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Abstract

For the reference scaled equivalence hypothesis, 

Chen et al. (2017)1 proposed to use the Wald test with 

Constrained Maximum Likelihood Estimate (CMLE) of 

the standard error to improve the efficiency when the 

number of lots for both test and reference products is 

small and variances are unequal. However, by using 

the Wald test with CMLE standard error (Chen et al., 

2017)1, simulations show that the type I error rate is 

below the nominal significance level. Weng et al. 

(2017)2 proposed the Modified Wald test with CMLE 

standard error by replacing the maximum likelihood 

estimate of reference standard deviation with the 

sample estimate (MWCMLE), resulting in further 

improvement of type I error rate and power over the 

tests proposed in Chen et al. (2017)1. In this 

presentation, we further compare the proposed 

method to the exact-test-based method (Dong et al., 

2017a)3 and the Generalized Pivotal Quantity (GPQ) 

method with equal or unequal variance ratios or equal 

or unequal number of lots for both products. The 

simulations show that the proposed MWCMLE method 

outperforms the other two methods in type I error rate 

control and power improvement. 
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Notations:

• 𝑛𝑇 and 𝑛𝑅: number of lots for test product and 

reference product, respectively

• 𝜇𝑇 and 𝜇𝑅: population means of test product and 

reference product, respectively

• 𝜎𝑇
2and 𝜎𝑅

2: variances of test product and 

reference product, respectively

• f: pre-specified constant

• k: unbiased correction factor4
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• nSim: the number of simulation replicates

• alpha level: significance level. 
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Setups:

• 𝜇𝑅 = 0 and 𝜇𝑇 is derived under the constraint of 

the null hypothesis given 𝜇𝑅, 𝜎𝑅, and 𝑓

• 𝝈𝑹
𝟐 is 1

• 𝝈𝑻
𝟐 is 𝒌 ∗ 𝝈𝑹

𝟐
, 𝑘 = 0.5, 0.75, 1.0, 1.25, 1.5, 1.75, 2.

• alpha level = 0.05

• nSim = 1,000,000 (MWCMLE); 100,000 (EB and GPQ)

Simulation scenarios:

f = 1.7:

• Scenario 1: Compare the type I error of the 

proposed estimator (MWCMLE) to the type I errors 

of EB and GPQ with equal and unequal number of 

lots for both products.

• Scenario 2: Compare the type I error of MWCMLE 

to the type I error of AMWCMLE, after adjusting 

the degree of freedom, for unequal samples with 

different variances of test product.

• Scenario 3: Generate the type I error and power of 

MWCMLE and GPQ for small samples with 

different variances of test product.

From above limited scenarios, the proposed estimator

(MWCMLE) has achieved the following two:

• Type I error rate can be controlled and close to the 

significance level with lot number of both products 

being greater or equal to ten.

• Type I error rate could be inflated to around 5.2% 

with unequal lot number of both products.

Comprehensive simulations are in the manuscript.

• Two one-sided hypothesis:

𝐻01: 𝜇𝑇 − 𝜇𝑅 ≤ −𝑓𝜎𝑅 𝑣𝑠. 𝐻𝑎1: 𝜇𝑇 − 𝜇𝑅 > −𝑓𝜎𝑅
𝐻02: 𝜇𝑇 − 𝜇𝑅 ≥ 𝑓𝜎𝑅 𝑣𝑠. 𝐻𝑎1: 𝜇𝑇 − 𝜇𝑅 < 𝑓𝜎𝑅

• MWCMLE (proposed estimator)2:
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Notations and simulation setups

nT nR 𝜎𝑇
2 Estimated type I error rate

MWCMLE EB GPQ

10 10

0.5 4.7844 5.175* 4.985

1.0 4.8921 5.372* 4.95

2.0 4.9968 5.506* 4.898

15 15

0.5 4.7584 5.17* 5.046*

1.0 4.8348 5.297* 5.056*

2.0 4.908 5.357* 5.105*

25 25

0.5 4.7771 5.102* 5.082*

1.0 4.83 5.184* 5.096*

2.0 4.8903 5.259* 5.165*

nT nR 𝜎𝑇
2 Estimated type I error rate

MWCMLE EB GPQ

10 6

0.5 4.7593 5.236* 4.873

1.0 4.8273 5.424* 4.881

2.0 4.8729 5.556* 4.928

10 25

0.5 4.988 5.334* 4.855

1.0 5.0936* 5.423* 4.899

2.0 5.1456* 5.456* 4.934

6 10

0.5 5.0461* 5.511* 4.599

1.0 5.2032* 5.699* 4.626

2.0 5.2534* 5.8* 4.667

25 10

0.5 4.6836 5.154* 5.033*

1.0 4.7191 5.223* 5.033*

2.0 4.7568 5.343* 5.096*

nT nR 𝜎𝑇
2 Estimated type I error rate

MWCMLE AMWCMLE

10 6

0.5 4.7593 4.6684

1.0 4.8273 4.6547

2.0 4.8729 4.5935

10 25

0.5 4.988 3.6948

1.0 5.0936* 4.0235

2.0 5.1456* 4.3586

6 10

0.5 5.0461* 4.7738

1.0 5.2032* 4.9710

2.0 5.2534* 5.0602*

25 10

0.5 4.6836 4.3074

1.0 4.7191 4.0370

2.0 4.7568 3.6138

f = 1.7 (𝑛𝑇 , 𝑛𝑅 )

𝜎𝑇
2 (10, 10) (10, 11) (10, 12) (10, 13) (10, 14) (10, 15)

0.5 4.7844 4.8098 4.8137 4.8091 4.8562 4.8744

0.75 4.8409 4.8728 4.8823 4.8749 4.9228 4.9378

1 4.8921 4.9149 4.91 4.9066 4.9715 4.9763

1.25 4.9278 4.9573 4.9404 4.943 5.0092 5.0169

1.5 4.9579 4.9837 4.9685 4.9658 5.0417 5.0416

1.75 4.9764 4.9974 5.0059 4.9827 5.0696 5.0678

2 4.9968 5.0209 5.029 5.008 5.0802 5.0837

f = 1.7 (𝑛𝑇 , 𝑛𝑅 )

𝜎𝑇
2 (10, 10) (10, 13) (10, 14) (10, 15) (10, 16) (10, 17)

0.5 93.7916 96.8987 97.4756 97.932 98.2417 98.509

0.75 90.1553 94.1567 95.0163 95.6898 96.1436 96.5598

1 86.0391 90.7421 91.7972 92.6692 93.2619 93.8004

1.25 81.6338 86.7914 88.019 89.0551 89.7233 90.3682

1.5 77.1378 82.5861 83.8693 85.054 85.7301 86.4429

1.75 72.5993 78.1725 79.4861 80.7405 81.4339 82.1889

2 68.1688 73.7309 75.0291 76.3202 77.0326 77.7409

f = 1.7 (𝑛𝑇 , 𝑛𝑅 )
𝜎𝑇

2 (10, 10) (10, 11) (10, 12) (10, 13) (10, 14) (10, 15)

0.5 4.985 4.811 4.880 4.797 4.914 4.800
0.75 4.945 4.811 4.858 4.840 4.940 4.868

1 4.95 4.829 4.909 4.815 4.984 4.921
1.25 4.962 4.832 4.957 4.852 5.031 4.961
1.5 4.948 4.841 4.967 4.881 5.061 4.991

1.75 4.931 4.816 4.997 4.892 5.119 5.014
2 4.898 4.831 5.022 4.905 5.142 5.044

f = 1.7 (𝑛𝑇 , 𝑛𝑅 )
𝜎𝑇

2 (10, 10) (10, 13) (10, 14) (10, 15) (10, 16) (10, 17)

0.5 93.736 96.87 97.449 97.862 98.173 98.494
0.75 90.056 94.176 94.943 95.613 96.004 96.504

1 85.937 90.72 91.721 92.54 93.032 93.626
1.25 81.503 86.755 87.899 88.894 89.549 90.144
1.5 77.07 82.53 83.683 84.722 85.638 86.223

1.75 72.644 78.199 79.381 80.350 81.313 81.996
2 68.312 73.749 74.941 76.035 77.043 77.486

AMWCMLE: 

𝑊𝐿 =
𝜇𝑇−𝜇𝑅+𝑓𝜎𝑅
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alpha level = 0.05 and 𝜎𝑅
2 = 1

Scenario 3: Power for MWCMLE

Scenario 3: Type I Error for GPQ

Scenario 3: Power for GPQ

Scenario 1: Type I Error with equal sample size

Scenario 1: Type I Error with unequal sample size

Scenario 2: Type I Error with unequal sample size after 

adjusting the degree of freedom

*: Type I error is inflated

Scenario 3: Type I Error for MWCMLE


