an UI approach.

It is worth noting that the IU testing approach does not admit any solution when ¢; =
es = 0. In fact in this situation the hypothesis testing becomes H : [(d4 < dp) OR (64 >
0p)] against K = @. In the other hand the UI approach does not present drawbacks when

er = g = 0 because the hypothesis testing becomes H 04 = O0p against K oA # 0B
which is the traditional two-sided test.

In this paper, we propose a solution for both IU and UI approaches within the permu-
tation approach, testing separately, albeit simultaneously, the two partial test statistics, and
combining them through the NonParatric Combination (NPC) procedure (Bertoluzzo et al.,
2013; Pesarin, 2001; Pesarin and Salmaso, 2010).

In order to introduce the proposed methods and without loss of generality, let us refer
to a two-sample design, a one dimensional endpoint variable X and let us assume that a
sample of nq I1ID data are from X7 related to treatment A and, independently, no IID data
from X5 related to B. Let us also suppose that the underlying variable X is common to
both populations and they may differ for a shift, i.e. X; = X + 4 and Xo = X + dp (in
this formulation it is implicitly assumed that data are homoschedastic, a condition which
can be considerably weakened, see Pesarin and Salmaso (2010, 2011)). So that X; =
(X11, ..., X1n, ) are the data of the A sample and X9 = (Xa;, ..., Xo,,) those of B.

2. The nonparametric IU permutation test

In this section we present the proposal for the IU approach, where the hypothesis has testing
the form H : [(04 < dp—c7) OR (d4 > dp+eg)]against K : (0p—e7 < d4 < dp+eg).
As seen in the previous section it is possible to see the global test as splitted into two
partial tests Hy : 04 < dp —ervs Kf : 64 > d0p —erand Hg : 64 > dp + €5
vs Kg: 64 < 0p + €g. The idea is to test separately, albeit simultaneously H; vs K and
Hg vs Kg . For testing Hy vs K7 let us consider the data X5 of sample B modified as X72
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= Xy — €7 whereas the data of sample A are the same so that X;; = X;. Now we can see

d
that the sub-alternative K; : 04 > dp —e7 = X1 > Xppand Hy : 64 < 0p — €7, as a
test for stochastic dominance between two populations. For this kind of problem a suitable

test statistic may be based on the differences of the two means, i.e. 177 = 5( In— )} roWhere
Xij = Z;Zl Xrji/nj, j = 1,2. Similarly for testing Hg vs Kg let us consider Xg1 = X
and data of sample B modified as X g9 = X2 + £5. The hypothesis testing can be written

d
as Kg : 04 < dp+eg=Xg1 < Xg9and Hg : 64 > dp and a suitable test statistic is

Ts = X g2 — X g1. Note that both test statistics 77 and Ts are significant for large values,
i.e. large value are evidence agaist the respective null hypotheses. Before presenting a
complete algorithm for the IU permutation test, let us introduce a modification in the NPC
method, since the two partial p-values are not positively dependent. Indeed, it is worth
noting that Hy true implies Hg false and vice versa.Thus the combination can be done by a
nonparametric combining functions ¢ : [0, 1]> — R™, small values of which are significant
and combining functions suitable for IU testing should satisfy the following properties:

1) is continuous and non-decreasing in each argument, i.e. A\, < )\fl implies (..., A, ...

IR VI E
2)  must attain its infimum if all arguments attain 0;

3) a > 0 and larger than the minimum attainable value (Pesarin and Salmaso, 2010)
implies the conditional critical value ¢, > 0.

Examples of combining function for the IU permutation test are:

-the max-p rule: ¢; = max(As, Ag); sometimes equivalent to the min-7" test

-the average rule: 4 = A\;+A\g, or more generally @ 4, = A}"+Ag", wr, wg > 0 (this
could be used when the allocation of different weights of importance to sub-hypotheses is
required);

-the product-p rule: ¢ =1 — (1 — A7)(1 — Ag);
where A; and Ag are the partial p-values related to 77 and T’s respectively. Note that the
two p-values are necessarily dependent, thus have to be computed on the same permutation
of the data.

In what follows we present more in detail an algorithm for the IU permutation test:

1. read the data set X = (X, Xs) = (X;,7 = 1,...,n;n1,n2) and two limits £; and
€S;

2. define two data vectors X; = (X, X2) = (X715 = Xu4,0 = 1,...,n1; Xpoi =
XQZ‘ —Sj,i == 1,...,n2) and XS = (XSl,XSQ) = (X,Sli = Xli,i = 1,...,n1;
Xsoi = Xoj +e5,i=1,...,n2);

3. compute the observed values of two statistics: 7¢ = X1 — X2 and TS = Xgo— X1
and take memory;

4. take a random permutation u* = (uj, ..., u} ) of unit labels u = (1,...,n);
5. define the two permuted data sets: X} = (Xyz,4 = 1,...,n;n1,n2) and X§ =
(Xsuz,i=1,...,n;n1,n2) both defined on the same permutation u*;

6. compute the related permuted values of two statistics: Tf = X}, — X}, and TS =
Xgy — X3, and take memory;
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7. independently repeat R times steps 4 to 6 obtaining the results: [(T7,,75,), r =
1,..., R] which simulates the bivariate permutation distribution of two partial tests
(T1, Ts);

8. calculate two estimates of marginal p-value statistics A\; = S| TI[T% > T¢]/R and
As = Zil I[T¢, > TS]/R and the p-combined observed value ¢° = ¢(Ar, Ag),
small values of which are evidence against the null hypothesis H;

9. transform the simulated bivariate distribution in step 7 into the bivariate empirical
significance level function L* = [(L7,.,L%,),r = 1,..., R] where L} = {0.5 +
R * *
Zb:l I(Thb Z Thr)}/(R + 1)? h - Ia Sa

*

10. define the p-combined distribution [} = ¢(L7,,Ls,), r = 1,..., R], that simu-
lates the true bivariate permutation distribution of ¢ where the dependence between
(T, Ts) is nonparametrically, albeit implicitly, taken into consideration;

11. the global NPC p-value statistic for testing equivalence is defined as A, = Zle | {[%
¢°l/R;
12. if A, < o then reject global H in favour of K.

3. The nonparametric UI permutation test

For testing H against K within the UI again our proposal is to test separately H; agalnst
KI anst agalnsth TotestforHI o4 > 0p—€g agamstK; 6,4 <dgp—er=Xn <
X0 we propose the test statistic TI = X[Q XH and for testing Hs 64 < dp +eg

against KS 0a > 0ptes = Xs1 > Xgo the test statistic Tg = ng — X51 or their
permutationally equivalent expressions. Note that even here large values of these statistics
are significant, i.e. are evidence of the respective sub-alternatives. The related permutation
p-value statistics Ay and Ag are now to be calculated in such a way that at least one small p-
value statistic is evidence of the global alternative K It is to be observed here that K 1 true
implies K s false, and vice versa; whereas Hyand H s can be jointly true. Moreover, now
two partial tests TI and Tscannot be jointly unbiased.This fact implies a modification with
respect to NPC as in Pesarin and Salmaso (2010) on the combining functions. That is, they
must be combined according to a modified NPC methodology, i.e. by combined functions
1 : [0;1]> — RY large values of which are evidence against the global null hypothesis H.
Combining function for UI permuation test should satisfy the following properties:

. . . . . . g ~/ . . g
1) 1 is continuous and non-increasing in each argument, i.e. A, < Aj implies (..., Ag, ...

Yo A )
q
2) 1 must attain its supremum if at least one argument attains 0;

3) a > 0 implies the combined critical value is ¢, < 00, i.e. no concentration at +0co
under H.

Some possible of combining functions for the UI permutation test are:

-the min-p rule: 1, = max(1 — A7, 1 — A\g) corresponding to the so called Tippett’s
combination rule;
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-the product rule: ¢¥p = X[XS, equivalent to the famous Fisher’s combination rule
bp = —2 [ +1n)\g};
Let us now introduce in detail an algorithm for the Ul permutation test:

1. read the data set X = (X, X2) = (Xj,i = 1,...,n;n1,n2) and two limits £; and
£S;

2. define two data vectors X; = (XH,XIQ) = (Xlli = X,t=1,...,n1; X9 =
XQZ' - E[,i = 1,...,77,2) and XS = (XSl,XSQ) = (XSM = Xli,i = 1,...,77,1;
Xgoj = Xoj +e5,i=1,...,n2);

3. compute the observed values of two test statistics: ff = X9 — X1 and Tg =
Xs1 — Xg2 and take memory;

4. take a random permutation u* = (uj,...,u}) of unit labels u = (1,...,n);
5. define the two permuted data sets: X7 = [ X (u}),i = 1,...,n;n1,n2] and Xg =
[Xs(uf),i=1,...,n;n1,n2]; note that two permuted data sets are both defined on

the same permutation u*;

6. compute the permuted values of two statistics: T]* = X;,— X}, and Tg =X 31 -X 9
and take memory;

7. independently repeat R times steps 4 to 6; the results: [(Tv}"r, T &), =1,...,R]
simulate the bivariate permutation distribution of two partial test statistics (77, Ts);

8. calculate two estimates of partial p-value statistics A; = Zle I(fI*T > ff) /R
and \g = Y2 I(T%. > T9)/R and the estimated global test statistic Tg =
min(Az, Ag);

9. if Ty > o reject the global null hypothesis Hy.

4. A simulation study

In the present section we wish to evaluate the behaviour of the IU and UI permutation tests
both under Hj and in power. We consider three different distributions as data generators,
gaussian, uniform and exponential and a two sample design with equal sample size for each
sample. The rejection probability of the permutation test (based on B = 2000 permuta-
tions) at usual nominal significance level of 5% is recorded for different situations on the
basis of 2000 Monte Carlo iterations. In particular we consider the situation 64 = €1 (Hp
both for IU and Ul tests), 4 = 0 (Hg for Ul test, H; for IU test) and 6 4 = 2e9 (Hy for IU
test, H; for UI test). We also consider both the case with symmetrical and asymmetrical
equivalence interval. The max-p rule and min-p rule have been chosen as combining func-
tions respectively for the IU and UI tests. We report in Table 1 and Table 2 the results of
the simulations for the case with § 4 on a limit of the equivalence range, i.e. under the null
hypothesis both for IU and Ul test. The choice of equivalence ranges takes into account the
distributions considered. In Table 3 and Table 4 are shown the results for different cases:
04 = 0and 64 = 29, and 64 = 0 and 54 = 2¢;. Note that, we report these results in
the same table because if we wish to compare the behaviour of the two tests we have to
consider that the case 4 = 0 is a situation under H; for the IU test which corresponds
to the case 04 = 2¢e4 for the UI test. Similarly for the case with asymmetrical interval we
compare the case 04 = 0 for the IU test with the case d4 = 2¢ for the UI test.
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Table 1: Rejection rates at 4 = e1(Hp both for IU and UI tests) with sample size
ny = ng = 20,30 for Gaussian, Uniform and Exponential distribution, and symmetri-
cal equivalence range.

Hy
Distribution | n1 | ny | 1 €9 U Ul
Gaussian 20 | 20 | -0.75 | 0.75 | 0.049 | 0.053
Gaussian 30 | 30 | -0.75 | 0.75 | 0.045 | 0.052
Exponential | 20 | 20 | -0.50 | 0.50 | 0.026 | 0.048
Exponential | 30 | 30 | -0.50 | 0.50 | 0.047 | 0.053
Uniform 20 | 20 | -0.25 | 0.25 | 0.051 | 0.052
Uniform 30 | 30 | -0.25 | 0.25 | 0.043 | 0.045

Table 2: Rejection rates at 4 = &1(Hp both for IU and UI tests) with sample size
n1 = ng = 20,30 for Gaussian, Uniform and Exponential distribution, and asymmetri-
cal equivalence range.

Hy
Distribution | n1 | n9 | €1 €9 IU Ul
Gaussian 20 | 20 | -0.50 | 1.00 | 0.044 | 0.046
Gaussian 30 | 30 | -0.50 | 1.00 | 0.052 | 0.047
Exponential | 20 | 20 | -0.30 | 0.70 | 0.036 | 0.051
Exponential | 30 | 30 | -0.30 | 0.70 | 0.049 | 0.042
Uniform 20 | 20 | -0.10 | 0.40 | 0.040 | 0.042
Uniform 30 | 30 | -0.10 | 0.40 | 0.054 | 0.052

Table 3: Rejection rates at 4 = 0 (Hy for Ul test, H; for IU test) and d4 = 2e9 (Hy for
IU test, Hy for UI test) with sample size n; = ng = 20, 30 for Gaussian, Uniform and
Exponential distribution and symmetrical equivalence range.

H,y
U Ul
Distribution | n1 | na | €1 €9 oa=01 04 =29

Gaussian 20 | 20 | —=0.75 | 0.75 | 0.507 | 0.747
Gaussian 30|30 | —0.75 | 0.75 | 0.770 | 0.885
Exponential | 20 | 20 | —0.50 | 0.50 | 0.422 | 0.510
Exponential | 30 | 30 | —0.50 | 0.50 | 0.691 | 0.606
Uniform 20 | 20 | —0.25 | 0.25 | 0.712 | 0.843
Uniform 30 | 30 | —0.25 | 0.25 | 0.912 | 0.949
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Table 4: Rejection rates at 4 = 0 (Hy for Ul test, H; for IU test) and d4 = 2¢1 (Hy for
IU test, Hy for UI test) with sample size n; = ng = 20, 30 for Gaussian, Uniform and
Exponential distribution and asymmetrical equivalence range.

H,y
U Ul
Distribution | n1 | na | €1 €9 oa=0 |04 =2¢

Gaussian 20 | 20 | -0.50 | 1.00 | 0.388 0.482
Gaussian 30 | 30 | -0.50 | 1.00 | 0.582 0.613
Exponential | 20 | 20 | -0.30 | 0.70 | 0.286 0.261
Exponential | 30 | 30 | -0.30 | 0.70 | 0.500 0.330
Uniform 20 | 20 | -0.10 | 0.40 | 0.284 0.274
Uniform 30 | 30 | -0.10 | 0.40 | 0.359 0.385

Note that, under the null hypothesis for the IU test, with an exponential distribution
we obtain a conservative behaviour for small sample size (n; = ny = 20) whereas this
is not a problem for UI test. Note also that increasing the sample size, things get better
both for symmetrical and asymmetrical ranges. It is important to recall that for distribution
like the Exponential we have to consider a ‘rank-version’ of the IU algorithm. This version
consists in inserting between step 2 and step 3 of the algorithm presented in section 2, the
rank transformation of the X; and X g data.

5. Conclusions

Testing for equivalence of two treatments is very common in many area of research such
as clinical trials, bioequivalence or pharmaceutical experiments. As pointed out by Sen
(Sen, 2007), the critical points in this field are essentially two: the difficulties related to
the appropriate application of the likelihood ratio methods and the way to deal with the
generally too complex dependence structure of the several partial test statistics where such
analysis is usually broken down. In this paper using the nonparametric combination (Pe-
sarin, 2001; Pesarin and Salmaso, 2010) of dependent permutation tests, we have provided
two procedures, one following the intersection-union (IU) approach and one following the
union-intersection (Ul) approach, able to deal with the intriguing problem of testing for
equivalence in a general multidimensional setting. The extension of the proposed pro-
cedures to several other designs (i.e. one sample designs, to C' > 2 samples, ordered
categorical endpoint variables, repeated measurements, multidimensional and mixed set-
tings, situations with missing or censored data) is obtained simply by suitably changing the
combining functions with respect to the corresponding solutions discussed in Pesarin and
Salmaso (2010) and Pesarin and Salmaso (2011). It is important to note that neither the IU
nor the Ul approaches are uniformly appropriate for all situations, but the choice depends
on the specific problem.
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