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Two Group Survival Study

* Subjects randomized to treatment A or B.
* Time-to-event data (e.g., time to death, stroke, MI, etc.)

* Proportional hazards assumption
h; () =hy (t)e’BZ /= hazard for subject j at time ¢
7 = 1 grp. A subject
70 grp. B subject

hazard for grp. A

Ateach ¢, = e” = 6 (say)

hazard for grp. B
6 = relative risk parameter, [ = ln(H)
e Inference : Howtotest H,:B= /0, (or H,;:6=6,)?

Estimation : How to estimate [ (or 8)?



Cox Model Approach

Notation
o ,<t,<...<t, = event times
d; subjects fail at ¢, (d,,from A, d,zfrom B)
n; subjects at risk just before ¢, (n,, in A, n;; in B)
R(t;) = set of subjects at risk at ¢,
D(t;) = set of subjects who have event at ¢,
R(ti ,a’l-) = set of d; subjects chosen without replacement from R(ti)

Z;1,Zy ... 2= group indicators for the d; failures at ¢,



Cox Model: NoTies

* Only one failure (event) at each ¢,

e Cox Partial likelithood (1972)

UB) =N LA
where
Zp
e
L(p) =
> e’
JOR(z;)
( e'g
7 if event at ¢, 1s from group A
1 : :
7 if event at ¢, 1s from group B
nlAe + Nip




Cox Model: Ties
* d. subjects fail “at ,” (d,, in A, d,z in B) d,; >1 for at least one i

Various approximations of L, ( ,8) are used to handle ties.

Popular Tie-Handling Approximations

e Cox (1972)
I Vi ==L (discrete partial likelihood)
1

ZeS”B
I0R(t,,d,)

e Kalbfleisch & Prentice (1973)

diy dig + d. d. e'B(n —d. ) +(n- —d. )
LKP — —1)* y( IAJ( iB j i4 i4 iB iB
e x=0yz=:0( ) x J\y )P (ny—dy +x)+(ng —dip +)

(simplification of the integral representation used by SAS PHREG)



Cox Model: Ties(cont’d)

e Breslow (1974)

S8
(f="

di
Z eZhB
ICR(2,)

{Default in many software packages, including SAS}

e Efron (1977)
dl'eSl'B

L (B)=

m=1

d.
’ S1B _ (m - 1) ZB
! LD%(:) d; lD%(tf)

{Default in S-Plus}

Noties = L;' () = Li"(B) = L7 (B) = i (B) = L,()



Cox Model: Estimation

Let S(f)= é’loi’;(ﬂ)
(p)=-71e P
()=

e Maximum partial likelihood estimate of £ ( ,EC, say)

- iterative solution of S(,B) =0

- v(3.)=[i(3.)

-1



Cox Modd: Inference

* Hy:B=p,vs. Hy: %S,

Wald Test ~
V(Bepn)
Score Test [S('BO )]
1(8,)

Reference distribution for each test is )(a) = F(1,00)



Cox Model: Inference (cont’d)

e Hy:f=0vs. H;:LZ%0

(i.e. relative risk = 1 vs. # 1)

(i -E, )T

i=1

“Logrank” statistic = (Mantel, 1966)

k
2Vis

i=1

Ey= din# = E(diA‘niAaniBadinB - 0)

1

Vig = niAnigdi (n,- - di) = V(diA‘niAmiB’di"B = O)
n (”li - 1)

1

Note: Mantel’s LR statistic = score statistic based on Cox’s discrete partial

likelihood.
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Generalized Logrank Statistic

Mehrotra and Roth (2001)

o Lett;<t,<... <ty be the event times. At t;:

Fail  Survive Total
Group A dy  nmy-—dy  ny
GroupB  dip  mp—dip  nmp
Total d, n;, —d; n;
e Ifdy~ B(niB , pl.), under proportional hazards d,, ~ B(ni y ,le.)

P(DiA :diA‘dianz’Aanz‘Bapiag)
nlA nlB id _ ”iA_diA _ ”iB_di"'diA
(diA (di _diAde (1 Q?l) (1 P,-)

ey nip 1 ng—j np—d;+j
Z l)( I )6] 1- @]i id~J 1 - i iB~4;TJ
G\ jJ/\d; = J ( ) ( p )

where G, :{j :max(O,di —n,-B) <Js min(di 9”1‘A)}

Note: If =1, then (1) does not involve p,.
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GLR: Inference

o Let £,,(n,,n50,p;,) & V. (n;4,n5,6, p;) = mean & variance of (1). For e.g.,

with no ties (d; =1):

n,6(1-p,)
niAg(l _Pi) +”iB(1 B 6bz)
nz0\1 — p; \1 - 6&p,

e )

e Proposed GLR statistic for H,:6=6, vs. H ;:0% 6,

2
{Z[dlA niy,n 13780’191)]}
GLR(6,.p) =

ZIVIA( ia >N zB’QODﬁi)

E,, (niA »1ig Hapi) =

where p; is an estimate of p;, & p = (ﬁl,ﬁz,...,ﬁk).

. GLR(I,]Z) = Mantel’s (1966) logrank statistic; it does not require estimation of p.

12



GLR: Inference (cont’d)

* How to estimate p,?

Conditional Approach

Find p, that maximizes [] P(DZ-A = diA‘di,niA,niB,pi,H).

1

For e.g., with no ties:

Pg=0 if(d,=1n6<1)or(d,=0n8>1)
Pip=min(1,67") if (4, =10 O>1) or (d, =0 N H<N).

Note: d; contains information about p;, that is ‘wasted’ if we condition on d;.
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GLR: Inference (cont’d)

Unconditional Approach
Numerator of (1)= L(pi |9) [] B(niA ,@i)xB(niB ,pi) :

Find p, that maximizes [] L( pl.|9). We get:

X _\/xiz _4(niA +”i3)di9
Pig = Z(niA +nl.B)9

~

)2

where x; = 8(n,, +d, —d, ) +ny +d,,.
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GLR: Inference (cont’d)

» Let p(6) =(P\.g: Prgs ---» Br.g) unconditional approach.
+ Reference distribution for GLR[8,,5(8,)] =?
Proposed approximation:
GLR[ 8y, P(8))] ~ s F(1.K")
K

* .
where £k = me(di,ni _diﬂniA>niB)'
i=1

Remarks
« With no ties, k = # of ‘informative’ tables.

. F(l,k*) L Xiask o o,
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GLR: Estimation

e Small values of GLR[H ,2(6’0)] support H,:0 = 6,.

The GLR-based estimator of 8, 8, ., is the & which satisfies:
GLR| 81 P(Bore)| = inf GLR]8.p(6) .

. 100(1 - a)% confidence interval for &

gL . = i%f{ 6.GLR[6,p(6)] < F,(1.k")

gl . = Sl;p{ 6.GLR[6,p(6)] < F,(1.k")
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Example 1

Survival times (days) of 30 patients with cervical cancer
Group A (control therapy, N ,=16)

90, 142, 150, 269, 291, 468+, 680, 837, 890+, 1037, 1090+, 1113+, 1153,
1297, 1429, 1577+

Group B (new therapy, Nz=14)

272, 362, 373, 383+, 519+, 563+, 650+, 827, 919+, 978+, 1100+, 1307,
1360+, 1476+

Source: Pg. 69, Parmar and Machin (1995); + denotes censored observation

6F
> _ ______ 95% C.L F(1,16) =4.494

0.691,5304) /T

GLR [8,p (6)]

Relative Risk (0)
GLR method: &, , =1.88,95% C.I. = (0.69, 5.30)

CoxModel: 8. =2.00,95% C.I. = (0.69, 5.80)

Q
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GLR: Grouped Data

* GLR statistic will not work well when many ties result from a coarse grouping of

continuous data. (e.g., rounding to weeks, months, etc.)

 Two simple extensions of our GLR statistic for grouped data: GLR*" and GLR"
In each case, replace E;, & V;, in the GLR statistic (on pg. 12) with E,, & I7l 4>

respectively.

.4 = mean of E,, over all possible orderings of events between #,_, and ¢,.

N
I

4 = mean of V;, over all possible orderings of events between 7,_;, and ¢,.

* See Appendix for details.
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Example 2

Time (in weeks) to a particular adverse event

Group A (old therapy, NA=20)
2,2,4+,8,8+, 12,12 12, 12, 12+, 12+, 16+, 16+, 20+, 24+, 24+, 28+, 28+, 36, 36

Group B (new therapy, Ng=20)
4+, 4+, 4+, 4+, 8, 12+, 12+, 16+, 16+, 16+, 16+, 20+, 20+, 24+, 28+, 28+, 32+, 32+, 36, 36+

Note: scheduled post-randomization visits at wks 2, 4 and then every 4 wks; + censored observation

Estimated Relative Risks (95% C.I.9)

Cox Model-Based Approaches GLR Approaches
Breslow 4.45 (0.96, 20.60)
Cox 8.71 (1.06, 71.60)

Efron 5.12 (1.10,23.86) | 3.76 (1.03,18.01) GLR"
K&P 795 (1.04,60.85)|4.71 (1.05,25.01) GLR"*"

* To determine sample size for a “confirmatory study”, what is the best guess of the
1+ RRT
1-RR

true relative risk? Note: sample size [l (
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Link Between GLR and Cox Model Approaches

» If p, =0 i, GLR = score statistic based on the Cox discrete partial likelihood.

If p; ;=0 Lhi,j, GLR" = score statistic based on the Efron partial likelihood.

If p; e, =0 Ui,x,y, GLR"" = score statistic based on the Kalbfleisch & Prentice

partial likelihood.

 When all therisk sets(i.e. n,’s) arevery large

GLR = Cox
GLR =K &P
GLR® = Efron

(since p =0 with large risk sets)

e This suggests that GLR and Cox model will be asymptotically similar.
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Simulation Study

N subjects per treatment (total size = 2N subjects).
E = entry time into trial ~ Uniform(0,1). Analysis at 7.

S = true survival time ~ Weibull(scale, shape)

Trt A: (scale =~/0.5¢7  shape=2]  {h(r) = e}

TrtB: (scale =05, shape =2)  {h(r)=14
Y = observed survival time = min(S,7 - E).
For a given T, let 71,(T) = probability that a subject in group j was censored. For
N,=Ng, the mean probability of censoring was 7(T) = 0.5{ n,(T) + 715(T} . We
studied three values of T, namely, T}, T and T3, such that 71(7;) = 0%,
7(T,) =25% and 7(T;) =50%.

Continuous data (no ties), Grouped data (ties, data rounded to nearest 0.10)
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Continuous Data (No ties)
BIAS

% censoring

0 % 25% 50 %
2N B Cox GLR Cox GLR Cox GLR
40 0.0 .000 .000 .000 .000 004 .004

0.6 .025 -.023 022 -.022 024 -.020
1.6 075 -.048 071 -.056 082 -.067
80 0.0 .006 .005 .004  .004 .007  .007
0.6 .016 -.011 013 -.010 009 -.014
1.6 .032 -.029 028 -.036 031 -.046
200 0.0 .003 .003 .001 .001 002  .002
0.6 .007 -.005 .003  -.007 .007 -.002
1.6 .013 -.012 012 -.015 012 -.021

2000 replications

Range of |%BIAS| for >0

Cox
GLR

0.5% to 5.1%
0.4% to 4.2%



Mean Squared Error (MSE) & Relative Efficiency

Continuous Data (no ties)

% censoring

0 % 25% 50 %
2N Jé; Cox GLR %RE Cox GLR %RE Cox GLR %RE
40 0.0 .121 .102 119 143 125 115 211 184 114
0.6 .126 .109 115 152 132 116 221 190 117
1.6 .196 .160 123 211 172 123 328 261 126
80 0.0 .055 .050 111 070 .065 108 109 .101 107
0.6 .059 .055 108 074 .068 108 JA12 .103 108
1.6 .089 .082 109 097 .089 109 150 0133 113
200 0.0 .021 .020 105 028 .027 103 039 .038 103
0.6 .023 .023 103 029 .028 103 042  .040 103
1.6 .033 .032 103 036 .035 103 .054 .051 105

%RE = 100x(MSEc.x)/(MSEgr); 2000 replications
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Continuous Data (no ties)

Coverage of 95% C.l. & Relative Width

% censoring

0 % 25 % 50 %

2N B  Cox GLR R.W. Cox GLR R.W. Cox GLR R.W.

40 0.0 947 0952 .92 949 953 95 95.5 96.0 .97
0.6 951 95.1 92 953 95.7 95 96.5 96.7 .96
1.6 965 94.6 90 96.3 94.7 91 97.6 958 .93

80 0.0 943 944 95 952 953 97 954 958 .98
0.6 948 942 .96 95.0 95.1 97 95.0 951 .98
1.6 950 943 95 952 939 95 96.2 944 95

200 0.0 943 943 98 94.7 94.7 .99 95.8 959 .99
0.6 943 94.1 98 953 95.0 .99 954 954 .99
1.6 949 942 98 95.1 94.2 98 95.5 949 98

R.W. = (widthg r)/(Widthcey); 2000 replications
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Concluding Remarks

Continuous data — GLR approach can provide substantial gains in efficiency

relative to the Cox model in small to moderate sized trials (< 200 subjects).

Grouped data — GLR"" and GLR" are also notably more efficient than their Cox

model counterparts.

GLR and Cox model approaches are asymptotically similar, for both continuous

and grouped data.

Research has been extended to include stratification (Mehrotra and Zou,

manuscript in preparation).

25



APPENDI X

GLR: Grouped Data (Development of Formulas)

Example
3 events between ¢,_; and ¢, (dl- 1 =2,dy = 1)
True event times: ¢,_; <t <t,, <t; 5 <{,

# at risk in Group (A, B) just before ¢,

Possible ]= =2 1=3
oderings
A—>A—>B (nzA ’nzB) (niA -1 nzB) (niA _29niB)
A-BoSA (”iAa”iB) (niA _laniB) (”iA —Lng - )
BoASA (nzA 7”13) (niA »Nip — 1) (niA —Lng - )
Average (n _2 _1) (n _4 _Zj
# at risk (14,m35) 433 S A
Group B Di Dip Pis
Binomial
Probability
For GLR*"
= KP Iy
Ey = 3 _3EiA (niA »1ip aeapi,l)]
1 .
+ g _2EiA (”iA —Lng 90>pi,2) +E,, (”iA Mg~ 1, 59pi,2 )]
1 .
+ g _2EiA (”iA —Lng - 1999Pi,3) +Ey (niA —2,np, ‘93191',3)]
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GLR: Grouped Data (cont’d)

Example (cont’d)

For GLR*?
—kp_ 17
Vig' = 5.3I/iA(niAaniB>9=pi,l)]
1 -
T 3 2Vi4 (niA _lantieapi,2)+ Via (”iA»”iB ‘1»‘9»191',2)]
1
T 5 2V1A( nig _l’nlB lagapi,3)+ViA(niA _zaniBagapi,3)]
For GLR®
Eiﬁ - EiA(niAﬂniB>99pi,l)
2 1
+ EiA(niA_§9 ' _gagapi,zj
4 2
+ EiA(niA__a ' _Eaeapiﬁ)
—F
Vii =  Viglnignip.0.p:,)
2 1
+ Vig Mg =3 >Mip T3 ,0,p; 5
4 2
t+ Vig Mg T 3B TS ,0,pi3
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GLR: Grouped Data (cont’d)
General Formulas

X d,—x

(d ij
iA
d'A d

i dip x+y\(d, —x—y
Z Z ]x+y( j( leA (niA —X,Np _yﬂgapi,)ﬁy)

kP _ =020 X diy —x

iA ( dl‘ j
diA

where
Di x+,— binomial failure prob. for grp. B at ¢, ,,
I+, =01f x + y = d;; L otherwise.

dig dip x+y\(d;,—x—y
Z" Z_: [x+y( j( jEiA (niA —X,N;p _yagapi,x+y)

withj=x+y+1

For GLR"

EE = S Ey| ny-(-1)% ny -(j-1)% 0

iA Z ia| Mia (J )d 207 (J )d O, D;
J=1 i '

1

_ . n4; . 04
Vid = ZKA(niA_(]_l)jAa iB‘(J‘l)faeapi,jj

I I
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GLR: Grouped Data (cont’d)

How to estimate the p; ;’s?

“Average 2x2 Table” at ¢; ;

Fail Survive Total

Group A dig diy : diy
= o —(i-1

di nijgy—J dl‘ oy (] ) dl'

GroupB dj .dp _n9iB

LB = B o —(7=1)28

dl‘ nip —J di nip (] ) dl'

Total 1 ng=j n;—(j—1)

Analogous to GLR approach for continuous data:

hy _\/hiz _4(niA tng—jt 1)9
2(nyy +nip—j+1)0

Pij = Pije =
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Grouped Data (ties) — Simulation Results

Cox Model: Comparing Popular Tie-Handling Approximations

 N=100/grp, =12, no censoring

% BIAS (for p)
Interval Width Cox Breslow Efron K &P

0.00 0.6 0.6 0.6 0.6
0.02 2.3 -0.9 0.6 0.7
0.10 8.7 -6.9 0.5 1.0
0.25 193 -17.8 -1.8 0.7

2000 replications

e With many ties ...
Computing : (Breslow, Efron) << (K & P, Cox)
Bias . (K & P, Efron) << (Cox, Breslow)
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Efron
K&P

Grouped Data (ties)

BIAS
0 % 25 % 50 %
2N B Efron” GLR®*  Efron GLR"  Efron" GLR"
40 0.0 -005 -.004 006  .006 015 014
0.6 .028 -.024 012 -.031 022 -.019
1.6 .037  -.087 038 -.087 050  -.094
80 0.0 .006  .006 002 -.002 005 -.005
0.6 .010 -018 010 -.012 104 -.008
1.6 .020 -.042 019  -.044 023 -.050
200 0.0 -004 -.004 -003  -.003 003 -.003
0.6 .007 -.005 002 -.011 003 -.011
1.6 .007 -.018 008  -.018 014 -016

* Efron’s (1977) partial likelihood; 2000 replications

0.1% to 4.6%
0.1% to 6.7%

Range of |%BIAS| for § >0

GLR®  0.8% t0 5.9%
GLR*  0.7% to 5.2%
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Grouped Data (ties)

Mean Squared Error (MSE) & Relative Efficiency

% censoring

0 % 25 % 50 %
2N B Efron" GLR® %RE  Efron” GLR® %RE Efron" GLR® %RE
40 0.0 .119 .099 120 141 123 115 215 190 113

0.6 .124 108 115 147 128 115 240 208 115
1.6 .190  .160 118 215 180 119 329 270 122
80 0.0 .054 .048 112 066 062 107 105 .099 106
0.6 .059 .056 107 071 066 107 103 .095 108
1.6 .089  .083 107 091  .085 107 153 137 111
200 0.0 .021  .020 106 028 027 103 041  .040 103
0.6 .023  .022 103 027 026 103 041  .040 103
1.6 .033  .032 103 037 036 103 056 .053 105

* Efron’s (1977) partial likelihood; %RE = 1OOX(MSEEfron)/(MSEGLRE); 2000replications

MSEs — (GLR", GLR*") < (Efron, K & P)
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Coverage of 95% C.I. & Relative Width

Grouped Data (ties)

% censoring

0 % 25 % 50 %
2N B Efron® GLR® RW. Efron™ GLR® RW. Efron™ GLR" RW.
40 00 945 950 91 956  96.1 .95 96.5 969 .97
0.6 951 947 .92 955 955 .95 946 951 .96
1.6 949 (92.4) .89 952 942 91 96.1 946 .93
80 00 953 954 95 95.8 960 .98 949 954 98
0.6 944 942 95 95.1 951 .97 96.1 965 .98
1.6 949 937 .95 957 950 .95 952 940 .95
200 0.0 951 952 .97 94.1 942 .99 948 950 .99
0.6 951 945 98 956 954 .99 952 952 .99
1.6 948 943 98 94.8 946 .98 949 948 .98

* Efron’s (1977) partial likelihood; R.W. = (widthGLRE)/(widtthmn); 2000 replications

GLR"*" provides slightly better coverage than GLR"
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