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Treatment Outcome

Questions to answer

Mediation analysis:

“How does it work?”

𝑌𝑋

Treatment

Mediator

Outcome

Regression analysis:

“Does it work?” 
𝑀
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Behavior
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Smoking

Example 1
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𝑀

𝑌𝑋

𝑀|𝑋 = 𝜇𝑀 + 𝛼𝑋 + 𝜀𝑀
𝑌|𝑋,𝑀 = 𝜇𝑌 + 𝛾𝑋 + 𝛽𝑀 + 𝜀𝑌

▪ Direct effect: 𝛾
▪ Mediation effect:  𝛼𝛽

𝛼 𝛽

𝛾

▪ Estimator: 𝐹𝑀𝐿 𝜃; 𝑺𝑛 = 𝑙𝑜𝑔 𝜮 𝜃 + 𝑡𝑟𝑎𝑐𝑒 𝑺𝑛𝜮 𝜃 −1 − 𝑙𝑜𝑔 𝑺𝑛 − 𝑝

𝑺𝑛: sample covariance matrix

𝜮 𝜃 : estimated covariance matrix, 𝜃 = (𝜇𝑀, 𝜇𝑌, 𝛼, 𝛾, 𝛽, 𝜎𝜀𝑀
2 , 𝜎𝜀𝑌

2 ), 𝑝: number of parameters

VAR 𝑀;𝜃 = 𝑉𝐴𝑅 𝜇𝑀 + 𝛼𝑋 + 𝜎𝜀𝑀
2

(Continuous Variables 𝑀,𝑌)

𝜎𝜀𝑀
2

𝜎𝜀𝑌
2



Model (Continue)
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▪ Significance Test: H0: 𝛼𝛽 = 0;H1: 𝛼𝛽 ≠ 0
1) Sobel’s Test (Sobel, 1982)

𝑇𝑆𝑜𝑏𝑒𝑙 = ൗො𝛼 መ𝛽 መ𝛽2 ෢𝑉𝑎𝑟 ො𝛼 + ො𝛼2 ෢𝑉𝑎𝑟( መ𝛽)
𝐻0
~ 𝑁 0,1 as 𝑛 → ∞

2) Resampling/bootstrap

Assumptions
True Model
Independent Residuals
Normality
Independent-identically-distributed sample data



Complex Surveys
Section 2
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State District School Student Y 𝟂𝟎

1 1 1 1 9.8 2500

1 1 1 2 7.5 2500

1 1 2 3 8.3 2500

1 1 2 4 4.5 2500

1 2 3 5 4.5 2500

1 2 3 6 5.1 2500

1 2 4 7 2.3 2500

1 2 4 8 6.5 2500

2 3 5 9 8.1 2500

2 3 5 10 3.2 2500

2 3 6 11 4.5 2500

2 3 6 12 5.8 2500

2 4 7 13 6.6 2500

2 4 7 14 8.1 2500

2 4 8 15 1.2 2500

2 4 8 16 6.5 2500

Multi-stage 
Sampling
Suppose the population 
(40,000 students) locate in two 
states.

Each state has 20 districts.

Each district has 10 schools.

Each school has 100 students.
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(Wolter, 2007) 

Sample weights (𝜔0) = the 

number of students represented

𝜔0



Problem: Estimate the Mean of Y

• Disaggregated estimates vs. aggregated estimates

For aggregated estimates:

• Point estimate is consistent when including the sample weights

• Standard errors is underestimated even when taking into account the 
sample weights

Adjustments:
Taylor series linearization (TSL)
Bootstrap
Jackknife repeated replications (JRR)
Balanced repeated replications (BRR)
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(Group-specific effects) (Generalized effects)



State District School Student Y 𝟂𝟎 𝟂𝟏
′ 𝟂𝟐

′ 𝟂𝟑
′ 𝟂𝟒

′

1 1 1 1 9.8 2500 0 2×2500 0 2×2500

1 1 1 2 7.5 2500 0 2×2500 0 2×2500

1 1 2 3 8.3 2500 0 2×2500 0 2×2500

1 1 2 4 4.5 2500 0 2×2500 0 2×2500

1 2 3 5 4.5 2500 2×2500 0 2×2500 0

1 2 3 6 5.1 2500 2×2500 0 2×2500 0

1 2 4 7 2.3 2500 2×2500 0 2×2500 0

1 2 4 8 6.5 2500 2×2500 0 2×2500 0

2 3 5 9 8.1 2500 0 0 2×2500 2×2500

2 3 5 10 3.2 2500 0 0 2×2500 2×2500

2 3 6 11 4.5 2500 0 0 2×2500 2×2500

2 3 6 12 5.8 2500 0 0 2×2500 2×2500

2 4 7 13 6.6 2500 2×2500 2×2500 0 0

2 4 7 14 8.1 2500 2×2500 2×2500 0 0

2 4 8 15 1.2 2500 2×2500 2×2500 0 0

2 4 8 16 6.5 2500 2×2500 2×2500 0 0

Balanced repeated replications
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(Wolter, 2007) 

𝑅 is the number of replications, 

𝑅 = 4 in the case. 

(Fay & Train, 1995)

Replicate sampling 

weights 𝟂′𝑟, 𝑟 = 1,2,… , 𝑅

Note. The Primary sampling unit (PSU) is District.
1010

𝑆𝐸𝐵𝑅𝑅 Ƹ𝜇 =
σ𝑟=1
𝑅 Ƹ𝜇𝑟 − Ƹ𝜇 2

𝑅

ො𝜇𝑟 is the estimate using 

replicate weight 𝒘′𝑟 .

ො𝜇 is the estimate using 
original(main) sample weights

Note. The Primary sampling unit (PSU) is District.
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Problem to Solve
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Classic Mediation Analysis Complex Surveys

i-i-d sample:  

Independent

Within cluster: 

Dependent

i-i-d sample:  

Identically distributed

Between cluster: 

Heterogenous

i-i-d sample: 

Equal possibility

Unequal-sized strata: 

Unequal possibility

How can mediation analysis work with complex surveys?

Aggregated 

Estimates

Disaggregated 

Estimates



Potential Solutions

• Aggregated Estimates
Design-based method:

• Taylor series linearization (TSL)

• Bootstrap

• Jackknife repeated replications (JRR)

• Balanced repeated replications (BRR)
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Most national/international surveys do not provide the 

cluster indicator.



Apply Balanced Repeated Replications to 

Analysis of 𝛼𝛽
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Asymptotical Normality (Bishop, 1975; Rao, 1973)

Use BRR Standard Errors

Estimator

Test Statistic

Maximum Likelihood

+ Weighted covariance matrix

ො𝛼 መ𝛽 ~ 𝑁(𝜇, 𝜎2) as n → ∞

𝑇BRR =
ො𝛼 መ𝛽

SEBRR ො𝛼 መ𝛽

𝐻0
~ 𝑁 0,1 as n → ∞

(Mai et al., 2019)

Replace 𝑺𝑛 with weighted sample 
covariance matrix 𝑺𝑤𝑛

𝐹𝑀𝐿 𝜃; 𝑺𝑛 = 𝑙𝑜𝑔 𝜮 𝜃 + 𝑡𝑟𝑎𝑐𝑒 𝑺𝑛𝜮 𝜃 −1 − 𝑙𝑜𝑔 𝑺𝑛 − 𝑝

SEBRR ො𝛼 መ𝛽 =
1

𝑅 1 − 𝑓 2෍
𝑟=1

𝑅

ො𝛼𝑟 መ𝛽𝑟 − ො𝛼0 መ𝛽0
2
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Software Packages

• R package ‘MedSurvey’ (Feb. 2019)

Flexible and complex models

https://CRAN.R-project.org/package=MedSurvey
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https://cran.r-project.org/package=MedSurvey


Application

Data: 
2014-15 CPS Tobacco 
Use Supplement (TUS; 
U.S. Department of 
Commerce and U.S. 
Census Bureau 2016), 
employed adult daily 
smokers (Non-Hispanic 
White males only). 

Survey Design:
Balanced Repeated 
Replications 𝑅 = 160.
𝑓 = 0.5 is suggested.
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Workplace 
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𝑀1
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𝛼1 𝛽1

𝛾

Supporting 

Smoking Ban in 
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Areas

𝑀2
𝛼2 𝛽2
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Results
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Mediator

Not Weighted BRR Weighted

ො𝛼෠β ෢𝑆𝐷 𝑝-value
Adjusted

𝑝-value
ො𝛼෠β ෢𝑆𝐷BRR 𝑝-value

Adjusted 

𝑝-value

𝑀1 −0.0170 0.0066 0.010 0.020 −0.0156 0.0073 0.032 0.063

𝑀2 0.0018 0.0033 0.588 0.612 0.0004 0.0045 0.937 1.000

Table 1. Tests for Mediation Effects between Smoking Ban at Work and Number of Cigarettes 

Smoked per Day among Male NH White Daily Smokers

Note. M1 = Supporting Smoking Ban in Adult-exclusive Areas. 

M2 = Supporting Smoking Ban in Children’s Areas. 

n =2,260 (Estimated population size is 3,294,568).  

Adjusted p values adjusted for the multiple tests using Holm’s method (Holm,1979).



Software Packages

• R package ‘MedSurvey’ (Feb. 2019)

Flexible and complex models

https://CRAN.R-project.org/package=MedSurvey

• R shiny (March 2019)
User-friendly interface

https://sjbiostat.shinyapps.io/MedSurvey/
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https://sjbiostat.shinyapps.io/MedSurvey/
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Look, this’s our product. 

R shiny 



Software Packages

• R package ‘MedSurvey’ (Feb. 2019)

Flexible and complex models

https://CRAN.R-project.org/package=MedSurvey

• R shiny (March 2019)
User-friendly interface

https://sjbiostat.shinyapps.io/MedSurvey/

• SAS macros ‘MedBRR’ (Dec. 2018)

Super large-scale datasets

https://github.com/YujiaoMai/MedSurvey
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https://github.com/YujiaoMai/MedSurvey
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Thank you !
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Questions?


