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Abstract

In many contexts in the earth sciences, astrophysics and other fields, it often needs to
analyze spherical data, which can be treated as having positions on spherical surface.
Many parametric Bayesian methods are used to examine spherical data. We give
semi-parametric Bayesian method to make statistical inferences. In particular, we show
how to use our semi-parametric method to find the Bayesian predictive density and to test
whether two samples are from two populations with the same mean. A von Mises-Fisher
distribution is shown to be conjugate for the von Mises-Fisher distribution, which is often
used in directional statistics. This makes the computations of our semi-parametric
Bayesian method easier.

Key Words: spherical data, Bayesian predictive density, Bayesian two-sample test, von
Mises-Fisher distribution

1. Introduction
In many contexts in the earth sciences, astrophysics and other fields, it often needs to
analyze spherical data, which can be treated as having positions on spherical surface.
Traditional statistical methods on analyzing spherical data can be seen in, among others,
Mardia (1972), Fisher, et al. (1987), Jammalamadaka and SenGupta (2001) and
references therein. Nunez-Antonio and Gutierrez-Pena (2005) use parametric Bayesian
method to examine spherical data. Ghosh, Jammalamadaka, and Tiwari (2003) first study
2-dimenstional circular data with semi-parametric Bayesian techniques. The
generalization of the semi-parametric Bayesian technique for 2-dimention to that for
3-dimension is not immediate. In this paper, we shall use semi-parametric method to
analyze 3-dimensional spherical data.
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The commonly used 3-dimensional distribution for spherical data is von Mises-Fisher
distribution. The Ferguson-Dirichlet process is well known for its application to
nonparametric Bayesian analysis. In section 2, we give the notations for the von
Mises-Fisher distribution and the Ferguson-Dirichlet process. Using the
Ferguson-Dirichlet process prior, we derive the posterior distribution for making
statistical inference in section 3. In particular, von Mises-Fisher prior distribution is
shown to be conjugate for von Mises-Fisher data. This would make the computation
easier. In section 4, we give a semi-parametric method to find Bayesian predictive
density of a new future datum. We also give a semi-parametric method to test whether
two random samples are from two populations with the same mean in section 5. Finally,
conclusions are given in section 6.

2. Von Mises-Fisher distribution and Ferguson-Dirichlet process
In directional statistics, the von Mises-Fisher distribution is often used on the
(p-1)-dimensional sphere on RP. Although we concentrate on the cases with p=3 in this
paper, here we shall define its probability density for general p of the random unit vector
X with mean 2 and concentration parameter x = 0, denoted by X~ vMF, (&,x), as
fy (X524, k) = Cp(x) exp(k A'x), (A)
where the length of the mean vector 2 is 1 and the normalization constant Cp(x) =

P4

with 1, denoting the modified Bessel function of the first kind and order
@02 1p_,(9

v. In particular, C3(k) = 4»1'ts]i<nh1< = ZK(eKK_ =t Using the spherical coordinate system,

X' = (Xq,%Xz,X3) = (sin®8® cos 8@, sin 8™ sin @), cos 6), where 8 (0 = 6 =
) is the colatitude (polar angle measured from the x5 axisto x)and 8@ (0 = 6@ <
2m) is the longitude (azimuth angle measured from the x; axis to the orthogonal
projection of x onthe (x4,x,) reference plane). Similarly, A can be expressed as

N = (A2 23) = (sina® cos a®, sina® sina®, cos aV). Hence, the von

Mises-Fisher distribution pdf of x (when p=3) in terms of the spherical coordinate

system, denoted by (8,0®)~ vMF, ((a(l), a®),k ) can be expressed as
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g3 ((9(1), 8); (0((1), 0((2)), K) = —= exp{x [sin W sina® cos(e(z) —a®) +

4msinhk

cos W cos a]}sin 6. (B)
In this paper, we shall use Ferguson-Dirichlet process (Ferguson, 1973) as our
nonparametric prior. We say G is a Ferguson-Dirichlet process over a set S with a
probability measure G, on S and a positive measure c, denoted by G~FDP(c, G), if
(G(B1),G(By), ..., G(By)) ~ Dirichlet ( cGy(B;), cGy(By), ..., cGy(By)), for any
partition {B;}i=; _n Of S. With each 2; follows prior FDP(c, G,), Blackwell and
MacQueen (1973) show that the prior joint pde (probability density element) of
A= (A4, 7y, ..., Ay) has the following expression:
n i-1

dF(A|(c, Go)) = ]_[ CGO(dA‘)C iiz’_:f“ @),
1=1
1 ifA; €S,
0 ow,
Y,, ..., Yyu), where each Yj|A; is iid, is further observed, then by Antoniak (1974) the
posterior is a mixture of Ferguson-Dirichlet processes. In addition, it can be shown that,
the posterior pde of A’ = (A4, A, ..., A,), after observing Y=(Y1, Yo, ..., Y;) with
corresponding parameters A" = (A4, A5, ..., A,), IS
cGo(dAy) + Xj=1 83, (dAy)

c+i—1

where the Dirac delta function 6,,(S) = { . Ifarandom sample Y=(Y,

dF(AJY, (G) « | [t , 2.1)
i=1

where [(A;]Y;) is the likelihood function of A; after observing Y;. It is hard to estimate
A; directly from the above expression in (2.1). To overcome such a problem, Escobar
(1994) shows that expression (2.1) can also be expressed as the following conditional
pde:

n
dF (WA Y, (c,Go)) o LI, € Go(dAp) + Z I(]Y:) 85, (dA),  (2.2)
j=1)%i
fori=1,2,...,n,where A_; = (A4, ..., \j_1,Aj41 -, Ap). It can be further seen that
expression (2.2) is equivalent to the following expression:
~h()lY;) with probability proportional to ¢ m(Y;), 23)

for i=1, 2,...,n, where h()\llYl) (o8 l()\llYl) Go(dhl)/dhl, m(Yl) = fl(?\llYl) Go(dhl)

AlA- Y {= A;  with probability proportional to l()\j |Yi),j #* i,

1

Hence, h(A|Y;) = p—

L(A1Y;) Go(dAy)/dA; is the posterior p.d.f. of A; when the prior
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is Gg. Notice that the conditional distribution of 2; in (2.3) depend on Y only through
Y;. Therefore, expression A;|A_; Y in (2.3) can also be expressed as A;|A_; Y;.

3. Semi-parametric Bayesian inference

In this paper, we assume to have a random sample of size n from the von Mises-Fisher
distribution with dimension p=3, concentration parameter k and mean vector A. We
further assume that A has a Ferguson-Dirichlet process prior with concentration
parameter ¢ and base probability distribution G, which is also a von Mises-Fisher
distribution with concentration parameter v and mean vector &. Specifically, we have
the following prior and sampling model:

A|G~G i=1,2,..,n,

G ~ FDP(c, Gy)

Go ~ VMF3 (§,v),

Yi|Aj, k ~ VMF3 (4,%;), i=1,2,...,n.
Thatis, Y;|A, x4, ..., Yal|Ay, K, are independent random variables, each Y;|A4;, k;
follows von Mises-Fisher distribution with concentration parameter k; and mean vector
Ai; A]G, ..., A4|G follow a distribution G, which is from a Ferguson-Dirichlet process
with concentration parameter ¢ and base distribution G,; G, follows a von Mises-Fisher
distribution with concentration parameter v and mean vector &.
The posterior p.d.e. of A4,2,,...,A, can be expressed as

dF( Ay, Az, oo, Ap]Y, (g, o, 1), (6, Go))

n i-1
o« L[fgmm,wi) TR A 3D

where Y' = (Y, ..., Y,) and f3(Y;|A;, x;) isthe p.d.f. of Y;, which has a von
Mises-Fisher distribution with parameters A; and x;. That is, Y;|A;, k; ~ VMF3 (A;, % ).
As shown by Escobar (1994), (3.1) can also be expressed as

dF(A|A_;, Y, (x4, ..., Kn), (C, o))

n
o £ (Bl Go(@h) + ) F5(%[A) 1) 8y, (dA). (32)
j=1%i
Expression (3.2) is equivalent to the following expression:
~h3(Alx;,Y;) with probability proportional to ¢ m(Y;),

=4; with probability proportional to f; (Yi|)tj,Ki),j * i, (33)

MIALY {
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fori=1,2,...,n,where h3(Ai|x;, Y;) < f3(Y;|A;, k) Go(dA;)/dA,, isthe posterior p.d.f.
of 4; and m(Y;) = [ f5(YilA;, k1) Go(da;) is the normalized constant for the posterior
p.d.f. of A;.

In using polar coordinates, we let Y; = (sin 8™ cos 8@, sin 6 sin 6, cos ei“)),

! 2) .
A= (smoci( )cosai( ),smoc

®

;7 sin a? , COS ai(l)), and

i
£ = (sinp® cosB®, sin pV sin B, cos V). Then the posterior p.d.f. h(A;w;, Y)
of 4;, in terms of polar coordinates, is

i (€0.07)] (627 ) =

fs ((91(1), 91(2)) ‘ (ai(l), ai(z)) , Ki) gs ((ai(l), ai(z)) |(B(1), [3(2)),\;) =

Ki i@ o (D (2 ) ® M1y cin o@D
prp— exp{K; [sm 0; " sinoy ™ cos(0;™ — ) + cos0;"" cosa; ]} sin ;" -
L) 2 1 e
T exp{v [sm a sin B cos(a? — B(Z)) + cos aM cos B} sin ol =

Kjvsin Si(l) . (¢D) . (1) ) ) . 1) (2) )
TorZ sinhw sinhv exp{sin a; [Kism 0, cos(0;" —q ) + vsin Y cos(o;™ — BY)] +
cos O(i(l)[KiCOS 61(1) + vcos BV]} sin cxi(l) =
Kjvsin ei(l) . (D ) . A 2) (1) @
TonZ sinh e sinny SxPisin ;™ [cosa™ (k;sin 8 7 cos 6; + v sin Bt cos B) +

sin ai(z) (kjsin 61(1) sin E)i(z) + vsin B sin B@)] +
0 _

cos ai(l) (xjcos 61(1) + v cos BD)} sin o

Kjvsin Gi(l)

€Y

i

[cosai(z) (v;sin yi(l)

exp{sin « cos yi(z)) +

1672 sinh k;j sinh v

sin ai(z) (vjsin yi(l)

sin yi(z))] + cos cxi(l) (vjcos yi(l))} sin ai(l), where

Vi =

\/{Kiz + V2 + 2 kv [sin 61(1) sin gV cos(Gi(z) — B(Z)) + cos Gi(l) cos BV]}, cos yi(l) =

ain o@D i n(2) in B sin g2
Kisin 0. sin 6:“/+v sin sin
i(z) = Laon®; - i i ),and cosyi(z) =

i. (KiC 0s 91(1) + v cos B(l)) ) Siny
! JViZ—(Kicos ei(1)+\;c05 p1)2

(xjsin Oi(l) cos Oi(2)+v sin B cos @)

\/Viz—(KiC os Oi(1)+v cos p(1)2
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Hence, the posterior p.d.f. h(a;|x;,Y;) of A;, in terms of polar coordinates, is
h, ((ai(l) (2)) | (9(1) 9(2)) ) _
® (1)]

exp{v; [sm 0(( ) sin yi( )cos(a(z) y(z)) + cosa; ™ cosy; (1),

}sinq

4T smhv

where v; = \/{Kiz +vZ + 2K [sin Gi(l) sin gV cos(ei(z) - B(Z)) + cos 91(1) cos BV},

Yy =

_q (kjsin ei“) cos 91(2)+v sin M cos @)

cos ™[ (Kic 0s6{" + v cos B(l))] ,and y\? = cos
! \/Viz_(KiC os ei(l)+v cos f(1))2

!
Therefore, the posterior distribution of A; or ( @ (2)) is still a von Mises-Fisher

distribution with updated parameters vj, (yl(l),yl(z)) In short, if the prior

(ai(l),ai(z)) ~VMF(B(1), B(z);v) and data
©®,0) (@™, a®@; 1)~ vMF( ® o ) then the posterior

2 2

In the next section, we give the predictive density based on the observed data.

4. Bayesian predictive density
Given the random sample Y;,Y,, ..., Yy, the posterior predictive density of Y,,; can be
expressed as
fs (Yn+1|(YIJYZJ ---'Yn)) =
ffS(Yn+1|O"1')‘2' v An), (Y1, Y2, ---'Yn))h(()‘l:)‘Z' -"'An)l(YLYZv ---'Yn)) dA; ...dA,,
where h((A1,2y, ..., An)|(y1, Y2, ., ¥n)) is the posterior joint p.d.f. of A;,2,,...,A, and
f3(¥nt1| A1, Az o Ay, (V1,¥2, -, ¥n)) s the posterior predictive density function of
Vn+1 When A4, 2,, ..., A, are also known. However,
fs (Yn+1|(l1;lz; v ), (Y1, Y25 e Yn)) =
ffS(Yn+1|}‘-n+1:OLl')‘2' e ), (Y1, Y2 - »Yn))dF()Ln+1|O~1:)~2:--- A, (Y1, Y2 - :Yn)) =
ff3(Yn+1|An+1)dF(7~n+1|(7t1;7~2: n)) = ffS(Yn+1|An+1){ Go(dln+1) +
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1
c+n

Z};l 611 (dA,41) }. By using polar coordinates with

Y, = (sin ei“) cos Bi(z) ,sin Gi(l) sin 91(2) , COS Gi(l)) A =

® 2

cosa sinoc(l)
i i

. (2 1
h sin al ),cosoci( )),and§=

(sin o h

(Sln B(l) cosS B(z) , Sln B(l) Sln B(Z) ,COS B(l))’

f3(Yn+1|()L1'7Lz' e An), (Y1, Y2 ---:Yn)) = ff3(Yn+1|)Ln+1)dF(ln+1|(l1'lz' ---')‘n)) =

c Kn+1 0@ L (D) (2 (2
P ) prm— exp{Knt1 [sm 0,41 Sina, ;7 cos(07, — an+1) +

1 1 . 1 . 1 . 2
cos 65131 cos afH)l]} sin 95131 Camaoexp{v [sm 0‘51+)1 sin gV cos(OLI(nJr)1 - B(Z)) +

cos afl1+)1 cos BM]} sin 0(1(1131 dagld affﬁl +

1
c+n

Kn+1

n (1 (2)
Zj:l 4T sinh k44 0

exp{Kn4+1 [sin 951131 sinay™ cos(8,1; — aj(Z)) +

& ® _
j 1}sin®

&) :
cos@,/,cosa;"]}sin@,; =

. 1) .
c Kn+151ne$1+1 v 47[51nhVn+1+ 1 Zn £ ((e(l) 6(2) )
c+n 4msinhk,y, 4msinhv Vni1 c+n&J=1"s n+1’ “n+1

((xj(l), aj(z); Kn+1)> =

c VKn+1Sin9§11_21 sinhvp4q + 1 Z'n £ ((6(1) e(z))
c+n 4T vpyqisinhkpyq sinhv c+n“J=1"s n+1’ “n+1

(ocj(l), ocj(z); Kn+1)), where

Vn+1 =

\/{Krzlﬂ + V2 + 2 KppqV [sin 91(11_31 sin gV cos(effjl — [3(2)) + cos 6511_21 cos (M]3}, and

f ((Gfllfl,efffl) (aj(l),aj(z);xn+1)) is the von Mises-Fisher p.d.f. of Y,,; =

(sin 651131 cos 651231 ,sin 651131 sin 951221 ,COS 951121) with mean

lj = (sin aj(l) cos aj(z) ,sin 0(]-(1) sin aj(z) ,COS 0(]-(1)). Hence, the posterior predictive

density of Y,,, can be expressed as f3(yni1|(¥1, Y2, ) ¥n)) = f[L fa(Yns1) +

c+n

1
c+n

Z]n=1f3(Yn+1|7\ji Kn+1) ] h((7~1:)~2: ---:)\n)l(yp)’z' ---'Yn)) dA; ..dA, =
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— f3 (Yn+1) +

c+n
1
c+n

Z]n:l f f3 (YII+1|)L]; Kn+1) h((}\l, }‘2) ey )Ln)l(yl, Yo, .. ,yn)) d)\l e d)\,n, Where

. 1 .
V Kp41 Sin 9;21 sinhvp4q

f3(Vns1) = Is the prior predictive density of Y, ..

4T Vp4qSinhkp4q sinhv

5. Bayesian two-sample test
Given that the first random sample X;,X,, ..., X, is from a von Mises-Fisher distribution
with mean vector A; and concentration parameter k; and the second random sample
Y,, Yy, ..., Yy, is from another von Mises-Fisher distribution with mean vector A, and
concentration parameter k,, we want use our semi-parametric method to test whether
A, = A,. Formally, let X;|A;, k; ~VMF3(44, x;), 1i=1,..,n,
YjlA;, k; ~VMF3(X3, k2),  j=1,..,m,
AL IG~G
G ~ FDP(c, Go)
Go ~ vMF3(§,v)

®

;7 sin a® ,COS ai(l)), i=1,2,and

e 2) .
A= (sma( )cosai( ),smoc h

i
E = (Sin B(l) coS B(Z) , sin B(l) sin B(Z) cos B(l)),
Q ={w=(wg; ;) = (agl)’agz); agl)’agz)) 0< agl)’agl) <0< agz),agz)

= 2m}

Q, = {a) e OQ: (agl),agz)) = (agl),agz))} and

_ A0 (2) @ @
Ql—{w € Q: (0(1 ,007) # (07, oy )}
We want to test Hy: @ € (Q, against the alternative H;: @ € Q; in this section.
Assume that (6,61 and (c|>]-(1),c|>]-(2)) are the corresponding polar coordinates for

X; and Y;j, respectively, p; = P(H;) is the prior probability that H; is true for i=1, 2, and
h;(w) is the conditional probability density of w given H; is true for i=0,1. The
likelihood function of w is

Lw]|X,X,, ... X, Y, Y, 0, Y) =
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11 (02, 062)] (o, ), ) T2 £ (62, 6] (o2, o), ). By Bayes

theorem, the posterior probability that H; is true is

P(H)P(X1,X2,-.Xn,Y1,Y2,-.¥Ym|H;)
{0 P(Hj)P(X1,X2,.Xn,Y1, Yz, Y [H;)

P(H1|X1, Xz, ...,Xn, Yl' Yz, ...,Ym) =

_ _P(HD) [P(X1 X3, Xn,Y1,Yz,.. Y [Hi, @) p(w|Hi) dw
215;0 P(H;j) [ P(X1.X2,...Xn,Y1,Yz,... Ym |Hj,@)p(w|Hj)dw

pi fQi L(w|X1,X5,...Xn, Y1, Y2, .. Yy hj(w)dw

YisoPjJo, L(@IX1 X2, X0, Y1, Yz, Ym) hj () dw
]

From the given Ferguson-Dirichlet prior distribution and Blackwell and MacQueen
(1973), it can be seen that p, = 1/(c+ 1),p; = c¢/(c + 1). Hence,
P(H0|X1, Xz, ey Xn, Yl' Y2, ...,Ym) =

n m
@ 4@\ | (@ @ @ @] ((@© @

[(1/(C+1))f901;[fs((ei 9 )|(°‘1 0 )'Kl)DfS«q)i b )|(°‘2 e )’K2>
g ((agl)‘agn) ‘(B(l)' B(z))'v) g ((agl)'agz)) |([3(1), [3(2)),\,) 5 daPda®doPda®]
/

n
(1a/c+ ) fQ [ 15 ((62.6)] (o2, 0), )

i=1

0 1=

=,

1l
[y

(o 6)] (€7 o6). )

]

gs (o, o) | (B2, ), v) g ( (€, ) | (B, B@)v ) 157 do” dod? o]

e / c+1) f ﬁ £, ((91(1), o) | (o2,0?), Kl) ﬁ £, ((cpj(l),q)j(z)) | (o, a®), Kz)
Q,9=1 j

j=1

g ((2,) (82,52, v) s (o7, o) [ (B2, 5).v) 17 dePtaP e acy
, Where I; =
fo s (o€, 0) [ (B, B).v) s (o6, 6) [ (82, 62),v) daPeted daete?,

for i=0,1. By the argument in Section 4, a von Mises-Fisher prior p.d.f. with a von
Mises-Fisher data still has a von Mises-Fisher posterior p.d.f., it would not be hard to
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compute the posterior probability that H; is true. In practice, we accept H; if the
posterior probability that H; is true is more 1/2. Otherwise, we reject H;.

6. Conclusions
In this paper, we first show that the von Mises-Fisher prior distribution is conjugate for
the von Mises-Fisher sample data on sphere. We then give semi-parametric Bayesian
methods to make statistical inferences. In particular, Bayesian predictive density and
Bayesian two-sample test methods are given.
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