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Evaluation method will be used. The different distributions will be considered. Some
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1. Introduction

One important topic in the risk theory is probability of ruin. According to the notation of
Bowers et al, the classical probability of ruin defined as follows. For anyz >0, let U (¢)
denote the surplus at time t. Assume premiums are received continuously at a constant
rate, ¢ > 0, per unit time. Let S(t) denote the aggregate claims up to time t.

S(t):X1 +X2 +"‘+XN(t)

Where X, denotes the amount of the first claim, X, be the amount of the second claim

and so on. N(#) denotes the number of claims produced by a portfolio of policies up to

time t, and has the Poisson distribution with parameter A. Assume X »X,, ... are
independent claim random variables with the same probability distributed, and random
variables N, X, X,,...are mutually independent.

Let U(0) = u is the surplus at time 0, maybe as a result of past operations, then the surplus
at time t will be

Ut)=u+ct—S()
In this model, we ignore factors such as, interest, expenses and dividends etc could affect
surplus and only consider premiums and claims.

It is very clear that the surplus is increases function of time t with slope ¢ except at those
times when claims occur. Then the surplus drops by the amount of the claims. Therefore
the surplus might become negative at certain times. When this first happens, we speak of
ruin having occurred. We define

T=min(z:U(t)<0)
T is the first time the surplus below zero. If T = oo, then surplus is always great than zero
for all >0} i.e., ruin does not occur. When7 < oo, then ruin happens. Therefore find the
probability of ruin and minimize it became a very important topic in the area of ruin
theory. We define the probability of ruin is the function of the initial surplus which we
use ¥ (1) to denote. Then,

Y(u)=P(T <o)

Finding the probability of ruin is really challenging and the numerical evaluation is very
hard. Therefore many researches considered the special cases. Chan and Zhang
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considered the probability distribution of claim is exponential or Geometric claims and
found the recursive formula of probability ruin for those two cases.

Finding the probability of ruin, that is the probability of the first time the surplus drop
below zero and finding the time of recovery or when the surplus attains a certain level are
two important topics in ruin theory. Deng consider the special case the surplus attains a
certain level for exponential, mixture exponential and geometric families.

In this paper, we are going to consider double exponential, mixture double exponential
families.

2. Time of Recovery and Background

As what we mentioned before, we are most interesting after ruin occur, when will be time
of recovery or surplus attains at certain level. Let b for any constant, andb>u , then
define

T, =min(t 2 0:U(t) = b)
This is the first time when the surplus reaches level b.

In order to find the probability of recovery, we consider the more general case. We define
D, (u,b)=PrU1)=b,U(2)2b,---Un)2blU(0) =u)

Therefore the probability of the surplus attain a certain level b is,

¥ (u,b) =1-D(u,b)
We can simplify by consider the discrete case and rewrite ®(u,b) as follows. After the
assumption of discrete, now U (¢) can rewrite as,

Ut)y=u+cn—Y X,

i=1
Therefore,
U(t)2bis equivalent u+cn—Y X, 2b>00r » X, <u+cn—b
i=1 i=1
Hence,
D, (u,b)=Pr(X, <u+c-b, X +X, <u+2c-b,- X, +X,+---X, Su+nc—>b)

When we extend the definition of the stopping time 7, as follows,
B min(z 20:U(t) =b), b>u
| the surplus dropped below b before even attained b, b<u

When b=0, the stopping time 7}, is the time of recovery; which is the first time the
surplus reaches zero after ruin.

Deng considered the more general case T, . Find the probability of surplus attains at
certain level for exponential, mixture exponential and geometric families.

3. The probability of Recovery

The time of recovery is the special case of surplus attains level b when b=0. So we are
going to consider the more general case for any positive number b.
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3.1. Double Exponential Claim Distribution

By mathematical induction, we can show that the function
D, (u,b)=Pr(U(1) 2b,U(2) 2 b,---U(n) 2b1U(0) = u) satisfy the recursive relation as
follows,

U+C—

D, (u,b)= bn_l(u—i-c—x,b)f(x)dx

Therefore the probability of the surplus attain a certain level b

W (u,b)=1-D(u,b)

=1- IWEI;L (u+c—x,b)f(x)dx

u+c—b

=1-| 1-¥ _,(u+c—x,b)f(x)dx

=1- ”ff;)dx - I u+{f’i,l (u+c—x,b)f(x)dx

o

u+c—b
—1—F(u+c—b)+ j W (b+x,b) f(u+c—b—x)dx
We denote,
Cu,by=u+c-b,
C,(u,b)=u+2c-b=C,u,b)+c
C,(u,by=u+nc-b=C,_ (u,b)+c
Assume the claim family according to double exponential distribution.

a
f(x)=5e o where -oo < x < oo

—e® x<0
F(x)= 21

I-—e®™ x>0

2

Then we have
1. For n=1

l-lea(w(?_b) y+c-b<0
W, (y,b) =1~ (y,b)=1-F(y+c-b)=1 2
1 -a(y+c-b)
Ee y+c-b>0
Since C,(u,b)=u+c—b>0, so Tl(u,b)=%e_aC.(u,b)
2. For n=2

u+c—b
Y, wu,b)y=1-Fu+c-b)+ J- Y (b+y,b)f(u+c—b—y)dy

u+c—b

=‘Pl(u,b)+J-{‘Pl(b+ Vb fu+c—b—y)dy + [ W,(b+y,b) fu+c—b—y)dy

Where
J"Clpl (b+y,b) f(u+c—b—y)dy = "'"7(1 % 400 % £ g
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- J'-‘ﬂ D, J' <1 ey & patyuren) dy
) ) 2

1 _ 1 _
Lo ®Cwh) L -Gy uh)

2 8
_ E e—aCz(u,b)
8
And
u+c—b

u+e-b | , '
W (b+y,b) f(u+c—b—y)dy= J' Ee"“””)%ff”““””'dy

ute-b | ey X aly(wreb)]

= —e )e T
j 2 2 ’
a —

= Gl b)e "

Therefore,

¥, (u,b) =, (u,b) +§e‘“c2(“'b) +%c2(u,b)e*“cz“"’” :
Or we can rewrite

— 1 —aC, (u,b) \ (acz(u’b))k 1 (acz(u7b))0 —aC, (u,b)
‘Pz(u,b)—‘l‘l(u,b)+226 ; o > TR

Since C,(u,b)is always positive. So for any y,

W, (y.b) =¥, (»,b) +§e*“'cz<>*”>‘ +% 1C,(y,b) e
3. Forn=3
W, (u,b) =1- F(u+c—b) + Iu+fi‘l;(b+y,b)f(u+c—b—y)dy
=1-F(u+c-b)+ B

u+c—b
+ j [\mm y,b)+(§+%lC2(b+y,b) I]e'“*“““}f(u+c—b—y>dy
u+c—b
=1-Fu+c-b)+| ¥b+y,b)f(u+c—-b—y)dy+

u+c—b
N j ge-mcz(bﬂ’vb)'f(u +c—b—y)dy

o0

u+c—b
+ J' % 1C,(b+ y,b) | &P £y ¢ —b— y)dy

u+c—b
o0

=%, (y,b) +.[ %e'mc2(b+y’b)‘f(u+c—b—y)dy +

u+c—b
+ J' % 1C,(b+ y,b) | D £y ¢ —b— y)dy

o0

Where,

u+c—b
[ ge-mcz(bﬂ’vb)'f(u +c—b—y)dy

2
_ I céea(y+2c) o A gy J‘ 3 £ @0+20) [ 0D g
o 8 2 2¢ 8

u+c-b
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3
32

ey +%0{C3((u,b)e'“c~‘(”"’)

u+c—b
J' % 1C,(b+ y,b) | €D £y ¢ —b— y)dy

o0

_ J--sz% | C2 (b + y,b) | e"”‘cz(b+3’sb)| %ea(y—(mc—b))dy +

wreh gf aC, bty ) X a(y-(ute-by)
+J'2‘ TIC, b+ yb) 1 I Tt gy

-2¢ a - C a y-(U+C-

=J- -—(y+26)ea(”2 ) 2 pCy-Cu b))dy+
. 4 2
u+c-b o o .

+J‘ 2y 4 20)e 020 & ga B gy
2¢ 4 2

=L o) +“—2(C (u,b)) e
32 16
Therefore,
Wy (1, 5) =W, (3,b) + e ™) G, (b)) ) +“—2(03 (u,b) e * "
32 16 32 16
_ 1 ocup , 3 -aCy(ub) o’ 2 aCy(ub)
—‘Pz(y,b)+§e +EaC3((u,b)e +E(C3(u,b)) e

Or we can rewrite

1 (aCy(u,b))' )
24 1!

_ L acun o (@G (u,b)
W 0,0) =Wy (7,) + e ; P

4. For n=4
u+c-b
Y, (u,b)=1-F(u+c-b)+ I Y, (b+y,b)f(u+c—b-y)dy

u+c-b
1= F(u+c—b)+ I+‘P2(b+y,b)f(u+c—b—y)dy

2

ute=b (| !
+L (§+%al Cy(b+y,b)! +'f—6 |Cy(b+y.b) Iz)emc‘(bﬂ’b)f(u+c—b— y)dy

=W, (u,b) +
2

u+c—b
+J' [é+%al C,(b+y,b)! +‘l)’—6 1C,(b+ y,b) IzJe'”"C3(b+”'b)f(u +e—b—y)dy

Where
u+c—b
I %e,ma(bﬂub)‘f(u +c—b—-y)dy

o0

u+c-b

e ] 3 O a(yeuse 1 O yure
:j _elx(y+3(.) _etx() (u+c b))dy +I ) a(y+3c) _ea() (u+c b))dy
< 8 2 e 8 2

= i e b 4 @ C,(u, b)e ¥+
32 16

o0

u+c—b
j %a | Cy(b+ y,b) 1 &P f(u+c—b—y)dy

— j-Sc_ia(y + 3C)etx(y+30) zea(y—(mc—b))dy +
16 2

00

-3¢

+ Imc—bia(y " 3C)e_g,(y+3c) Zea(y-(uﬂr-b))dy
16 2
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= %e-“@(“m +%a2 (C,(u,b)) e
2

u+c—b
e N R

= J--SCi @ (y+30)2em0 0 & patrtwebn gy 4
- 16 2

+ J‘Mﬁbiaz(y 4 36‘)26‘_0’(%36) Zea(y-(uﬂr-b))dy
3 16 2

A yacwn 1 @CWD) o

2’ 24 3!

Therefore,

1 a 3
W, (u,b) =5 (u,b) +— P + ZC, (u,b)e ™" + = P
4w, b)="¥5(u,b) 32 16 ,(u,b) >
3
—wC4(u,b)+i(aC4(u3b)) - aCaub)

3, 2 -aC,(ub) 1
+F0! (C4(u,b)) e +7e 5 3

= lP3 (u, b) +2_14€ﬂc4(“’b) + 2;“4 C4 (M’b)e—ag(u,b)

i 2 2 aC,upy , | (CL’C4(u,b))3 -aC, (ub)
el (C,u.,b)) e M T

Or we can rewrite

L L (eC, (u,b))’ )
2’ 2!

In the above proof, we use the following lemma,

_ 1 aciun o (@C, (u,b)
‘P4(u,b)—‘P3(y,b)+24e ; i

(-D)"n! e2*

Lemma 3.11(n):JLk(y+k)“ez"ydy,thenl(n)= Qay 2a
_oco a a

Proof: Use integral by part, we can easily find the recursive formula I (n) = ZL I(n-1),
a

and since 1(0) :%e'm . This will proof the result.
a

Theorem 3.2: For any b >u , we define T, = min(z 2 0: U(¢) = b) To be the first time when

the surplus reaches level b. Then the probability of the surplus attain a certain level b

of W, (u, b) satisfy the following recursive formula when the claim distribution is the

double exponential.

Y (u,b)="Y, (y.b) + iﬂe—acn(u,b) nzl (aC, (”yb))k + % (aC, (”yb))niz o~ Cn ()
2 P k! 2 (n-2)!

Proof: We are going to use the mathematical induction method and lemma 3.1. We
already show that for n=1, 2, 3 and 4, they are all true. Now we assume that for n it is true,
we have,

1 (acn (u’b))ﬂ-z efer“(u,b)

2" (n-2)!

1 & (aC (u, b))
Y (u,b)=Y (y,b) +—e NN T 4
n(u ) n-l(y ) 2n e ; k'

Now, for n+1, we have
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u+c-b
Y. (wb)=1-Fu+c->b)+ I +lPn(b+ v,b)f(u+c—b—y)dy
By using the result is true for n, we have

u+c-b
Y. (ub)=1-Fu+c-b)+ lPn_l(b+y,b)f(u—i—c—b—y)dy

A (aC, 1 (b+y,b)h*
+I e“‘C“’”b)‘E u+c-b-yyd
. 2" k! A D

u+c-b n-2
+J' 1 oG, b4y (xlC,(b+y,b)) Fu+c-b-y)dy

o (n-2)!
u+c-b 1 —alC, (b+y.b)l (alC (b+y,b)|)
_l_L zne z r f(u+c-b-y)dy
b 1 ey (@1 C (D4 y,0) )" ;
+I 2n+1 € (n-2)! f(u+c-b-y)dy
Where
b 1 e ey (@1 C, (b + y,b) D
L5 2 Kl Jurebmnd

I i Y < (a1 C (b+y,b) D" o a(y-(ute-b))
_L > e z Iz 5 e dy+

k=0

n-1
+ J‘ “””’i[mcn(my,b)w z (@1 C,(b+y,b) ) % )

-nc 2“ k!
1 n-1 ak+l e
= ol z o I (-D*(y +ne)k o3+ @ -l gy, 4
k=0 T
1 ol ak+1 u+c-b ‘ , \
+ 2n+1 Z k! .[m\ (Y+nc)" e-tl(,‘H—nc)ea()-(u-ﬂ,-b))dy
k=0 - g
1 < ak+l -Nne !
= 2n+1 Z T (—1)k ea(nﬁ(web))j (y n nc)k 6200 dy +
k=0 oo
ol K+l ayieb
aC,,;(u,b) .[ ( kd
nt € y+nc)'dy
s S g e
1 n-1 o
ZFZT('N e (k) +
k=0
aC (1, b)Z (aC,, (u,b))"
2n+1 v (k + 1)'
= 1 iﬂ(_l)k ea(ncf(quC*b)) (_1)kk' e—Zomc
M k) Qo) 2a

a0 3 (@C, (U, b))
+2n+l Z |

aC,,, (u,b) e, b N (@C, (U, b))
2n+1 Z ke 2n+1 Zl—
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u+c-b 2
J- Lg*‘zlcn(bﬂub)\ (@I C,(b+y.b)) fu+c-b-y)dy

2n+1 (n_2)'
e q o (@C N B+Y.DID" & gy e
:J- n+l eimcﬂ(l’ﬂ’b)‘ ( n ( Y ) ) —e Bl Cb))dy +
-2 (n-2)! 2
+Iu+cb 1 1 e_mc (b+y.b)l (ac |(b+ y’b) |)”l : ell() (u+c b))d
e 27 (n-2)! 2
1 an—l N -nc n-2  a(y+nc) a(y-(utc-
=2 oy ZL (y+nc)"? et gy 4
1 a”’l u+c-b 12 -a(y+ne) a(y-(ute-
T (n-z)ch (y+nc)"? e 0T e gy
1 o™ 02 ane-(ue-by) [€ n-2 2oy
:—2n+2 (n-2)!(-1) e Lo (y+nc) e ®dy +
1 a,n-l i » u+c-b e
AT 'b)Lc (-4 ney™dy
_ 1 a,n-l | n2 a(nc,(uﬂ—b))[ 2
_F(n-Z)!(- e (n-2)+
1 (aC,,u,b)"" oo i
e
2" (n-1)!
= 1 a (- 1)“2 a(ne-(u+c- b))( D™ (n 2)! e’
on2 (n-2)! a)" 2 2o
1 (C, .6 e i
e
o2 (n-1)!
:—1 e'&C,,u(u,b)i + ! (acnﬂ (u’b))nil e-ac'”'(u'b)
2n+1 on 2n+2 (n - 1)'

Therefore,
Y. (u,b)=", (u,b)+

aC, ., (u,b) ¢, b N (@C, (U, b))
2n+1 Z ke 2n+1 Zl—

1 e-oﬁ,,”(u,b)i_i_ 1 (Q'C,,H(u’b)) oo (@)
2n+1 on 2n+2 (I/l _ 1)|

: 1 cam[x 11 1 Lano (aC,, (u b))
=¥, (u,b)+ onil ¢ z okt +? o 2n+l ( b)z :
k=0

1 (aC,, (u, b))nrl oo (wh)
22 (n-1)!

=¥ (y,b)+

,acm,w,mz“: (@C, (b)) | (@C,, W)™ ac
k! 2" (n-1)!

n+1
k=0

This proved the theorem.

Next we define P, (u,b) =%, (u,b)—¥,_, (u,b) whenn > 2. The notation P, (u,b) is the

probability that surplus attain a certain level b at instant time n. Therefore,

Y, w,b)-¥,_u,b)=Pr(X|, >u+c-b, X +X, >u+2c-b,-- X, +X,+-X, >u+nc->) -
-Pr(X, >u+c—-b, X +X,>u+2c-b,-- X+ X, +-X,_, >u+(n-Dc->b)
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Hence, we are going to have the following Corollary.

Corollary 3.3: For any b > u , we define 7, = min(r 2 0: U (r) = b) to be the first time when

the surplus reaches level b. Then the probability that surplus attain a certain level b at
instant time n of P, (u, b) satisfy the following recursive formula when the claim

distribution is double exponential.

ie—aC“(u,h)nZ-l (aC, (’fhb))k " 1 (aC, (“ab))n_z o)
2" 2" (n-2)!

Proof: It can be directly proved by the definition and Theorem 3.2.

P,(u,b)=

Corollary 3.4: For anyb>u, we define7, = min(s > 0:U () = b) to be the first time when

the surplus reaches level b. Then the probability of the surplus attain a certain level b
of ¥, (u, b) satisfy the following formula when the claim distribution is double

exponential.

—aC,(ub (a'C (u,b))" <! (0!C (u,b))” D)
l}’ (u b)—zlgzj ) k' +22_|+1 0 2)| (

Proof: By Theorem 3.2 and Corollary 3.3, we have

Y, (u,b) =¥, (u,b) +2Pk(u,b)

k=2

o1 e Jl(OJC(MI?)) N1 (@Cu,b)? (b
=Tl(u’b)+§§e i b)z +221+1 —0 2)' ac;(ub)

k=0 ' Jj=2

=l ac.(ub>+2": —acwmi(ac (u.b))* + 1 (aCi(u.b)” LB maciwh)
2 2 221+l G-2)!

J=

—ac,up (XC; (W, b)) (u b)) 11 @C b e
_Zzzl sz E]'-z)! ¢

j=1 k=0

This proved the corollary.
3.2 Mixture of Double Exponential Claim Distribution:

At first, we consider the claim family according to mixture of double exponential
distribution.

M
a
f= E A,-;’e @ where -0 < x < o0
i=1

M
> L <0
F(x)={ ™

- ﬁ%e

=

M
WhereZAi =1, A, can be negative as long as the f(x) is nonnegative. We also A, satisfy

i=1

the following conditions Z A"A, =0 for all n.

Jj#k
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By the results above,
& (h)= D w+c—xb)f(x)dx
the probability of the surplus attain a c;tain level b
W (u,b)=1-®(u,b) =1-F(u+c—b)+ J'Zfifi_l(bﬂ,b)f(u +e—b—x)dx

and the notation of recursive relation, we have
C(u,p)y=u+c—b, C,(u,p)=u+nc—b=C, (u,b)+c hold for all n.

Assume the mixture of Double Exponential claim distribution, we have
1. Forn=1

A
12D Sy he-b<0

A
27’6_“(”"’) y+c-b>0
i=1

M
When y=u, u+c-b>0 ¥,(u,b)=1-F(u+c—b) =Z%e*a@<"”’>
i=1

2. Forn=2
u+c—b
Y, u,b)=1-Fu+c-b)+ | Yo+ y,b)f(u+c—b—y)dy

=W wh)+ | - iie"f”“’) )i AL ey
e ' &2 ~ 2

ure-b QL A M .
i o (y+e) J —Dl lu+c—b—yl
+ J- . Z 2 ZAJ 2 dy
i=1

=1
where

-(:(1 i ' a(y+6))iA & —al\u+zr—b—y|d _
L4 =i '
M
j zx(y -(utc=b)) , tl(v-H) j txj<y-(u+c—b))

j=
z a; -a;( by € Q; 2 : J a w-b) [ 2
u+c—i U—i )
Aj —/ I ydy AJ 2 I a’}dy

M 2
AJ e -a;C, (u,b) _ z Aj e-a_/cz(u’b)
2

M
IquC b Z i - (\+()z AJ & -a; |u+(:—b—y|dy -
- 2

¢ i=1 Jj=1

M M
:j““ bzz‘; a,(m)ZAj @) o-ture- Dy

i=1 j=1

2
M (04 u+c-b M
— Jj -a,Cy(ub) 2 j -,C, (u,b)
ISR (S W
j=l1

'—. Nl.’b

-
X

[\”4a

J=1

\.

So,

< Aj @ Cy(ub) < AJZ -a,C, (ub) < ) & -@,C, (ub)
‘Pz(u,b)=‘Pl(u,b)+27e ZA} SFColwbe
= =1

3
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MA(4-A) e A
_ J j -a;,C,(ub) 275 -a,C, (u,b)
_‘Pl(u,b)+zTe +;AJ S+ Calusbe

j=1
Or we can rewrite

0 M
lIlz(u,b)=‘I’1(u,b)+LZZ:AJ (@,C (u b)* g U

2
2 k=0 j=1

A 2-A) weun  wn AT (@,C,u,b)) o
+z J 3 J e -2 +222 1'

=

Since C,(u,b)is always positive. So for any y,

A) alCz()b)\+ZA22 1C,(y,b) e -,IC, (y,b)l

W, (3b) = w(y,b)+z =

3. For n=3
W (u,b) =1— F(u+c—b) + j”ifi(m V.B) f(t+c—b=y)dy

u+c—b
=1-Fu+c-b)+ | Y,0+y,b)f(u+c—-b-y)dy

ureb oy A (4-A)) -a,C,y (b+y.b)
+J; Z#e U fu+c—b—y)dy

u+c—b
j ZA2 1C,y(b+ y,b) 1O £y 0 —b— y)dy
u+c—b M A 4—A | M . e—

u+c—b .
Az ] IC,(b+y,b)le @GO DINT 4 T eteb) 4
I Z (b+y,b) Z 2 y
Where,

by A (4-A) 4 (b+yb)l < & o (y-(ure—b))

Jj=
-2¢

. (ute—b
Aj_jea,w (utc ))dy+

iA (4’ A) a(y+2c)
=1

Jj=1

+

vrﬁ-z A (4 A ) a (y+2c)zA Jj a (y—(u+c—b))dy

2¢ =

M A2(4 A)a, 2 A (4 A, b
_ z ; % (2c-(utc-b)) I 2a;y dy + z aCB(u.b) I zdy
= 00 -2¢
< (4 A ) RIS < -a,C,(u,b)
= + C (u,b)e 77

u+c—b . a + ; 0! ~(u+c—
J- ZAZ i |C (b+y,b)| 51C, (b yb)‘zA 5 ;i (y-( b))dy

-2¢ o. a (y42c & o ye(usee
=j ZAZZ—;(-(y+2c))e i 2)2Aj7’e O gy 4
Rl 7 j=1
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u+c—b M . |
+ ,[zc ZAZ I (y + 2C)e /(y+2c)z AL a (y.(,H.(_b))dy
j=1

M A3a2 -2¢ A3a2 u+c-b
_ i a;(-utctb) 2, i -e;Cy(ub)
=D e[y 200y + Z—ez [+ 20y

M A3 2 M
z A, a] o (-utctb) 1 ef4ajc + A, ; (C (M b)) IZC3(u,b)

—=—e
= 2} (20;)2 = 23
M A3 M (C
| e Cyub) (u,b))’ o O
=) —Le¥ +y LA
;25 ; 23 2!
Therefore,
(4 A) O A(4A)a Cotub
W, (u,b) =, (u,b) + o NV o by S
3 275 ot
MoAP ¥ A (c,
i -a,Cy(ub) (M b)) ac}(u,b)
+ Y LY A
;25 ; 2° 21
M A2 M
=\y2(u,b)+22f “C“"’)+z a’C( ,bye
j=1 j=1
iy (@, Cwb)f e
= o} 2!
Or we can rewrite,
L U a.C,(u,b
By (,h) = Wy (0 h) =5 DY A2 —( WO jaciws
2 k=0 j=1
U, AN2-4) wcwn A (@,Cyw.b)” |,
+D @by ”’>+22; e
J=l :
4. For n=4

u+c—b
W, (u,b)=1—F(u+c—b)+ I+‘I’3(b+ v.B) f(t+c—b=y)dy

u+c—b
=1-Fu+c-b)+ | ¥,(b+y,b)f(u+c—b—y)dy

utrc—b AJ2 -0ICy(b+y bl
+L z?e /(C: fu+c—b—y)dy
=

u+c—b M A ( ) @ iy
+J' z—a 1 Cy(b+y,b) 1 e fu+ ¢ —b— y)dy

— 2

=
wreb LAY C b+ y,b) I

+I BN R AN ST ey ey
_ ,-§=1 > o f( y)dy

utc—b QL A2 M o
;- ICy(b+y.b) i ~(ut+c—b
=1P3(u,b)+j z ¢ S A eV dy
- .

Jj=1

wte=b @I, (b+y bl < O} o (y-(ureb))
j Z a 1C,(b+ y,b) 1€ ZAjTe dy

=
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u+c—b M A3 |C (b+ b |2 M o.
i 2108 y,b) -a,IC; (b+y,b)l G o (y-ure-b)
+L° ;—0{23 - TE— e ZAj 5 e dy
Where,

M A2 M
u+c—b A .
-0ICy (b+y,b)l - —b
J. z 2; e a;IC5 (b+y.b) 2 A/ 2] eaj(y (u+c ))dy —
oo = -

j=

2 2
-3 A M X b A M .
:j cz_;ea,(y+3c)zAj&ea,(y%uﬂ_b))dy_}_rﬂ z_;e-a,(y+3c)zAj&ea,(y-wﬂv—b))dy
o0 2° - 2 3¢ - 2° .y 2
J=1 Jj=1 j=1
M 3 MoA* b
_ L g POt [ ayy dy + I PPN
A 24 )5,
—oc0 ]=l -3¢

M A3 MoA3
j -e,C,ub ; -,C,(ub
:Z_Sea, ne )+Z?0{jc4(u,b)ea 4 (u,b)
=l

u+c—b M A) . , o. bem
L, ZTja/‘ 1C,(b+ y,b)le @,|Cy(b+y.b)l AjTJea’(” + b))dy _

A’ (4-

'ME

T
<
N

A. aj(y—(uﬂ‘fb))dy_i_

J

a (-(y +3c))e® e

Ma

) LQ

T
T

ke & A (4 A ) -0 (y+3c) < o, a; (y-(u+c=b))
. Z a,(y+3c)e™ Z Aj=fet dy
M A(4-A) e
=) e [y ey +
j=1
A'(4-A) b

e WC D

2° I

-

(y+3c)dy
-3¢

~.
I

-

A?(4 -4)) o2 B ureb) e S A?(4 -4) (aC4 (u,b))2 -a,Cy(u.b)
i + z e
j=1

= 2 e Qa,) 2!
MoOAP4-A) M A(4 A) ( 2

=z—7/ o /s +z oC, (u,b)) G
- 2 2!
J=1 Jj=1

wer gy A 1Cy(b+ b |
2 y,b) P o C BroIN -
_ja —_ ’ A ! dy =
J= Jj=

-3¢

+
—_— '—-

M A3
2 (y + 3C) L5439 aj %0 ureb)
—a A dy +
Z 20T ; ¢ Y

M
uteb ],2 (y +3C) o <y+3c)zA o0 (u+c—b))d

3¢ 2

1 =

3 1 oyGe-iety ¢ 2 2ay u A s 1 ac,wp [UHe? 2
— M +30) e Pdy + Y —a’—e ™" I +3¢)°d
2! L. (y+3eye"dy ;24 2 e O

0!
)

4

2a; (3¢ 4
3 1 o Getureny 2! e + A 3le-a,c4(u,b> (C,u.b))
P Qa,)’ 2a, S22 3

.
I

I
M=
8

>

; ajC4(ub)+i2_Z (ajc4;”’b))3 -a,C,(ub)
=1 .

e
K

~
AN
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Therefore,

M A M
‘P4(u,b)=‘P3(u,b)+z 2; iCald) +z a’C , b)e“c‘(“’b)+z

J=1

A(4A)

C4(u,b
064(U)+

+

iA (4-4)) (aC,(u,b)) LCib +i A_f‘e aciwh & A_f‘ (Ot,q(u,b))3 @ Cytub)
2! — o7 2¢ 3l

j=1 j=1

3 3
l}g(u,b)+224 “C4(“b)+2—aC(u be Y 4

j=1

—+

iA 4- A) 0{C (u, b)) A +iA_? (0!1-6‘4(1/!,[)))3 -a,C,(ub)
2! = 24 3!

=
Or we can rewrite,

2 M
W, (u,b)="¥;(u,b) + ZZ 3w “aCulub)
k=0 |

+§fﬂ$&ﬂ%qmm)ﬁwm+2A<acwm>awm
i 2 2* 3!
Theorem 3.5: For any b >u , we define 7, = mm(t >0:U(t) =b) To be the first time when

the surplus reaches level b. Then the probability of the surplus attain a certain level b
of W, (u, b) satisfy the following recursive formula when the claim distribution is the

mixture double exponential

Y (u,b)=Y  (u, b)+—zz A (a,C, (u,b))" (u b)* o h) |

k=0 j=I

. i A™(2-A)) (a,C, (u,b))" Jacn i A" (a,C, (u,b)" L

2 (n-2)! ezt 2" (n-1)!
Proof: We already show when n=2, 3, and 4 are true. The theorem can be proved by
mathematical induction.

J=1

By the similarity, we define P, (u,b) =¥, (u,b)—-¥,_, (u,b) , whenn > 2. The notation

P, (u,b) is the probability that surplus attain a certain level b at instant time n. Therefore,
Y, w,b)-Y,_u,b)=Pr(X|, >u+c-b, X +X, >u+2c-b,-- X, +X,+--X, >u+nc->) -
-Pr(X, >u+c-b, X, +X, >u+2c-b,-- X+ X, +- X, >ut(n—-Dc—>b)

Hence, we are going to have the following Corollary.

Corollary 3.6: For any b > u , we define 7, = min(s 2 0: U (r) = b) to be the first time when

the surplus reaches level b. Then the probability that surplus attain a certain level b at
instant time n of P, (u, b) satisfy the following recursive formula when the claim

distribution is the mixture double exponential.

mcmM) c UL AT (2-A) (a,C, b))
_ nl 11 (D) j J Jjn a,C, (u,b)
P (l/t b) ;Zl +Zl 2n+l (1’1-2)' ¢ +
J= J=
+i (o;C, (u, b)™! o)

2" (n-1)!

Jj=1

Proof: It can be directly proved by the definition and Theorem 3.5.
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Corollary 3.7: For anyb>u, we define7, = min(s > 0:U () = b) to be the first time when

the surplus reaches level b. Then the probability of the surplus attain a certain level b
of W, (u, b) satisfy the following formula when the claim distribution is double

exponential
n -2 M
) 1o (@Cub)* e
lP b i th](ub)+ _All -a,Ci(u.b)
wn = PR TS A
= = j=
ZZA"@ A) (a,C,(u,b))"” S ZZA (,C,(u,b))" o
45 2 (i-2) Ci )t (i1

Proof: It can be directly proved by the Corollary 3.6.
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