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Abstract

By running life tests at higher stress levels tharmal operating conditions, accelerated
life testing quickly yields information on the Itfene distribution of a test unit. The
lifetime at the design stress is then estimatedutyin extrapolation using a regression
model. To conduct an accelerated life test effitjemvith constrained resources in
practice, several decision variables such as theadlon proportions and stress durations
should be determined carefully at the design stBigese decision variables affect not only
the experimental cost but also the estimate piatisi the lifetime parameters of interest.
In this work, under the constraint that the totapeximental cost does not exceed a
pre-specified budget, the optimal decision varigblare determined based on
C/D/A-optimality criteria. In particular, the comstt-stress and step-stress accelerated life
tests are considered with the exponential faillat dinder time constraint as well. We
illustrate the proposed methods using a case stumdiinder a given budget constraint, the
efficiencies of these two stress loading schemescampared in terms of the ratio of
optimal objective functions based on the informatiaatrix.

Key Words: Accelerated life test, Constant-stress test, Coasttained optimization,
Step-stress test, Type-l censoring

1. Introduction

The automated manufacturing systems are widely isidlustries, and the evolution of
flexible manufacturing systems (FMS) offers inciegsflexibility and efficiency of
production as well as cost effectiveness. With dlabal competition in manufacturing
environments, planning and decision making progesise field of FMS are ever critical
in order to meet higher quality, reliability, andsponsiveness to customization while
decreasing the total costs. With increasing rditgtand substantially long life-spans of
products, it is often difficult for standard lifedting methods under normal operating
conditions to obtain sufficient information abotnetfailure time distribution of the
products. This difficulty is overcome by accelecHlie test (ALT) where the test units are
subjected to higher stress levels than normaldpidr failures. By applying more severe
stresses, ALT collects information on the paranset&tifetime distributions more quickly.
The lifetime at the design stress is then estimttexligh extrapolation using a regression
model.
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In order to conduct ALT efficiently with constraiheresources in practice, several
decision variables such as the allocation propestiand stress durations should be
determined carefully at the design stage. Thesé&sidacvariables affect not only the
experimental cost but also the estimate precisidhedlifetime parameters of interest. For
this reason, the optimal ALT design has attractedtattention in the reliability literature.
Miller and Nelson [11] initiated research in thiga by considering a simple step-stress
model with exponential failure time distribution der complete sampling. The
fundamental model used was the one proposed byagiedjl 5], which is known as the
cumulative exposure model. This model was further discussed and generalizgd
Bagdonavicius [1] and Nelson [12]. Bai et al. [B¢h extended the results of Miller and
Nelson [11] to the time-censored situation. Nelsord Kielpinski [13] studied the
optimally censored ALT for normal and lognormaltdtsutions while Schneider [14]
considered sampling plans for Weibull distributiosing the maximum likelihood
estimators (MLE). Khamis [7] compared constantsstrALT and step-stress ALT under
Weibull lifetime distribution for units subjected stress. Meeter and Meeker [10] then
developed the statistical models and ALT plans weithon-constant shape parameter.
Later, Seo et al. [16] investigated the optimal A&dmpling plans for deciding the lot
acceptability under Weibull distribution with a roanstant shape parameter and
Type-l/ll censorings. Under complete sampling, Huak [6] studied the statistical
equivalency of a simple step-stress ALT to othersst loading designs while Han and Ng
[5] compared the efficiencies of genekdkvel constant-stress and step-stress ALT under
complete sampling and Type-I censoring.

The focus of this paper is to investigate the oaliALT plans under the constraint that the
total experimental cost does not exceed a prefpeédiudget. In particular, the general
k-level constant-stress and step-stress ALT areideresl with the exponential lifetime
distribution for units subjected to stress undepéy censoring. Assuming a log-linear
relationship between the mean lifetime parameter siress level, with the accelerated
failure time (AFT) model for the effect of changistyess in step-stress ALT, the optimal
design variables are determined under various afityrcriteria. The proposed methods
are illustrated using a case study, and underengimdget constraint, the efficiencies of
these two stress loading schemes are compared tlgingatio of optimal objective
functions based on the information matrix as a mmessf relative efficiency.

2. Model Description

Let x(t) O [0,1] be the given standardized stress loadirdefarministic function of time)
for ALT. Then, let us define8x;<x; <X, < ... <X:< 1 to be the ordered stress levels used
in ALT. It is further assumed that under any sgec#tress level, the exponential
distribution describes the failure mechanism ofst tinit. Also, it is assumed that under
any stress leved, the mean time to failure (MTTF) of a test ufiitjs a log-linear function

of stress given by

lodd = a + 8 X; Q)

where the regression parameterandf need to be estimated. Here we consider two
popular classes of ALT: constant-stress and stesstin constant-stress testing, a unit is
tested at a fixed stress level until failure ocooirghe life test is terminated, whichever
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comes first. On the other hand, (step-up) stepsttesting allows the experimenter to
gradually increase the stress levels at some pee-Hime points during the test.

3. Cost Constrained Optimization

In order to conduct an ALT experiment efficientljthivconstrained resources in practice,
several decision variables such as the allocatiopgstions and stress durations should be
determined carefully at the design stage. It isahee these decision variables affect the
experimental cost as well as the precision of trameter estimates of interest. There is a
body of literature addressing the model optimizatielated to certain cost functions.
Chien et al. [3] proposed a generalized replacemelity of systems subject to shocks
from a non-homogeneous Poisson process, and optiniie model by minimizing the
cost rate. Liao et al. [8] investigated a condiimsed maintenance policy for
continuously degrading systems and determinedgtimam maintenance threshold while
Zhu et al. [17] obtained the optimal maintenandesdcle under a repair cost constraint in
terms of the degradation threshold and the tinpetéorm preventive maintenance. Using
a mixed integer programming, an optimal progredgivensored group acceptance
sampling plan was developed by Fernandez et aligdhinimizing the expected test cost
under several constraints.

Under the constraint that the total experimentalt atbes not exceed a pre-specified
budget, a typical decision problem of interest barformulated as to optimize (minimize
or maximize) an objective function of choice subjecC; < Cg, whereCs is the total
pre-specified budget artg} is the total cost for running an ALT. In genefat,a life test at

a constant stress levelvith the sample size under Type-l censoring at the time paint
the total cost of test can be expressed in a diegliorm as

Cr = Cet + N Cyit + Cop(X) Min{Youn, T} + Cins (37, Yien + (1) 1) + Ny Crt + (-17) Cua
)(2

whereY,.,, is thel-th ordered failure time af units from a lifetime distribution at the stress
level x, characterized by, say, the PRf) and the CDF-,(t) = 1-S(t). Here,n; denotes
the total number of units failed until timewhile n—ny denotes the number of units
censored at.

Among the non-negative cost parameters in@)denotes the fixed cost for setting up an
ALT experiment, which includes the costs of fagilind testing chamberS,,;; is the cost

of each test unit, including the costs of manufasty purchasing, and/or installation.
Cop(X) is the operation cost of conducting an ALT peit time under the given setup
which depends on the applied stress level. AlthdagihCy andC,,(x) may increase with
the scale of ALT €., A largern requires a larger facility to accommodate), heee w
assume that the change<C andC,,(x) are negligible in a neighborhoodmtinder the
optimal condition, keeping these costs constant anifform. This is a reasonable
assumption as the fixed costs accommodate a rdrtge sample sizes by absorbing the
scaling/sizing effects until it is necessary touieg additional resources.€, step-wise
cost increments)Ci,s is the cost of inspection or measurement pertimé per test unit.
The unit time is assumed in a natural time scalaedsurement for convenience although
different frequencies can be set for interval isjpa in other situationsCy,; is the loss
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incurred by a failed unit in the inspection, whinhludes the costs of scrapping and waste
management, whil€,; is the loss incurred by an unfailed unit in thepection, which
includes the costs of refurbishing or disintegnmatio

The most conservative way to protect the completiban ALT experiment against the
case of budget shortfall is to set the constrdiat the largest possible total cose.( the
worst scenario) does not exceed the pre-specifiddddt ¢iz., max{C;} < Cg). Under the
given time constraint, a fixed upper bound of the total experimentat é®s

max{Cr} = Ce + N (Cinit + Crar) + Cop(X) T+ N Cis T (3)
with Ciii > Cnfail-

4. Optimal Design Criteria

Here, we define different optimality criteria foetérmining the optimal design points
under the cost constraint, which then can be usetbinpare between the multi-level
constant-stress test and step-stress test. F&fével constant-stress testing, the focus is
to determine the optimal allocation proportieris= (z:*,75*,...,m*) with m*=1- 3" n*
while it is to determine the optimal stress dumgia* = (A*,Ao*,...,A*) for the k-level
step-stress testing. These objective functiongarely based on the Fisher information
matrix | ,(a, f).

4.1 C-Optimality
In an ALT experiment, researchers often wish timesde the parameters of interest with
maximum precision and minimum variability possible.both the constant-stress and
step-stress settings under consideration here, aymdrameter of interest is the mean
lifetime of a unit at the use-conditiowi£., 8,). For this purpose, we consider an objective
function given by

v() =n AVar(logd, ) =n AVar(4 ) (4)

where AVar stands for asymptotic variance. Theptimal design points are the ones that
minimize (4).

4.2 D-Optimality
Another optimality criterion often used in planniAQT is based on the determinant of the
Fisher information matrix, which equals to the peotal of the determinant of the
asymptotic variance-covariance matrix. Note that ¢lwerall volume of the Wald-type
joint confidence region ofa( p) is proportional tol}*(a, p)[*? at a fixed level of
confidence. In other words, it is inversely profmral to |(a, A)[*? the square root of the
determinant of ,(a, ). Consequently, a larger value bf¢, 8)| would correspond to a
smaller asymptotic joint confidence ellipsoid af §) and thus a higher joint precision of
the estimators af andp. Motivated by this, our second objective functipsimply given
by

() =n? (e, A)I- (5)
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The D-optimal design points are obtained by maximiziay for the maximal joint
precision of the estimators af,(5).

4.3 A-Optimality

The last optimality criterion considered in ourdstiis based on the trace of the first-order
approximation of the variance-covariance matrithef MLES. It is identical to the sum of
the diagonal elements bf'(, ). TheA-optimality criterion provides an overall measure
of the average variance of the parameter estinaag gjives the sum of the eigenvalues of
the inverse of the Fisher information matrix. TA®ptimal design points minimize the
objective function defined by

a(.) =ntr(ly*(a, A)). (6)

It is of interest to note that for a simple conststness test, thB-optimal design allocates
an equal number of test units at each stress tegardless of the stress levels used, the
presence of Type-l censoring nor the time pointsesfsoring at any stress level. All the
optimality criteria considered here, as well as sather information-based criteria, have
been used extensively in the design selection peofa linearly designed experiments.
From a practitioner’s point of view, the choicetloé optimality criterion will be certainly
guided by the objective of the experiment. In caglesre the planner is more interested in
the precise estimation of the MT B at normal use-condition, th&optimality is surely
the criterion of choice. On the other hand, if @menore concerned about estimating the
regression parametes#isandg with high precision, a more reasonable criteribalmice
should be th®-optimality orA-optimality.

5. Case Study: Rear Suspension Aft Lateral LinksALT

Lu et al. [9] described a step-stress ALT to estinthe reliability of a rear suspension aft
lateral link. Four stress (load) levels rangingnird500 Ibs to 3000 lbs with an increment
of 500 lbs were used to conduct a pilot study lign sample size aof = 25. The normal
use-stress and the highest allowable stress wdréosbe 1500 Ibs and 4800 Ibs,
respectively. Initially, a two-parameter Weibullstlibution with a constant shape
parameter was assumed to model the lifetime ofpftiduct at any stress level. However,
the pilot data to estimate these Weibull parametdss supported modeling by an
exponential distribution at any stress level. Cstesit with our model assumptions, the
cumulative exposure model was used to represemftbet of changing stress along with
the log-linear parameter-stress assumption irHt)ng a regression model to the estimate
of MTTF ¢, and the standardized log-stress leyghe least square estimates®qff) were
obtained to be (13.4337, —7.6836). Lu et al. [¢ntiproposed an eight-level step-stress
ALT plan for data collection under Type-I censorimgh n = 12 test units.

Since a simple step-stress ALT is easier to cantyaad its test duration could be shorter
by exposing test units to a higher stress leven ttie original test plan, Hu et al. [6]
devised a simple (step-up) step-stress testing, pldrich is Type-Ill Statistically
Equivalent (SE) to the original eight-level stepess ALT. Without loss of estimation
precision, the simple SE step-stress ALT plan isstothe standardized log-stress levels of
(X1, X2) = (0.52, 1) with the stress change time poif@2&7. Based on the resulting Fisher
information matrix withn = 12, the objective functions in (4), (5), and ¥#3lds ¢« =
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11.311,=0.057, anchs = 28.829, respectively. It is also assumed thahappropriate
cost measurement une™ = C™ = 10, Cynit = 1.0, Cryy = 0.5, Cyail = 0.2, andCips =
0.001. Also, the operation cost is set t@gx;) = 0.521 an@,,(x;) = 1.001, which forms

a linear function of the standardized stress leveten, the SE step-stress ALT has the
expected total cost & C;*] = 5187.29 and the upper bound of the total costax{C;*}

= 12810.66 with the expected termination time sf &, = 9022.01.

Table 1. Optimal step durations, objective optima, meaneéexpental costs, and mean
termination times of the simple step-stress tedeufiype-l censoring

k=2 Unconstrained (Cg = ) Constrained (Cs = 16000)
Step AC* AD* AA* AC* AD* AA*
Duration | 13223.34 8566.20 10041.75 10317.15 8566.200041.75

] ¢$* O* a* (ﬂss* S a*
Optima |\ 15144 0057 28.300 | 10.486  0.057 28.300
To 13852.02 932328 1076059 11028.72 9323.28  10960.5
E[Cr] 7678.17 5342.96 6085.03| 6223.36 5342.96  6085.026
max{C,} | 20499.05 13289.33 15573.68 15999.98 13289.33 16873.

Now, with the pre-specified budget constrain€at 16000, it is desired to determine the
optimal design points under the cost and time caimgs for planning a simple ALT
experiment, and investigate the relative efficierafy step-stress ALT compared to
constant-stress ALT. For the simple step-stress Alldble 1 presents the values of the
optimal step duratiomc*, Ap*, Ax*, and the corresponding optima of each objective
function described in Section 4 with/without thestoonstraint. The expected total costs
E[C:™] and the upper bounds of the total costs MiaX] are also presented in Table 1
along with the expected termination time of fEst computed by the formulae in Han and
Ng [5]. From Table 1, it is observed thst* > Ax* > Ap* in the unconstrained, globally
optimal situation. The same order is also follovegds, E[C;™], and max{C:>}. Under
the cost constraint &z = 16000, thed- andA-optimality still yield the globally optimal
designs since their largest experimental costsndidexceedCy at the unconstrained
optimal conditions. Onl\c* got however reduced considerably in order to nieetcost
constraint although its fold change in the corresiing optima is almost negligible; see
also Table 3.

Table 2: Optimal allocation proportions, objective optimnagan experimental costs, and
mean termination times of the simple constant-sttest under Type-I censoring

k=2 Unconstrained (Cg = ) Constrained (Cg = 16000)
Allocation wc* o N wc* ¥ TF
proportion | ©703, (0500, (0.627, | (0718, (0500,  (0.627,
0.297) 0.500) 0.373) |0.282) 0.500)  0.373)

; Pcs” Ocs”® a* Pos* Ocs® as*
Optima 1 15499 0.029 40.046 | 15006  0.029 40.046
T 13799.95 9311.31 10682.28 10884.55 9311.31 10882.2
E[C7)] 7628.32 5304.72 5980.85 6057.23 5304.72 5980.85

max{C;*} [20340.37 13186.54 15453.13 15876.17 13186.54 334

Using the optimal step durations obtained in Tdbés the censoring time points at each
stress level, the allocation proportions= (z1,7,) were then optimized for a simple
sequential constant-stress test under Type-I cergsdrable 2 presents the values of these
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optimal allocation proportionsc*, zp*, andz,* along with the corresponding optima of
each objective function described in Section 4 twitthout the cost constraitz = 16000.
Like in Table 1, the expected total coEf<;™] and the upper bounds of the total costs
max{C:*} are also presented in Table 2 with the expecéedhination time of tesT’,
computed by the formulae in Han and Ng [5]. Frorhl&&, it is observed thaf c* > 73 o*

> m1p* = 0.5 in the unconstrained, globally optimal siiion. As mentioned in Section 4,
the D-optimality allocates an equal number of test uaitavo stress levels. Similar to the
results for the simple step-stress ALT in Tabl&4, E[C;®], and max{:*} all follow the
same order. Sindgs = 16000 was exceeded by the maximal cost oCtoptimal design
only at the unconstrained optimal condition, urttiercost constrain&c* alone had to be
changed, allocating more test units at the firstsst level in order to meet the budget
constraint. No changes were made for Breand A-optimal designs under the cost
constraint.

Table 3: Efficiency of the simple constant-stress and stepss tests under Type-l
censoring with/without the cost constraint
Optimality
Efficiency C D A
Unconstrained Constant-stress vs. Type-lll SE Stegss 0.84 0.50 0.72
Unconstrained Step-stress vs. Type-lll SE Stesstre 1.12 1.01 1.02
Constrained Constant-stress vs. Type-lll SE Stegsst 0.75 0.50 0.72
Constrained Step-stress vs. Type-lll SE Step-stress 1.08 1.01 1.02
Constrained Constant-stress vs. Unconstrained 0.90 1.00 1.00
Constant-stress
Constrained Step-stress vs. Unconstrained Stegsstre 0.97 1.00 1.00
Unconstrained Step-stress vs. Unconstrained Cdrsti@ss 1.33 2.00 1.42
Constrained Step-stress vs. Constrained Constassst 1.43 2.00 1.42

Using the results obtained in Tables 1 and 2, T&btabulates the efficiency of the
constant-stress ALT and the step-stress ALT urtteeuhconstrained/constrained optimal
conditions. Without the cost constraint, the optisizp-stress designs achieve higher
efficiency than the simple Type-lll SE step-stretn, especially for th€-optimality.
The constant-stress designs, however, do not ettain ahe same efficiency to the
Type-lll SE plan. Hence, under the cost constrdimg, constant-stress-optimal design
performs even worse although the other two desiitan the same efficiency of the
unconstrained Type-Ill SE plan, owing to their nmaal costs strictly less thaBs. The
situation is similar for the constrained step-smrdasigns. Table 3 also shows that only the
C-optimal design experiences reduction in efficiemye to introduction of the cost
constraint, and that reduction in efficiency isslegvere for the step-stress ALT than for
the constant-stress ALT. Comparing between thetaanstress and step-stress tests, the
highest efficiency is again achieved by bveptimality, followed by thé\-optimality, and
then by theC-optimality in general. Under the cost constrathg step-stres€-optimal
design shows even higher efficiency to the constiess one when compared to the
unconstrained, globally optimized condition. Ovefadm Table 3, the step-stress test is
again shown to be more efficient compared to thieesponding constant-stress one in all
cases under the unconstrained/constrained optitnatisns.

1429



JSM 2014 - Section on Physical and Engineering Sciences

6. Summary

In this work, we investigated the constrained opliPALT plans subject to the total
maximal experimental cost not exceeding a pre-fipdddudget. In particular, the general
k-level constant-stress and step-stress ALT wersidered with exponential failure time
distributions under Type-l censoring. Assuming g-lioear relationship between the
mean lifetime parameter and stress level, withAR& model for the effect of changing
stress in step-stress ALT, the MLEs of the regogsparameters were derived along with
the associated Fisher information. Then, the optisedtings of stress durations and
allocation proportions were determined accordintheC/D/A-optimality criteria based
on the information matrix under a given cost caxistt The proposed methods were
illustrated using a case study, and under a givelgét constraint, the relative efficiencies
of the two stress loading schemes under consideratere measured in terms of ratios of
the optima in each criterion. Regardless of thesstioadings, th€-optimal design was
generally found to take the longest to completdebeand hence, cost the most. It was also
the most severely affected by a given cost comgtraaking heavy reduction in its
efficiency, while theD-optimal design was the least affected. The resafita further
numerical study quantified the advantage of usimgp-stress ALT compared to
constant-stress one. The step-stress tests wermendeated to be overall more efficient
compared to the corresponding constant-stressuastsr the unconstrained/constrained
optimal situations.
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