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Abstract

The process capability index C, involves both of the two parameters of a process, the
process mean W and the process standard deviation . When p and o are unknown and we
have uncertain prior information about their values, we may check the uncertain prior
information by preliminary tests. Then we can construct a conditional confidence interval
of the process capability index Cy following rejection of the preliminary tests. In this
paper, we adopt two tests for testing u and o separately and sequentially, instead of
testing 1 and o jointly. Conditional confidence intervals of Cy following different results
of the two tests are provided. For the case that both of the two null hypotheses are
rejected, we construct the confidence interval of Cy for which the two parameters p and
o are all unknown. An extension of the general method for finding a confidence interval
of an unknown quantity that is a function of two parameters is also discussed.

Key Words: the process capability index C,; conditional confidence interval;
preliminary test; sequential tests.

1. Introduction

The conditional confidence intervals of the process capability index C, is discussed by
Zhang J.C. and Han C.-P. (2011). When the process mean [, which is also the expected
value of the measurement (X) of a product, is equal to the midpoint of the specified
interval (LSL,USL), where LSL and USL are the lower and upper specification limits of
measurements respectively, then the expected proportion of non-conforming (NC)
product is equal to 2d(-3C,). But if the expected value of X is not equal to the midpoint
of the specified interval, i.e., u # (1/2)(LSL + USL), then the expected proportion of NC
product will be bigger than 2d(-3C,). In this case, the process capability index C, is no
longer the best index to measure the quality of a product. Thus, we introduce another
process capability index Cp.

If we consider the effects of the value of the process mean p, then the process capability
index C is defined as

min(USL — z, 1 — LSL)

Coe= 3o

. . 1
Since min(a ,b) = > (1a+ bi-1a - bl) for any a > 0 and b > 0, therefore, we also have
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d—y—;(LSL+USL)

Coic= 3o

or simply

d —|,u—m|
cCy= ——
P 3o

where m = %(LSL +USL) is the midpoint of the specified interval.

In the above discussion, we assume that LSL < pu < USL. If p is outside of the specified
interval, then by the initial definition of C, the value of C, would be negative, and the
process would clearly be inadequate for controlling the quality of the product.

The process capability index C, involves both the process mean and the process
variance. When we have a random sample X;, X, ... , X, from a process which follows a

N(p, o) distribution, then an estimator of p is the sample mean X, and an estimator of ©
is the sample standard deviation S . Therefore, a point estimator of C, is given by

R d—‘)?—m‘
¢ 1=

Pk 3S

Since X and S are mutually independently distributed, it is possible for us to calculate
the mean and the variance of épk by first carrying out its rth moment about the origin.

But this procedure is much more complicated than what we did for the process capability
index C, (Kotz & Lovelace (1998), page 55), and it involves another type of distribution
which is so called “folded” distribution.

If we consider both the mean p and the variance o as unknown parameters, then the
construction of (unconditional) confidence intervals of C is difficult due to the fact that

the distribution of épk involves the joint distribution of two non-central t-distributed

random variables. No single technique is considered best in practice at this time (Kotz &
Lovelace (1998), page 57). Although the explicit expression of such a confidence interval
is almost impossible, but theoretically, this confidence interval is still possible to be
determined for particular problems. The idea is to extend the general method for finding a
confidence interval of an unknown parameter to the two parameters case. That is, first try
to find the joint confidence region of the two parameters p and o, and then use this joint
confidence region to obtain a confidence interval of Cy, this method is discussed in
Section 4.

In the case that we have some uncertain prior information about the values of u and o, we

will use preliminary tests for testing the values of the two parameters. We will adopt two
tests for testing p and o separately and sequentially, instead of testing p and o jointly.

1627



Quiality and Productivity Section —JSM 2012

The conditional confidence interval (CCI) of Cy will be considered following rejection
of any of the tests.

We will discuss the conditional confidence intervals of C, for the following three
different cases:

(1) The mean p is known, the variance 6°is unknown

2 The mean p is unknown, the variance 6 is known

3 Both the mean p and the variance o®are unknown

2. CCls of Cpk When p Is Known and 62 Is Unknown

If the process mean [ is known, then for the process capability index Cy, there is only
one unknown parameter o. This situation is similar to the one for finding a conditional
confidence interval of the process capability index C,. In this case, the preliminary test

should be constructed as Ho: C, <C, vs. Hi: C, >C,, or, simply use the parameter

o:H,: 020, vs. Hi: 0 <o, , where the value of 6, can be determined by the formula

Q:d—W—M
3o

0

[Result 2.1] If a process has a known mean p and an unknown variance o2, then a 100(1-
a; - 0p)% conditional confidence interval of Cy following rejection of the null hypothesis

Ho: C <C, (orHo: 0 2 0, ) can be determined by the following interval

d—|ug—m d—|ug—m
(Iﬂly | I)

3oy 30,

where (o,07)is a 100(1- a; - 0,)% conditional confidence interval of ¢* following
rejection of the preliminary test for testing H,: o 2o, vs. Hy: o <o,. The value aj

is a 100(1- 0;)% conditional upper confidence limit of o® and the value of O'E is a

100(1- 02)% conditional lower confidence limit of o2 These two values can be obtained
by using the method given by Zhang J.C. & Han C.-P. (2011).

3. CClsof Cpx When p Is Unknown and ¢’ Is Known

In some situations, if we have enough information about the variance of a process, i.e. the
variance o® of the process can be regarded as known. Then for the process capability
index C,, there is only one unknown parameter, the process mean p. If the measurement

of a process follows a normal distribution, then we can use the sample mean X as a point
estimator of p. Therefore, a point estimator of the process capability index C, becomes

_ 9-X-m

3o

¢

pk
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d-(X=m 4 gom
30

a+(X=m e
3o

In this case, finding a conditional confidence interval of the process capability index Cp
is really a matter of finding a conditional confidence interval of the process mean (.

For the process mean g, if a random sample X;, X,, ...... X, drawn from the process
follows a normal distribution N(u, o), then a 100(1-0)% unconditional confidence
interval of W is given by the interval

(X -2,_,,0/n, X+1z,,,,00/n)

After we obtain an unconditional confidence interval of p, then an unconditional
confidence interval of C, can be easily determined by using the formula Cy =

d —|,u—m|

3 , since the only unknown parameter in this formula is p.
o

The test hypothesis for the parameter Cyy for this case (p is unknown, o is known) can be
constructed as Ho: C, =C, vs. Hi: C, #C, , or equivalent to the hypothesis H,: p =

Ko VS. Hii 1 # W, where g, =m+d -30C, if 4, >2m,and 4, =m-d+30C, if
M, <m. For the same value of C,, whether we choose the value Y, by using the

condition g, =m or u, <m depend on prior information. For example, if we allow
more deviation from the lower side of the mean, then we need to use the condition
, =M. That is, we choose iz, =m+d —30C,. Otherwise, we use the condition

U, <m and choose ¢, =m—d +30C,.

A common rule of how to use the above preliminary test is that, if the null hypothesis is
not rejected, then we use o as an estimate of W to give the estimate of C,y, there is no
need to construct a conditional confidence interval of C, in this case. But if the null
hypothesis is rejected, we should use X as an estimate of p to give the estimate of Cp ,
and then we need to find a conditional confidence interval of C, following rejection of

the null hypothesis H,: C, =C, , or equivalently Ho: [t = L.

As we already know, when the process variance o* is known, the process capability index
Cok contains only one unknown parameter, the process mean p. Therefore, in order to
find a conditional confidence interval of Cy, we need to find a conditional confidence
interval of the mean p.

Arabatzis, Gregoire and Reynolds (1989) investigated the conditional confidence interval

of the normal mean following rejection of a two-sided test when o is known, although the
main conclusion they have reached is still discussible, but some partial results are useful.
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Next, we’ll follow the general method to find a conditional confidence interval of p
following rejection of the null hypothesis Ho: 1 = I, .

If a random sample Xi, X,, ..., X, is taken from a normal distribution N(y, (52), where
is unknown and & is known. Then a level o test for testing Ho: I = Mo VS. Hyi: L # Mo has
the critical region

K = {)?:‘)?—yo > 21,0,/2(0/\/5)}

where 2z, ,,, is the 1—a/2 quantile of the standard normal distribution. The null

hypothesis is rejected if X e K , and a conditional confidence interval of p is computed
only after we rejected the null hypothesis.

The conditional pdf of X can be expressed as

F(R)/D, if|[X—pto|> 2,1, (c//n)
fo(X) =
0, otherwise

where f (X)is the unconditional pdf of X , and D is the power of the test which is given
by

D= P(|)_(_/Uo| > Zl—a/2(o-/\/ﬁ)|/u)
=1- @z, (U= p1,) o+ O 2, N~ 11,) o)
= 1_CD{21705/2 - 7}+ (1){— Lial2 _7}

where y = \/ﬁ(,u—,uo)/a, and @(-) is the CDF of the standard normal distribution.
Under H,, D = a . Wheny — o, D approaches 1.

The conditional CDF of X can be expressed as

ofn(x- )/
1- (D{Zl—aIZ _7}+ q){_ Ly qr2 _7}’

if X<y, — Zlfa,zalx/ﬁ
F.(X) =

(D{\/ﬁ()_(—,u)/a}—(l){zlfa/z _7}+®{_ Zi_g12 _7}

it K>, +2,,,,0/\n
1_(1){2170(/2_7/}+q){_zlfa/2_7} ° ol
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The above formula implies that if the null hypothesis is rejected by a small observation of
)T, e, if X<pu,— zl_a,za/\/ﬁ , then the conditional CDF of X can be expressed as

e (E-p)/of
1_®{21—a/2 _7}"'@{_ 2y ar2 _7}

F(X) =

ofn(x - 1)/ o}
1-®iz, ., ~ N~ ) [0+ O 2,1, —IN(u— 11,1 5

(3.1)

If the null hypothesis is rejected by a large observation of )?, ie., |if
X > pu, + zl_a,za/\/ﬁ , then the conditional CDF of X can be expressed as

CD{\/H(X _’u)/a}_q){zl—a/Z - 7}+ (1){— 2y g12 ~ 7}
1- (D{Zl—aIZ - 7/}"' q){_ Zy g12 ~ 7}

F.(X) =

_ ONnR-m)/ o0l —VN(u- ) o} @ 2, ~ V- 1,) 10}
1_(1){21—11/2 _\/ﬁ(ﬂ_ﬂo)/g}+®{_ Liar —\/ﬁ(,u—,uo)/a}

(3.2)

It’s quite obvious from equations (3.1) and (3.2) that the conditional CDF of X depends
only on the parameter |, but not on any other nuisance parameters. It also can be verified

numerically that the two functions h (x)and h,()constructed by the following
equations

F.(h(w); 1) =y
and
F.(h, (1)) =1«

are increasing functions. So we can use the general method for finding a confidence
interval of an unknown parameter to find a conditional confidence interval of p. Thus,
following the general method, we get

[Result 3.1] Suppose the random sample X;, X,, ...... X, is taken from a normal
distribution N(u, 6°), where p is unknown and o?is known. Let 0 < a; < 1, 0 < 0, < 1 with

ay+ 0p< 1, and X be an observed value of X . Let ®(-) denote the CDF of the standard
normal distribution. If the observed value X results in rejecting the null hypothesis H,:

= Woat level a by the condition X < z, — zlfa,za/\/ﬁ , then the solutions of

Opn(X-110)/ o .
1_®{Zl—a/2 _\/ﬁ(ﬂs _ﬂo)/o'}+ CD{_ Ziar _\/ﬁ(ﬂj _/Uo)/o'} l

(3.3)
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And

(X - ) o)
1_(1){21705/2 _\/H(MC —,uO)/O‘}+CD{— Ly a2 _\/H(MC —t,) o

}= l-a, (3.4)

construct a 100(1- a4 - a,)% conditional confidence interval ( 4", g ) of p. Otherwise, if
the observed value X results in rejecting the null hypothesis H,: 1 = o at level a by the
condition X > g, + Zlfa/zU/\/ﬁ , then the solutions of

DN (K= 1)/ o} Dl ~ VNl — ) o+ O 2, Nl = 1) o
1-Dlz, ., ~ N — )0+ D2, — N — 11,) ]

1

(3.5
and
(D{\/ﬁ()_( _IUIC)IG}_(D{ZI—O:IZ _\/H(MC —,uo)/O'}+(D{— Ly qi2 _\/ﬁ(/'ﬁc _'UO)/O-}Zl—Ol
1_q){zl—a/2 _\/ﬁ(ﬂf _ﬂo)/o-}+q){_ Ly a1z _\/H(MC _ﬂo)/a} i
(3.6)

construct a 100(1- o, - 0)% conditional confidence interval ( g, u) of p.

The above equations look like complicated, but if we use IMSL numerical library, we can
solve the equations for the conditional lower and upper confidence limits of p easily.

Once we obtain the conditional confidence interval of p as (g, w;), to obtain a
conditional confidence interval of C just follows some simple calculations.

The relationship between the conditional confidence interval of C,, and the unconditional
confidence interval of C, for the case that u is unknown and ¢ is known can be similarly
obtained following the analysis by Meeks, S. L. & D’Agostino, R. B. (1983). Except in
this case, the procedure is much more complicated. We will not discuss in detail at this
time.

In some special cases, we still need to test a one-sided hypothesis for the process
capability C,y, this include the following two different situations, Hy: Cp < C, vs. Hy: Cpy
> C, or Hy: Cp > C, vs. Hy: Cpi < C,. To find a conditional confidence interval of Cpy
following rejection of any of the above null hypotheses follows a similar procedure
discussed in this section. That is, first we need to find a conditional confidence interval of
the process mean W following rejection of the preliminary test, and then we use the
d- | - m|

relationship Cp = to obtain a conditional confidence interval of C.

O
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4. CCls of Cpk When both p and 62 Are Unknown

So far, we discussed the conditional confidence intervals of the process capability index
Cpk for either p is known and o is unknown or u is unknown and o’ is known. But in
most situations, the true values of the two parameters p and o” are all unknown. So next,
we’ll discuss the conditional confidence intervals of Cp when both p and o’ are
unknown.

The testing hypotheses we need to consider for this situation depends on how much prior
information we have. If we have prior information for both parameters p and o?, then we
need to construct testing hypotheses for the two parameters p and o°. But in some cases,
we may only have information for one of the two parameters, so we can construct only
one testing hypothesis. Next, we will discuss case by case.

4.1 Testing for both Parameters

As we mentioned at the beginning, if both the mean p and the variance o®of a process are
unknown, and we have uncertain prior information for both of them, then we will test the
parameters p and o separately using two sequential tests. The conditional confidence
interval of C, will be considered following rejection of any of the two tests. The
procedure is given as the following. First, test the hypothesis Hy: 6 = 6, Vs. Hy: 6 # 6, , if
the null hypothesis is not rejected, we regard o as given (o = 6,), and then test Hy: L = |4,
VS. Hi: p # U, for the parameter p, this test is a normal test since ¢ is given. If the null
hypothesis H,: 1L = |, is also not rejected, then we use W, and o, as two estimates of p and
o to give the estimate of Cy, no conditional confidence interval of Cy is needed. But if
the null hypothesis Ho: 1 = W, is rejected, we use X and o, as two estimates to give the
estimate of C. And then we will find a conditional confidence interval of p following
rejection of the null hypothesis H,: p = W,. Finally, we use the above conditional
confidence interval of u together with the value of 6, (since 6 = o, is regarded as known
in this case) to obtain a conditional confidence interval of C,. This procedure is similar
to the one we discussed in Section3.

If the null hypothesis of the first test for testing Hy: 6 = 6, Vs. Hi: 6 # 6, has been
rejected, in this case, we need to use the sample standard deviation s as an estimate of o,
and then regard ¢ as unknown to construct the second hypothesis Hy: U = [ VS. Hy: g #
I, for testing the process mean . This time the test is a t-test since ¢ is unknown. If the
null hypothesis of the second test is not rejected, we need to use p,and s as two estimates
of p and o to give the point estimate of Cy, and then find a conditional confidence
interval of o following rejection of the null hypothesis H,: 6 = o,. The conditional
confidence interval of C, following rejection of the null hypothesis H,: 6 = o, of the two
sequential tests can be obtained as following. We regard u as known (4 = ,) and o as
unknown and use the conditional confidence interval of ¢ together with the known value
of 1 (M = Ho) to construct a conditional confidence interval of C.

If the null hypothesis of the second test for testing Ho: 1 = Mo VS. Hi: p # p, IS also
rejected, then both p and ¢ need to be considered as unknown, and the conditional
confidence interval of C, should be considered following rejection of the two
preliminary tests. In order to find a conditional confidence interval of C, in this case, we
should first consider a joint confidence region of pu and . Next, we’ll give some basic
analyses for how to find a conditional confidence interval of C, for this situation.
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Following the general method, to find such a conditional joint confidence region of p and
o, we need first to find the conditional joint CDF of X and S. We start with finding the
unconditional joint pdf of X and S.

If a random sample X;, X,, ..., X, is taken from a normal distribution N(y, (52), then X
2
~N(y, 6?/n), S?~ O-—l z2,,and X and S are independent. Follows Arabatzis, Gregoire
n —
and Reynolds (1989), the unconditional joint pdf of X and S can be expressed as

25" 2 /n((n-1)/2)"v’2 o (It +(n- )51/ 207
V276 "T((n-1)/2)

f(X,s)=

for —oo <X <00, 0< s <00, where I'(-) is the Gamma function.

The conditional joint pdf of X and S following rejection of the two tests for testing Ho: &
=0, VS. Hi: 6 #0, and Hy: L = o VS. Hy: p # po can be expressed as

f(x,s)/D, if (X,s)eK
f.(X,s) =
0, otherwise

where K is the critical region of the two tests determined by the intersection of
2 2
|)_(_,Uo|>t17a/2(3/\/ﬁ) and w</’{§—l;a/2 or w> r?—l;l—a/Z’
O-O O-O
also the total shaded open regions of I, II, Il and IV shown in figure 4.1; D is the total
unconditional probability of (X,S) falling into the above critical region, which is
determined by the following double integral

which is

D= j j f (X,s)dxds

The conditional joint CDF of X and S following rejection of the two tests for testing Ho:
6=0,VS. Hi: 6 #6, and Hy: L=}, VS. Hi: p # p,can be expressed as

[ fxsydxds _
F.(X,s) = 5 , for(x,s)eK (4.1)
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E ° ¢
- I‘J\H } o
D \\&_ e E
I 4 11
#, X

Figure 4.1 The joint domain of (X,s) for the conditional joint CDF of X and
S following rejection of two tests. The lines AB and AC are
determined by |X — 11, | = t,,,(s/~/n). The lines DE and FG are

n-1)s? n—1)s?
(n-1) and 0D _

determined by = ;(nz_l;a / > = Xn-tl-al2
(o]

0

It should be noticed that the calculations of the double integral J.J. f (X,s)dxds in

equation (4.1) are quite different when the pair of observations (X, S) falls into different
regions of I, Il, 1l or IV. From equation (4.1), it’s quite obvious that the conditional joint

CDF of X and S only depends on the two unknown parameters p and o. With powerful
computer programs, it’s possible to calculate the cumulated probability for any observed

value of ()_(, S) using equation (4.1), if the two parameters p and ¢° are given.

Now, let us focus on the conditional joint confidence region of pu and o. Since the

conditional joint CDF of X and S only depends on the two unknown parameters p and o
but not on any other unknown nuisance parameters, if a conditional joint confidence
region of u and o exists, it could be found by using the above information. Next, we’ll try
to extend the general method for finding a confidence interval of an unknown parameter
to the two parameters case.

Suppose Qe K is one relatively small region of Xand S such that
P[(X,S) e Q]=1-a, if we regard (X, S) as random statistics and let (1, ) change
jointly, then the statement ()_(,S) €() is equivalent to the statement
a, < F.(X,s) <1l-a,for some o and a, such that «, +a, = . Therefore, if the

inequality o, < F,(X,S) <1—a, has a solution for the region of (u, o), then this

solution should construct a 100(1-a))% joint confidence region of u and o. In other words,
if we plug any pair of (i, o) values into the above inequality and make the inequality a

true statement for a pair of observed statistics X and s. then this pair of (u, o) value
should be in a 100(1- o4 - 0)% conditional joint confidence region of u and ¢ which is

related to this observed pair of statistics X and s. In this way, we can extend the general
method to the two parameters case, and obtain the following result.
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[Result 4.1] Suppose a random sample X;, X, ...... X, is taken from a normal
distribution N(p, 6°), where p and o° are both unknown. Let 0 < oy < 1, 0 < a < 1 such

that 0<1-o0y- ;< 1. Let X and s be the observed values of X and S, and let F,(X,s)

denote the conditional joint CDF of X and S (equation (4.1)). If the observed values of
X and s result in rejecting the two null hypotheses Hy: 1= |, and H,: 6 = o, at level «
then the solution of

a, <F.(X,8)<1l-aq, 4.2)

for all pairs of (n, o) construct a 100(1- oy - 0,)% conditional joint confidence region of p
and o.

The solution of equation (4.2) for the joint confidence region is not easy to be formulated,
but we may think in the following way to get a rough picture. In equation (4.2), if we fix
one of the two unknown parameters, say o, at one value o3, then the problem becomes to
finding a conditional confidence interval of one single unknown parameter. By the
general method, the solution should be a finite interval if the value of o, is within the joint
confidence region. If we change o to another fixed value o,, then the solution of p is
another finite interval if o, is also in the joint confidence region. Same situation happens
when we fix p at one value and try to find the solution of 6. So, we may conclude that the
solution of equation (4.2) is just one connected region of u and o, and this region should

contain the pair of observed value of (X, S) .

Result 4.1 is numerically verified by examples, but hasn’t been proved theoretically.
After we obtained the conditional joint confidence region of u and o, the conditional
confidence interval of C following rejection of the two tests for testing Ho: 6 = 6, Vs.
Hi: 6 #0, and Hy: L=, VS. Hy: p # p,can also be determined, but the computation is
still very complicated.

4.2 Testing for One of the Two Parameters

In some situations, we may have uncertain prior information on one of the two unknown
parameters. If this is the case, then we can construct only one preliminary test. We now
consider the first case that we have some prior information about the process mean |, and
we test the hypothesis Ho: 1 = o VS. Hy: 1 # p,. If the null hypothesis is not rejected, then
we regard B = M, as known, no conditional confidence interval of C, is needed to
construct. If the null hypothesis H,: i = [, has been rejected, then we need to use X and s
as two estimates of p and ¢ to give a point estimate of Cy. The conditional confidence
interval of Cy following rejection of the null hypothesis H,: i = [, can be obtained by
using a similar procedure discussed in this section (4.1).

The conditional joint pdf of X and S following rejection of the null hypothesis Ho: 1 = o
can be expressed as
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f(x,s)/D, if (X,s)eK
f.(X,s) =
0, otherwise

where f(X,s)is the unconditional joint pdf of X and S; K is the critical region of the
test which is determined by |X — 4, >t ,,,(s/+/n), i.e., the regions 1 and I shown in

figure 4.2; D is the total unconditional probability of (X,S) falling into the above critical
region, which is determined by the following double integral.

D= j j f (x,s)dxds

In this situation, D is also the power of the test for testing Ho: 11 = Mo VS. Hii U # Wo,
which can be calculated by using the non-central t-distribution, that is

D= P(‘)z—,uo

> 42 (S /\/H)LU)

X — g+ 11—
| X mmt - p,
(‘ S/\/ﬁ ‘>tl—a/2|lu)

=1-H(t,_,,,)+H(t_,,,)

where H () is the CDF of the non-central t-distribution with (n-1) degrees of freedom
H— Hy

oln

and with non-centrality parameter 6 = It’s quite obvious that D involves the

two unknown parameters g and o.

P x

Figure 4.2 The joint domain of (X,s) for the conditional joint CDF of X and
S following rejection of one test for the mean Hy: 4 = [, VS. Hy: p # po.

The lines AB and AC are determined by [X — 2| =t, ., (s/+/n).
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The conditional joint CDF of X and S following rejection of the null hypothesis H,: pt =
o can be expressed as

[[ f(x,s)dxds
D

F.(X,s) = , for(X,s)eK

(4.3)

This conditional joint CDF of X and S depends only on the two unknown parameters p
and o but not on any other nuisance parameters, so we can follow the same procedure
discussed in this section (4.1) to find a conditional joint confidence region of p and o
following rejection of the null hypothesis Hy: 1 = [, After we obtained the joint
confidence region of u and o, we can use it to obtain a conditional confidence interval of
Cok-

In case we only have uncertain prior information about the process variance o2, we need
to test the hypothesis H,: 6 = 6, VvS. Hy: 6 # o,. If the null hypothesis is not rejected, then
we regard ¢ = 6, as known. No conditional confidence interval of C is needed for this
case, since there is no test hypothesis has been rejected. If the null hypothesis H,: 6 = o,
has been rejected, then we need to use X and s as two estimates of p and o to give a point
estimate of Cy. The conditional confidence interval of C, following rejection of the null
hypothesis Hy: 6 = 6, can be constructed similarly to the previous case, except the
rejection region is different.

The conditional joint pdf of X and S following rejection of the null hypothesis H: 6 = o,
can be expressed as

f(X,s)/D, if (X,s)eK
f.(X,s) =
0, otherwise

where f(X,s) is the unconditional joint pdf of X and S. K is the critical region of the

(n—1)s? ) (n—1s? )
2 2

test which is determined by < Xnrare @nd > Xn11-ar2 thatis, the
o

o]
regions | and Il shown in figure 4.3. D is the total unconditional probability of (X,S)
falling into the above critical region, which is also determined by the double integral.

0

D= j j f (X,s)dxds

The conditional joint CDF of X and S following rejection of the null hypothesis Ho: ¢ =
o, Can be expressed as

j j f (X, s)dxds
X,S) = , for(X,s)eK

F( 5 (4.4)
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A X

Figure 4.3 The joint domain of (X,s) for the conditional joint CDF of X and
S following rejection of one test for 6 Hy: 6 = 6, VS. Hi: 0 # 0.
. . n-1)s’
The lines AB and CD are determined by % = ¥l 10, and
00

- Zn—l;l—a /2

(n-1s*
(n-bs®

O,

As we can check, this conditional joint CDF of X and S only depends on the two
unknown parameters p and c. Therefore, we can use result 4.1 to find a conditional joint
confidence region of p and o following rejection of the null hypothesis H,: ¢ = 6,. Once
the conditional joint confidence region of u and o is obtained, a conditional confidence
interval of C, following rejection of the null hypothesis Hy,: 6 = o, can also be
determined.
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